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Abstract

Protein-proteininteractions which form the basisfor most
cellular processestesultin the formation of proteininter
faces. Believing thatthe local shapeof proteinsis crucial,
we take a geometricapproachtandpresenta de nition of an
interfacesurfaceformedby two or more proteins. We also
presentinalgorithmandstudythegeometricandtopological
propertiesof thesesurfaces thus paving the way for future
biochemicaktudiesof protein-proteirinteractions.
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1 Intr oduction

Protein-proteirinteractionsform the basisfor mostcellular
processemcluding eventsintimately linked to humandis-
easesuchas cell division and growth. Although protein-
proteininteractionsare ranked high on the list of unsohed
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problems,they remainpoorly understoodn regardto ba-
sic classi cation, speci city of recognition,and enepgetics
of binding. A comparisorcanbe madebetweerthe current
stateof the protein-proteininteraction eld andthe eld of
proteinstructureprior to the descriptorsand classi cations
thathave now becomepartof the standardanguage Specif-
ically, following thede nition of -helicesand -sheetsand
the determinatiorof numerougroteinstructuresijt became
possibleto visualizeandclassifyproteinsinto families(e.g.

-barrelsor - - sandwiches)Theseclassi cationshave
led to importantinsightsinto proteinfunction, proteinfold-
ing mechanismsproteinstructureprediction,andevolution-
ary relationships. Even today efforts at de ning the func-
tionsof themary uncharacterizegroteinsin thehumanpro-
teome(about50%) rely heavily on thesedescriptors.In an
analogousnannerdescriptorof proteininterfaceshasedn
geometry(shape)and physics(forces)that allow for visu-
alization, characterizationand classi cation, can be ervi-
sionedas useful to the protein-proteininteractioncommu-
nity. For example,suchstudiesof interfacesmay revealre-
gions of known importancesuchas binding hotspots sites
wheremutationof speci ¢ residuedeadto signi cant lossin
binding enegy. Generalinterfacialfeaturesto be examined
includegeometriccharacteristicsuchasdistancespoclets,
wrinklednessandphysicalcharacteristicsuchaselectrostat-
ics andhydrophobicity

Prior work. Informationthat elucidateshe driving forces
and pinpointsthe speci city of protein-proteininteractions
hasbeenextremelydif cult to obtainvia eitherexperimen-
tal or computationabpproachesThemostconcretensights
have comefrom experimentatechniquesOnepopulartech-
nique, known as alanine scanningmutagenesisjnvolves
makingalaninemutantsfor eachof theinterfacialresidueof
interestandthenassayinghe mutantsfor a changen bind-
ing af nity . Alanine scanningstudiesperformedby Wells
and collaboratorg4, 28] on the hGH/hGHbpsystemhave
resultedin the hot-spottheory of interactions. According
to thistheory althoughproteininteractionsurfacesarelarge
andcomplicatedpnly afew speci c regionsof theinterface
are responsiblefor the majority of the interactioneneny.



Similar studiesperformedon other protein-proteinsystems
have provided evidencefor the generalapplicability of the
hot-spottheory[2, 23, 25). To explain the associatiorrate
of two proteins,a theoryknown aselectrostaticsteeringhas
beendevelopedandappeargo identify chagedresiduesat
theperipheryof the protein-proteirinterfaceasamajorcom-
ponentof long-rangeinteractionsfor certainprotein-protein
complexes[18, 24, 26].
Computationaktudiesanalyzingstatic crystal structures
of protein-proteincomplexes have historically provided a
roughview of generafeaturefoundin protein-proteirinter-
actions. Several suneys of interfaceshave beenperformed
[15, 19, 29 andtypically have the following format: in-
terfacesarede ned by a distancethreshold the solvent ex-
cludedsurfacearea,or acombinatiorof thetwo, andstatisti-
calanalyse®f geometricandbiochemicaktharacteristicare
performed. Resultsfrom thesestudiesinclude an average

buried areaof protein-proteininterfaces( A)
and the more hydrophobicnhatureof interfacesin compar
isonto otherproteinsurfaces. Thesestudieshave not fared
well whenattemptingo providedeepeinsightsinto protein-
proteininteractions. The key to usinga computationabp-
proach for unlocking the information capturedin crystal
structuredatais the useof anappropriatemodel,which can
be either physicalor geometric. Recently Kortemmeand
Baker [16] useda physicalapproachby applyinga simple
force- eld model of interactionsto probe free enegies at
protein-proteininterfaceswith relatively goodsuccessThe
only previousgeometricapproacho de ning protein-protein
interfaceswasdescribedy Varshng etal. [27]. Theirde -
nition is asymmetriavith respecto themoleculesandyields
relatively fracturedsurfacesdueto the useof absolutedis-
tancethresholds.

