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1. Intro duction. Inverseproblemsare encourtered typically in situations where one makesindirect
obsenations of a quartit y of interest. Solving a inverseproblem meansdetermining the parametersof a
model given a set of measuremets. In solving practical inverseproblems, accounting for the uncertainty
of the solution is important in making decision. In this project, we explored an algorithm for solving a
linear two-dimensionaltomography inverseproblem. In the algorithm we use a wavelet basedmultires-
olution approach in addition to a Bayesianapproad in attempts to solve this problem. Additional and

background information about wavelets and the Bayesianapproac can be found in [4] and [2]

2. Problem Statemen t. The earth consistsof seweral layers of rock, eat rock layer hasa di erent
unknown density. Theseunknown densitiesare the parametersof our inverseproblem. This problem has
beenstudied in the one-dimensionalcasein [1]. But becauseoil wells are curved and not in a straight

line we must view this problem in two dimensions. SeeFigure below.
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Fig. 2.1. Well with Seismic Receivers and Transmitters

On the surfaceof the earth above the well xed transmitters sendseismicinto the earth. A receiver
on the head of the drill recordsthe time of the rst arrival for eact wave at di erent locations. We model
the problem by taking line integrals of a unknown function de ned on [0; 1]>. We let T be a set of points

from the set[0;1] flgand R be a setof points from the set[0; 1] f0g. We then try to resolwve features
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of the unknown function by taking line integrals over the lines from points in T to points in R.
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Fig. 2.2. Modelling a function using line inter grals

We will use decimated 2d-wavelet basesto describe our model. For this project we will only look at
the Haar Wavelet. Sincewe are looking at decimated models, we only considera subset of the models

coordinates in a wavelet basis. One of our goalsis to nd a setdecimationsthat model the function well.

3. Multiresolution Mo dels as Decimated Wavelet Series. The Haar wavelet is de ned as
8
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0 elsewhere
and the set of Haar scaling functions i is de ned on the intervals Ij, = [2 J(k  1);2 k] by
8
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jk(x) =
- 0 elsewhere
Sincef jxg form an orthogonal basisof L2(R) and the setf j,x;k 2 Zgspansthe samesubspaceas
f ikl <josk 2 Zg, we may represert the function as a linear combination of the jx and ;x for one
dimensional functions.
For two dimensional functions we may represert the functions using linear combinations of elemers

from the setsH, V and D where

(3.1) H=1f jk(X) mn(¥)9
(3.2) V=1 jk(X) mn(¥)9
(3.3) D=1 jkx(X) m(¥)9
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The elemernts of H capture the horizontal features of the function, while the elemens of V capture
the vertical features and D captures the diagonal features. At ead level of the wavelet transform, the
Haar waveletsat that level capture coarserdetails of the function then the waveletsat the previous level.

The coe cien ts of the 2d-Wavelet transforms are stored in a matrix in the following way.

Fig. 3.1. Hereditary Wavelet Decimation

The more waveletswe useto represen the unknown function, the morere ned our approximation will
be. Using this wavelet basisallows us to localize our re nement of the unknown function. We will used
Hereditary decimations when modeling the unknown function. That is if a wavelet | is in a decimation
A then its parert is also in the decimation A. In other words, wavelets capturing coarser details of
the function are added before wavelets capturing ner details. Exploring many choices of hereditary

decimationsis equivalent to exploring s selectof variety of piecewsieconstart parametrizations.

4. Bayesian Linear Inverse Theory . Along with using a decimated wavelet basiswe use a Bay-
seian approach to solve the inverseproblem. In this approac a prior distribution is usedto obtain a
posterior distribution using Bayes'rule. We usethis posterior distribution to get our model parameters.
The data prediction matrix G contains the line integrals through the wavelet model elemerts in the given
decimation A. Then if (ma;Ca) is the mean and covariance matrix of the prior distribution N (m; C)
of the model parameters,then asin [3], the posterior distribution in the linear inverseproblem is also a

multiv ariate normal with the mean and covariance matrix (fha;€a) respectively given by

(4.1) C=(c '+Gc'c o) ?