Methods and results. We useconceptdevelopedin com-
putationalgeometryandtopology[6] to de ne interfacesur
facesthatare symmetricandavoid fracturethroughthe use
of arelative distancethreshold. The particularconceptsve
baseour work on are the Voronoi diagramwhoseapplica-
tion to proteindatahasbeenpioneeredy Richardg22], the
alphashaperepresentationf moleculesintroducedin [12],
thediscrete o w on the Delaunaysimplicesusedin the past
to de ne pockets[8] andto reconstrucsurfaceq7], andthe
assessmerdf the importanceof topologicalfeaturesasde-
ned in [11]. Usingtheseconceptswe dealwith thedif cult
and importantproblemof specifyinginterface boundaries.
In addition,we give arobustandef cient algorithmfor con-
structinginterfacesurfaces.Finally, we constructa level-of-
focushierarchythatdistinguishegprotectedrom peripheral
regions. We have implementedhe algorithmanduseexam-
plesconstructedvith our softwareto illustratethe primarily
theoreticaldiscussionsWe alsousethe softwareto analyze
basicgeometricandtopologicalpropertiesof interfacesur
facesand presentsomeof our ndings. A particularlytan-
talizing factis the surprisinglyhigh correlationbetweenthe
protectedportionsof the interface surfacesand the experi-

mentallydeterminechot-spotresidueof protein-proteinn-
teractions.

Outline. Section2 introducesthe de nition of molecular
interfacesurfacesandpresentshealgorithmfor constructing
them. Section3 describesneasuredor analyzinginterface
surfacesand preliminary biochemicalapplications.Section
4 discussesxtensionof this work.

2 De nition and Algorithm

The de nition of an interface surface combinestwo in-
tuitions, namely that the multi-chromatic part of the
Voronoi diagramis the bestseparatiorbetweencomplexed
moleculesandthattheinterestingportion of thatseparation
is protectedby arelatively tight seal.In this sectionwe turn
thetwo intuitionsinto anunambiguousle nition andanef-
cient algorithm.

Smoothinspiration. The unambiguougonstructionof an
interfacesurfaceis basedon discretedataandis couchedn
the languageof discretegeometryand combinatorialtopol-
ogy. We now describeanintuitive smoothprocesshat mo-
tivatesthe discretesteps. Imaginea smoothmapon space,

. Assuming is genericwe gainanunderstand-
ing of thefunctionby looking atits critical points,which are
minima,saddlesf index oneandtwo, andmaxima.We use
thecritical pointsandtheirrelationshipo form ahierarchical
partition of space.This is more easilydescribedn onedi-
mensioriess,soimagineagenericsmoothmapontheplane,

, whosecritical pointsareminima, saddlesand
maxima. Now ood the planeby continuouslyraising the
water level at all locations. Structurally signi cant events
happenwhenwe reachcritical points: a minimum startsa
lake, a saddlesmemgestwo lakesor forms anisland,anda
maximumendsan island. An alternatve way of ooding
the planeraisesthe water level without seepage.In other
words,the searisesbut minimado not automaticallystarta
lake whenthe water reachegheir level. Water caninvade
theland only by o wing over dams,which rst happensat
saddles.Oncethe seareaches saddlejit can o w into the
basinonthe otherside,whichis arecursve processFlood-
ing startsat the lowestpoint of the basinuntil it reacheghe
heightof thatsamesaddle, lling its own basinsandcreat-
ing its own islandsin the process.In the end, the sequence
of oods de nes a hierarchicalpartition of the planedeter
minedby therelative positionandheightof thesaddlepoints.
Returningto threedimensionsye obtaina similar hierarchi-
cal partitionof spacedeterminedy therelative positionand
heightof thesaddlef index one.

To relate this picture with interface surfaces,let  be
a generic smooth approximationof the (negative) local
distanceto the nearestatom or spherein a comple of
molecules.In anut-shell the hierarchyof interfacesurfaces
is the cross-sectiorof the partition of spacede ned by the



surfacethat separateshe moleculesfrom eachother Giv-
ing up the smoothpicture andtranslatingit into a discrete
constructionturns out to be a major undertaking,but one
thatis worthwhile asit leadsto a stableand extremely ef-
cient algorithm. In the translationwe map critical points
to simplicesin the Delaunaytriangulation:minimato tetra-
hedra,index-one saddlegto triangles,index-two saddlesto
edges,and maximato vertices. Continuous ooding with-
out o wing over critical pointstranslatesnto a retraction,
which we describeasthe compositionof collapses.Finally,
a watershedevent translatesnto the deletionof a tetrahe-
dron (thelowestpointin the basin),aretraction( ooding of
the basin),andthe deletionof a triangle (the saddlecausing
thewatershed)Theretractionitself mayhave acomplicated
recursve structuremimicking therecursve sequencef wa-
tersheds. This structureis rationalizedby a pairing of the
critical pointsthatmarkthe beginningandendof the water
sheds.

Surfaceswithout boundary. We begin the discretecon-
struction by turning the rst intuition on separatingcom-
plexed moleculesusingthe multi-chromaticsubcompl& of
the Voronoi diagraminto a technicaldescription. Consider
molecules,eachrepresentedby its space- lling di-
agram, which is a union of nitely mary solid spheresor
ballsin . Denotethecollectionsof ballsby to and
let . We introducethe (weighted)oronoi di-
agram, which decomposespaceinto corvex cells, one per
ballin . Formally, is theweighted
squake distanceof a point fromaball with center
andradius , andthe Voronoi cell of is
the setof points for which for all balls
In the genericcase,every Voronoi cell is either
emptyor acorvex polyhedrorwith non-emptyinterior. Sim-
ilarly, the intersectionof two Voronoi cells is eitherempty
or a corvex polygon,that of threeis eitheremptyor aline
segment, and that of four is eitherempty or a point. The
left picturein Figurel illustratesthis de nition for two col-
lectionsof disksin the plane. The color of a polyhedron
is the index of the collection  that containsthe generat-
ing ball. A Voronoipolygonbelongsto exactly two polyhe-
draandis thereforeeithermono-chromatior bi-chromatic.
Similarly, a Voronoi sgmentor point can be eithermono-
chromaticor multi-chromatic,and the latter occursif and
only if it belongsto a bi-chromaticpolygon. The inter-
face surface consistsof all multi-
chromaticVoronoipolygons segmentsandpoints.

For molecules gachmulti-chromaticsggmentbe-
longsto exactly two bi-chromaticpolygons,andeachmulti-
chromatic point belongsto a topological disk formed by
three or four bi-chromaticpolygons. It follows the inter-
facesurfaceis a 2-manifoldwithout boundary andbecause
it separatesolor-1 from color-2 polyhedrait is necessarily
orientable.For moleculeswve may have tri-chromatic
segmentsandtri- andfour-chromaticpoints. After remov-
ing thesesegmentsand pointsfrom , we geta (possibly

empty)orientable2-manifoldwithoutboundanyfor eachpair
of colors. These2-manifoldst togetheiin tripletsalongtri-

chromaticcurves andin six-tupletsaroundfour-chromatic
points.

Growth and ltration. Beforeincorporatingthe secondn-
tuition into the de nition, we needto understandhe evo-
lution of the spacelling diagramasthe balls gronv. The
key concepthereis the Itration of dualcompleces. We be-
gin by introducingthe (weighted)Delaunaytriangulation
obtainedby dualizing the Voronoi diagram: for every col-
lection of Voronoi cells with non-emptycommonintersec-
tion we addthe corvex hull of the centersof the generating
ballsto . Intheassumedenericcasethecornvex hullsare
simplicesof dimension0 to 3: vertices,edgestrianglesand
tetrahedra.Similarly, we obtainthe dual complex  of the
space- lling diagram by dualizingthe restriction
of the Voronoidiagramto the space- lling diagram:for ev-
ery collection of Voronoi cells whosecommonintersection
containspointsof  we addthe corvex hull of the centers
of the generatinghallsto . Theright picturein Figure1
illustratesthis de nition.

Now imaginewe grow the balls simultaneouslyn sucha
waythattheVoronoidiagramdoesnotchange Letting
betime,we accomplishthisby growingtheball with center

andsquareradius totheball with the samecenter

andwith squareadius attime . (For negativetimewe
may have negative squareradii, which correspondo imagi-
naryradii andballs.) Thegrowth doesnot affectthe VVoronoi
diagrambecauset doesnot changethe differencebetween
ary two squareradii. It follows thatthe Delaunaytriangula-
tion doesnot changeandthedualcomplex containgrogres-
sively moresimplicesuntil it eventuallyequalstheDelaunay
triangulation. We are interestedin the detailedevolution.
Sincethereareonly nitely mary simplices,we have only
nitely mary differentdualcomplexes,which form a nested
sequencénterpolatingbetweenthe emptycomplex andthe
Delaunaytriangulation:

We referto this sequencasthe Itr ation of dualcomplees.
An elementarystepin the evolution consistsof addingthe
simplices to . In the genericcase this
happensvhenthe (growing) space- lling diagramencoun-
tersa new Voronoi point, sgment,polygonor polyhedron.
We distinguishbetweercritical eventsin whichthereis only

onesuchsimplex andregular eventsin which  differs
from by two or moresimplices. Therearethreepar

ticular typesof events,two critical andoneregular, thatare
morerelevantto theconstructiorof theinterfacesurfacethan
others:

Type 1. Four balls close in from all directionson a
Voronoi point. This correspondgo adding a single
tetrahedroro thedualcomplex.