(4.2) m=m+CG'C Yd® Gm)
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In a corvertional Bayesianapproad, the posterior probability of H| , the choiceof model parametrization,

L, is obtained from Bayes'rule as

P(HLjl )P (d®jHL ;1)
p(d®sjl ) '

where| stands for prior information and represerts various assumptions. Similarly asin we also get

(4.3) P(HLjdo®s;1) =

the posterior distribution of mean given by

P(myjHL; )P (dSime; H sl
P (dobsjH | ;1)

(4.4) P(mgjHL;d%s:1) =

In the decimated Haar wavelet model, let 5 be the coordinates of the model in a decimated wavelet
serieswith decimation A, one can compute as in [1] the posterior distribution of the decimated model

coordinates given by

(4.5) Ca

AN

(4.6) A

(C,t+ GAC Ga) !t

A+ CaAGLC (d® Ga &)

Additionally following [1] we can nd the posterior probability of the choice of decimation A, Ha as

P(Hajl )P (d®jHa 1)

(4.7) P(Hajd®;1) = P (dobsjl )

We usethis probability to determine how well our decimation t the measuremets.

5. Results. We focussedon two issues: (a) solving the inverse problem for a single choice of
model parametrization and (b) accourting for model uncertainty by considering several choicesof model

parametrization.

5.1. Single Mo del Case. In Figure 5.1, we show the two data setsconsideredfor this single model
study. The prior probability distribution (ma;Ca) was constructed and sampledin a 3D histogram.
For ead spatial position in the 3D histogram, the 5, 50, and 95 percertile pixels were identied. The
corresponding surfacesare displayed in Figure 5.2. The 50 percertile surface used as mean image and
di erence between95 and 5 percertile surface used as uncertainty image. Thesetwo imageswere then
encaled using the colormap in the left panel of Figure 5.4 using the recipe described in [4] and displayed
in the same gure's right hand panel.

The model's posterior distribution was constructed using Equation 4.1 for the two data sets of
Figure 5.1. The corresponding display of the resulting mean and uncertainty composite images are
displayed in Figure 5.5. Obviously, the additional horizontal rays considerablereducedthe uncertainty

of the solution when comparedto the solution computed using only the vertially oriented rays.
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synthetic example data set synthetic example data set
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(a) horiz and vert rays (b) only vert rays

Fig. 5.1. Two data sets were considered: one with both rays with horizontal and vertical orientation and the other

with just horizontal ray coverage.
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Fig. 5.2. Surfaces computed from the 3D histogram of samples from the prior distribution showing the 5, 50, and 95

percentile bounds.



rior PDF mean image rior PDF uncertainty image
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(a) prior mean (b) prior uncertainty

Fig. 5.3. Surfaces extracted from 3D histogram. 50 percentile surface used as mean image and dier ence between 95
and 5 percentile surface used as uncertainty image.
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(a) colormap (b) prior composite

Fig. 5.4. Mean and Uncertainty images from Figure 5.3 were encoded using a colormap displayed in the left hand

gur e. Resulting image shows the mean and uncertainty together in the same image.
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(a) vert and horiz rays (b) vert rays

Fig. 5.5. Samples from the posterior PDF were collected in a 3D histogram and processeal using the same technique
as described with Figures 5.2, 5.3, and 5.4. The value of the additional horizontal rays in reducing the uncertainty of the

solution is evidenced by the incr eased saturation of the solution and corresmpndence with the original synthetic model.

5.2. Multiple Mo dels. A seart algorithm was constructed to optimize the choice of model
parametrization based on the models posterior marginal likelihood showvn in Equation 4.7. At ead
stepin the optimization, the set of hereditary decimationsthe could be constructed by adding or deleting
a single model parameter were considered,and a candidate from this set was selectedat random. When
the marginal likelihood increased,the model was retained. Otherwise the current model was retained.
The algorithm was run for a preditermined amount of optimization steps. The synthetic data set con-
sidered for this portion of the study is displayed in Figure re g:syn theticData. In Figure 5.7, a graph
of the marginal likelihood showing its improvemerns is displayed (iterations where the current model
was retained are not displayed). The ending decimation that was selectedis displayed in Figure ref-

g:optimalDecAndComp osite along with the corresponding posterior composite image.

REFERENCES

[1] N. Bennett and A. Malin verno, Fast model updates using wavelets, SIAM J. Multiscale Model Simul., 3 (2004),
7



synthetic example data set
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Fig. 5.6. Synthetic Data Set considered for discussion of multiple model search.
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Fig. 5.7. Marginal likelihood from Equation 4.7 shown for iterations when incr easing.



Visualization of "Optimal" decimation posterior PDF
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(a) optimal decimation (b) posterior composite

Fig. 5.8. Optimal decimation computed from search algorihm with correspnding posterior composite image.
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