Figurel: Left: thesolid bi-chromaticVoronoiseggmentsorm theinterfacecurve thatseparatethetwo collectionsof disks. Thedottedmono-
chromaticsggmentscompletethe Voronoi diagram. Right: the dual complex of the union of disksandthe shrunlen andclippedinterface

cune separatinghetwo collections.

Type 2. Threeballs closein from all normal directions
onasement,eventuallytouchingit ataninterior point.
This correspondso addinga singletriangleto thedual
comple.

Type 3. Fourballsclosein on a Voronoipoint, but they
leave agaparoundoneof theincidentsegmentsanden-
counterboth at the samemoment. This correspondso
addingatriangle-tetrahedropair to thedualcomplex.

A commonrepresentationf the Itration is thelist of sim-

plicesorderedby thetime they join the dualcomplex. Sim-

plicesthatjoin at the samemomentare orderedby dimen-
sionandremainingties arebrokenarbitrarily. An algorithm
for constructinghis representationanbefoundin [12], and
softwareis publically availablein [30]. It rst computeghe
Delaunaytriangulation,then determineghe timesthe sim-

plicesjoin the dualcomple, and nally sortsthe Delaunay
simplicesby time and dimension. For biomoleculardata,
thenumberof Delaunaysimplicesis typically someconstant
timesthenumberof balls, , andthe Delaunaytriangulation
can be constructedn time O( ), seeeg. [6]. Deter

mining the timesandsortingthe simplicestakesagaintime

O( ).

Boundary thr ough retraction. We arenow readyto incor-
poratethe secondintuition into the de nition, namelythat
theinterestingoortionof theinterfacesurfaceis protectedy
arelatively tight seal.Portionsoutsidethis sealareremoved
by retraction,which canbe understoocasa reversalof the
growth processelaxedto apartialorder[7]. We explainthis
by consideringhe ltration of dualcomplexes.Re-inde the
simplicesin the correspondingequencsuchthat s the
-thnew simplexin . In thegenericcasethesimplicesin
form anabstracsimplex: thereare  simplices
, for ,andevery isfaceof andhas
asaface.We write to expresgshelatter
property Forthetimebeing,weareonly interestedn regular
eventscharacterizethy . Addingthe simplices
to doesnot affect its homotopy type. We notethat

is freein , by which we meanthatit is faceof thefaces
of asinglesimplex, namelyof , but of no othersimplex in

. We refer to the operationthat deletes togetherwith
all simplicesthat containit asa collapse In our algorithm,
we useonly collapsedor which is atetrahedron.Trian-
gles,edgesandverticesthatdo not belongto any remaining
tetrahedroraredeletedassoonasthey arise.We alsorequire
thatacollapsedeletesall andnot just somesimplicegoining
the dual complex at the samemoment. We de ne aretrac-
tion asa maximalsequencef collapses.In otherwords, it
appliescollapsedo a givencomplex until thereis no further
collapsepossible. In the implementatiorof this operation,
we maintaina stackof candidatepairs , with new pairs
pushedon the stackwhenthey appear We may think of a
retractionasthe procesof successiely deletingsinksfrom
an agyclic directedgraph. It follows that the result of the
operationis independenbf the sequencen which the col-
lapsesare performed. We nally geta shrunlen interface
surfaceasa side-efectof retainingonly polygonsthatcorre-
spondto bi-chromaticedgesn theretracteccomplex. If this
is aninterior edgethenwe retainthe entirepolygon,elsewe
clip the polygonandretainonly the piecesthat correspond
to incidenttetrahedran the retractedcomplex. Figure?2 il-
lustrateghis ideaby shaving the retractednterfacesurface
of two complexedproteinson thefar left.

Hierar chy thr ough persistence. It remainsto explore the
critical eventscharacterizety , thatis, is the
only new simplexin . We usethe conceptof topological
persistencéo quantifyhow different is from beingregular
Suchanotionmakessenséecause¢headditionof to
eithercreater destrysatopologicalfeatureand,asshavn
in [11], thereis a uniquecritical matchingsimplex that
earliercreatedvhat destrgsor thatwill laterdestry what
creates. We call the time-lag betweenthe addition of

andthe additionof the persistenceof both. Supposeor
examplewe have acritical triangle andamatchingcritical
tetrahedron in quick succession.Then their persistence



Figure2: Fourinterfacesurfacesn thelevel-of-focushierarchyof the barnase-barstaomple. Thetwo colorsdistinguishclippedpolygons

next to theboundaryfrom unclippedpolygonsin theinterior.

is small indicating that the pair is very similar to a regular
eventin which and would join the dual complex at the
samemoment. The algebraicjusti cation of this de nition
is beyond the scopeof this paperand givenin [11] along
with analgorithmthatgeneratethe matchingpairsin worst-
casetimeO( ), where isthenumberof simplicesin the
Delaunaytriangulation.Our experimentakesultsfor protein
datasuggeshowever that the runningtime is muchbetter
namelyO( ) or similar.

We now take the shrinking processheyondthe initial re-
traction step. Let be a matchingcritical triangle-
tetrahedrorpair generatedby the topologicalpersistencel-
gorithm. In the forward direction of the Itration, the ad-
dition of  createsa void which is destrged by the later
addition of We usethe pair to de ne an extensionof
the collapseoperation,which we call a removal: assuming

lies on the boundaryof the remainingcomple, we rst
delete andthenretractaround . If theretractionreaches
far enough,then getsdeletedjust becauséothits tetra-
hedrahave beendeleted. However, it can happenthat the
retractiondoesnot reachall the way, in which casewe re-
cursefor otherpairsof simplicesbeforedeleting . Think
of theretractionfrom ascreatinga domein the spacebe-
tweenthemoleculesandthetriangle astheentranceor the
biggestgapin the sealsurroundinghe dome. We cannow
interpretthetimes and when and join thedualcom-
plex asthesizesof theentranceandthedome.We de ne the
sealvalue of as ——. To decidewhether
or nottoremove and in the rst place,we requirethat

and arebothpositive andthat exceedsa positive
constanthreshold . Since succeeds in the Itration,
we have andtherefore . The sealvalue
canbe large for two reasonsbecausehe differencein size
betweenthe domeandthe entranceas small or becausehe
entrancas large. Theremoval processs thusbiasedagainst
both. Notealsothatfor we have

@)

This monotonicitypropertyis importantfor the correctness

of our algorithmbecauséf theretractionaround doesnot
reach thenthis canonly be becausdhereis a triangle
between and thatsplitthevoid createcdby beforeit was
destrggedby . Butthenthe otherbranchwasdestryedby
atetrahedron preceding in the ltration. In otherwords,
, where and arethetimes and
join the dualcomple. Inequality (1) guaranteethatthe
simplicesbetween and aredeletedby recursveremovals
sothat caneventually be deleted. The algorithm starts
with the Delaunaytriangulationandendswith a subcompl&
thatallows no further collapsesor removals. Figure 3 gives
someinsightsinto the shrinkingprocessy shaving the seal
valuesof the domesasthey getdeleted. The monotonically
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Figure3: Interfacesignatureslisplayedwith the evolution of dele-
tions drawn from left to right. Fromtop to bottom: thered graph
shawvs thesealvaluesof thedomesthe greengraphtracksthemin-
imum sealvalueandthe blueandmagentayraphsplot and

non-increasingyreengraphplots the evolution of threshold
valuethatcorrespondso theinterface. Theredgraphabore
the greenshaws how the deletionof a domegivesaccesgo
domeswith even higher sealvalues,which are thenrecur
sively removed. The blue and magentagraphsdisplay the
evolution of the two component®f the sealfunction, and
. Thesecomponent&elprationalizethe occasionahp-
pearancef seeminglyspuriousspecksof interfacesurface,
which tendto have negative valuesof . Suchoccurrences
indicateclashedetweertheproteinsandowetheirexistence
to measurementr interpretationerrorsin the structurede-
terminationwork. Figure? illustratestheresultof shrinking



with four stepsin the muchlongernestedsequencef inter-
facessurfacesof the barnase-barstamomplex. Therunning
timefor constructinghehierarchyis constanpersimplex in
the DelaunaytriangulationandthereforeO( ).

3 Analysis

We believe thatthe primary useof molecularinterfacesur

faces,as de ned in this paper will be to teaseout useful
informationaboutprotein-proteinnteractions.This canei-

therbedonedirectly, by studyingtheinterfaceasageometric
objectin its own right, or by usingit asa domainon which

functionsexpressingbiochemicaldataarede ned. An im-

portantcomponenbf theseanalysess the visualizationof

theinterfacesurfaces.As anillustration we provide several
examplesin Figure 6 to 10. All interfacesurfacesin this

sectionaregeneratedisingthe coordinate®f proteinstaken
directly from crystal structure,and whoseatomic radii are
setto thevanderWaalsparametersf the AMBER95 force
eld [5].

Hot-spotsin protectedregions.The mainreasorfor creat-
ing the level-of-focushierarchyof theinterfaceis its facility

to distinguishprotectedrom peripherakegions. To demon-
stratethebiochemicaimplicationof this hierarchywe shav

thatresidueswhich have atomsinvolvedin thelate stageof

the hierarchyare somehav morecritical for the interaction.
We do this by constructinga simplefunctionwhich we then
useto distinguishhot-spotfrom neutralresiduesn theinter

face. Letting bearesidue, its polygonsin

theinterfacewhich aregeneratedy its side-chairmtoms we
de ne

where is thefractionof theinterfacesur
facethatbelonggo ,including ,attime when enters
theinterfacesurface. We predict asa hot-spotresidueif
andasa neutralresidueotherwise.This cutoff
is selectedo equalizethe percentagesf correctlypredicted
hot-spotand neutralresiduegseeFigure 4 and the results
below). For a baselinecomparisonwe alsodistinguishhot-
spotresiduedrom neutralresiduesutilizing ameasureom-
monin proteinstructuralstudies,the solvent excludedsur
facearea( ). Thesolventaccessiblesurfacearea( )
of a proteinis de ned in [17], andis the areaof the outer
ervelopeof a proteinrepresentedsa union of ballswhose
radii areexpandedby theradius(  A) of a probesphere.
The of a residueis the contribution of that residues
atomsto the total of the protein. Thenthe of a
residuefor aproteininvolvedin a protein-proteircomplecis

where is the accessiblesurface areaof the residue
in the isolatedproteinand is the accessiblesurface
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Figure4: Fractionof hot-spotand neutralresiduegpredictedcor
rectly by with varying cutoffs. The fractionof correctlypre-
dictedhot-spotss the sensitvity andthe fraction of correctlypre-
dictedneutralsis the speci®cityof thetest.

areaof theresiduein the comple<. We predicta residueto
be a hot-spotresidueif A , meaningthat

atleast A of theresidues surfaceareais buried upon
complex formation. Usingthe alaninescanningdatafor the
nineteenprotein complexes studiesin [16] and settingthe
thresholdfor a hot-spotresidueat  kcal/mol, we employ
bothteststo predicthot-spotandneutralresiduesWith
we correctlyidentify of thehot-spotand
neutralresidues.This comparedavorably against
which correctlyidenti es of the hot-spotand
of the neutralresidues.It is importantto notethatwe have
limited both functionsto side-chainsas opposedo main-
chainsn aneffort to beconsistenwith thenatureof alanine
scanningexperiments. More precisely we accountfor the
areaassociatedvith eachresidues interactionsthroughits
side-chairatoms but do notdirectly accounfor theareaas-
sociatedwith interactionghroughits main-chairatoms.The
function is similar in predictive power to the physical
model of [16], which achieves slightly better percentages,

for hot-spotand for neutralresiduesfor athresh-
old of kcal/molandworsepercentagefor the threshold
of  kcal/molwe use.

While preliminary, theseresultstestify to the potentialof
the interfacesurfacein rationalizingbiochemicalprocesses
that de ne proteininteractions. We note for examplethat
the level-of-focushierarchyis a geometricconceptsimilar
to the O-ringswhich Boganand Thorn [1] conjecturesur
round hot-spotsin proteininteractions,or to the protection
phenomenaf wrappednydrogenbonds[13]. In this physi-
cal analogythe sealvaluebecomes measureof how dif -
cult it is to breakinto a dome. For example,sinceproteins
areimmersedn water one canimaginethatthe sealvalue
indicatesthe degreeof dif culty for waterto entera dome.
However, at presentwve still lack anunderstandingf thein-
timatebiochemicaldetailsof whatthe level-of-focushierar
chy capturesandareworking towardsthis goal.

of the

Global measures. Onegoal of our researchs the classi-
cation of interfacesinto typesthat correspondo different
kinds of protein-proteininteractions. We seekglobal mea-



surementghat are likely to have biochemicalsigni cance.
For example,it is generallyacknavledgedthatfor interfaces
it is importantto have agoodgeometrict betweerthe pro-
teins. Herewe focuson topologicaland geometricassess-
mentsof how contortednterfacesare.

We begin with topologicalcharacteristicsiestrictingour-
selesto therelatively simplebi-chromaticcasejn whichthe
interfaceis an orientable2-manifoldwith boundary Topo-
logically, asuchconnectednanifoldis completelycharacter
izedby its genusandits numberof holesor boundarycycles
[20]. Mostinterfaceswe have examinedthusfar have genus
zero,butthereareexceptions.Oneis theinterfacecreatedy
vipoxin comple, aphospholipas@ boundtoits proteinin-
hibitor, shavn in Figure9. It hasgenusthree,indicatingthe
existenceof threepairs of linking cyclesthatlock the two
proteinstogethey consistentwith the high biochemicalsta-
bility of this comple in solution. In the bi-chromaticcase,
having the numberof holesthatexceedsoneis possible For
example,a portionof the Delaunaytriangulationmay shrink
from a mono-chromatidriangle on its boundaryandin this
way punchaholein theinterface.

An interfacecanbe highly contorteddespitehaving zero
genus. To get a handleon this phenomenonwe measure
the averagecunvatureand the variation from that average.
A usefulresultin this context is the Gauss-Bonnetheorem
that statesthe total Gaussiarcurvatureis an invariantof a
closedorientable2-manifold,namelyequalto  timesone
minusthegenug[14]. Interfacesarenot smoothsowe need
an equialentpiecevise linear concept. For a vertex , we
call its anglede ciency, where s the
angleof the -thinterfacepolygonat . Thetotal anglede -
ciencyis the sumof anglede cienciesoverall
interior vertices: . Following the corvention
from non-Euclideargeometrywe classify aselliptic, at
or hyperbolicdependingon whether is positive, zero or
negative. We usethe averageanglede ciency asabaseline
andmeasureheroot-mean-squareariationas

and call it the wrinklednessof It is straightforward to
computethe total anglede ciency andthe wrinklednessn
time proportionalto the numberof verticesof theinterface.

To gain an intuition for several of the geometricglobal
measuresywe computethem for interface surfacesgener
atedaftertheinitial retractionfrom a setof seventy pairwise
protein-proteincomplexestakenfrom [3]; seeTablel. The
areaof rangesfrom 397to 2408 A with a meanof 963
A . Theinterfacial solventexcludedsurfacearea( ) as
computedn [3] is atwo-sidedmeasurewith comparablear
easrangingfrom 930to 4430A with a meanof 1906A .
Thereis anapproximatdinearcorrelationbetween and
interfacesurfaceareaof with a correlationcoefcient
of

[ Name [ Area AD [ Name [ Area AD |

Protease-Inhibitor
2ptc 575 0.436 || 1mct 694  3.358
lavw 1011 3.713 || 3tpi 643 1.166
1tgs 734  2.734 || 1cho 736  0.289
lacbh 717 3.751 || 1cbw 653 0.059
1ppf 900 -0.628 | 1e 546  2.088
2kai 776 1.357 || lhia 847 2.781
3sgb 462  1.778 || 1cse 745  3.167
2sic 717 0.713 || 2sni 869 -0.924
1stf 718 -1.781 || 4cpa 672 1.228

Large proteaseomplees

1bth 871 2.819 || 4htc 1035 1.020
1tbqg 1477 -3.923 || 1ltoc 1386 -2.334
ldan | 1859 2.857

Antibody-antigen
1jhl 638 0.609 || 1vfb 585 0.642
1mic 510 0.194 || 3h~ 719  3.690
3hfm 825 1.528 || 1fbi 617 3.701
1mel 502 4.792 || 1dvf 775 -0.401
1nfd 904 -0.110 || l1ao7 866 -0.197
2jel 638 1.372 || 1nca | 1308 -1.793
1nmb 921 -0.764 || 1nsn | 1089 1.418
losp 747 -2.164 || 1qfu 1307 -0.641
liai 1000 0.545 || 1kb5 1151 -0.293

Enzymecomples
2pcc 580 -2.609 || 1gla 712 -1.150
lbrs 703 -4.176 || 1udi 906 -0.125
1dhk 1686 -0.717 || 1fss 728 3.702
lydr 783 -0.349 || 1dfj 1795 -0.668

G-proteinsgell cycle, signaltransduction
1a0o 397 1.647 || 1lgua 617 1.272
la2k 966 -0.801 || lagr 1278 -0.646
x4 | 1219 -1.921 | 1gg2 | 1788 -1.921
1got 1550 -2.017 || 2trc 2408 3.758
1®n 1533 4.321|| 1laip 1639 2.705
lefu 2205 -2.961
Miscellaneous

lak4 409 0.821 || 1ligc 498  0.700
lefn 488 -1.827 || 1fc2 604 -0.029
1seb | 1081 1.486 || latn 796 -2.109
lycs 560 1.137 || 2btf 1048 0.642
lhwg | 2022 4995 || 1dkg | 1662 1.613

Tablel: Areaandtotal anglede®cieny (AD) of 70 proteincom-
plexesgroupedinto six functionalcatgories. AD is calculatecfor
thesecondnterfacesurfacein the hierarchy

Thetotal anglede ciency resultsshav thatinterfacesare
contortedandspanthe entirerangefrom hyperbolic(-4.176
radians)to elliptic (4.995radians);seeTable1. Thisis in
clearcontrastto the classicaliew of the protein-proteinin-
terfacethat hasonly asmall ( A) meandeviation from
planarity [3, 15]. This discrepang in resultscan be ex-
plainedby the planarity measuran theseprevious studies
which rst groupatomsinto subsetdy a heuristicandthen
take the root-mean-squardistanceof eachsubsef atoms
againstheir least-squarelanes.This generatesnaveraged
local measureasopposedo our globalmeasuref total an-
glede ciency. In contrasto totalanglede ciency, thewrin-
klednesshaslittle variancewith a meanvalue of approxi-
mately  for the setof protein-proteincomplexesconsid-
ered. Perhapsot surprisingly the wrinklednessotablyin-



creasewhenhydrogensare addedinto the structureqdata
notshawn).

Local measures. We are interestedin local measureor
mapsthat canbe usedin detailedstudiesof protein-protein
interfaces.A simpleexampleis theweighteddistancefunc-
tion that mapsevery point  of the interface
surface to theweighteddistancefrom the closestball. By
constructionthatball is ambiguoussince hasat leastone
closestball from either color. We may visualizethis map
usinglevel lines, asin Figure5. The minima, saddlesand

Figure5: Levelline visualizationof theweighteddistancenapover
theinterfacesurfaceof the barnase-barstamomple.

maxima of this map are of particularinterest. Thinking
of asmeasuringhe local thicknessor distancebetween
thetwo proteins,the minimaandmaximabecomedocal ex-
tremasof interfacethickness. Accordingto smoothMorse
theory[21], thereare necessarilysaddlepointsbetweerthe
extrema,aroundwhich the sign of the changan local thick-
nesschangedour times. We cannow explain the connec-
tion betweenthe sealfunction andthe local thicknessmap:
eachdomehasa uniquepoint  of locally maximumthick-
ness,andwe have . Similarly, eachsealhasa
point of locally maximumthicknesswhich is a saddleof
, andwe have Now we just needto recall
the pairing mechanisnprovided by topologicalpersistence
algorithmandwe getthe sealvaluesasratios

The methodof de ning continuousmapsover the inter
faceand analyzingthemusingideasfrom Morsetheoryis
general. We ervision de ning mapsthat expresselectro-
staticand hydrophobicpotentials,to nametwo, andto an-
alyzethemin termsof their critical pointsandtheir gradient
o ws. We referto [10] for methodsneededo copewith the
dif culties that arisein the applicationof Morse theoretic
ideasto piecavise linear data,andto [9] for conceptsuse-
ful for comparingtwo or more mapsde ned over the same
interface.

4 Conclusion

Given two or more proteinsin comple, eachrepresented
by a space- lling diagram we presenta rigorousmathemat-
ical de nition for an interfacesurfacebetweenthem. This
surfaceprovidesa moredetailedview of the interactionre-
gion thantraditional methods. Taking the interfacesurface
asan independenentity, we may studyit by de ning geo-
metric andtopologicalmeasuresver it andmapproperties
of both proteinson it. Additionally, we de ne a level-of-
focushierarchywhich decomposetheinterfacesurfaceinto
protectedegionsthatappearo be biochemicallyimportant.
Thishierarchymaybestudiedonits own orincorporatednto
measuresle ned over theinterfacesurfaceto enhanceheir
analysis. Our novel representatiomf the interfacesurface
will allow for new insightsand discoveriesin the study of
protein-proteininteractions. The generalityof the interface
surfacede nition alsoopensup otherpossibilities,suchas
studyingwaterat protein-proteirinterfacesor internalpack-
ing of proteins.We mightaskhow differentstructuralmotifs
within a single proteinform internal surfaces,or geometri-
cally characterizesubtlestructuralrearrangementsrucialto
thefunctioningof proteins.In closing,we notethatalthough
wefocusonapplicationsn proteininteractionstheinterface
conceptitself is generaland thereare otherareas,suchas
nanostructuredn which interfacesariseand our geometric
ideasareuseful.
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Figure9: Ontheleft, a view of the interfacebetweenhumanangiogeninand a placentalribonucleasenhibitor. The interactionbetween
theseproteinsis extremelytight (femtomolar)andthe interfaceexhibits both a very large surfaceareaandaninterestingoverall bentshape.
Generatedrom pdb®le 1A4Y. On theright, a view of interfacein the neurotoxicvipoxin complex from WesternSandViper consistingof
phospholipas@2 andits inhibitor. A ratherunusuainterfacewith genus3. Generatedrom pdb®Ile 1JLT.

Figure10: Fourviews of theinterfacein HIV-1 proteaseahomo-dimerigroteincomple. Thisenzymehasbeenanimportanttargetfor drug
developmentagainstAIDS. The interfaceis fairly comple, in partdueto the ~aps'involvedin the interactionbetweenthe two sulunits.
Generatedrom pdb®le 3AID.

11



