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Abstract

We formalize a notion of topological simpli cation
within theframeawork of a Itration, whichis the history of
a growing comple<. We classifya topologicalchangethat
happengluring growth aseithera featureor noisedepend-
ing onits life-time or persistencavithin the lItration. We
give fastalgorithmsfor computingpersistencendexperi-
mentalevidencefor their speedandutility.

Keywords. Computationajeometrycomputationalopology ho-
mologygroups®ltrations,alphashapes.

1 Intr oduction

The needfor automatedopologicalsimpli cation has
beenarticulatedin the computergraphicsand geometric
modelingliterature.Thispapemproposessolutionin which
scaleis usedto assesshe persistenceof topological at-
tributesandto prioritize simpli cation steps. After describ-
ing a new notion of topologicalsimpli cation, we summa-
rize the contributionsof this paperand contrastthemwith
prior work.

Topologicalsimpli cation. Weusehomologyto measure
the topologicalcompleity of a pointsetin . The sim-
plestnon-emptysetsunderthis measureare the onesthat
contractto a point. Eachsuchsetconsistsof one compo-
nentandhasno othernon-trivial homologicalattributes. A
generalsetin has components, tunnels,and
voids. We considertopologicalcompleity to be expressed
by , the Betti numbersof the set. As such,we
understandopologicalsimpli cation asa procesghat de-
crease8etti numbers.To dothisin a geometricallymean-
ingful manneywe needa way of assessinghe importance
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of topologicalattributes. Oncewe have sucha numerical
assessmeniye naively remove attributesin theorderof in-
creasingmportance.At any momentduring this process,
we may call the removed attributestopologicalnoiseand
theremainingonestopologicalfeatures.

Therearethreetechnicaldif culties with this approach.
The rst is theidenti cation of subsetsxpressinghe non-
trivial topologicalattributesthataremeasuredby homology
groups. The seconds the measurementf the importance
of thesesubsets.Thethird is the eliminationof a topolog-
ical attribute with a minimum numberof side-efects. We
overcomethesedif culties in this paperanddescribea sim-
pli cation processaservisionedabove.

Approachand Results. We restrictour attentionto sets
representelly nite simplicialcomplexesin . Forpracti-
calreasonsmoreorer, we focuson particularsubcomplges
of Delaunaytriangulationscalledalphacomplexes[3]. We
receve essentiahelp in overcomingsometechnicaldif -
cultiesby assuminga Itration which placesthe comple
within an evolutionarygrowth process.Givena ltration,
themaincontributionsof this paperare:

(i) thede nition of persistencéor Bettinumbersandnon-
boundingcycles,

(i) anefcient algorithmto computepersistence,
(iif) asimpli cation algorithmbasedn persistence.

Prior work. As mentionedearlie; we use homology
groupsand Betti numberswhich were developedand re-
ned duringthe rst half of the twentiethcentury We re-
fer to Munkres[8] for a descriptionthatis reasonablyac-
cessibleto non-specialists Spectralsequencearethe by-
productof a divide-and-conquemethodfor computingho-
mology groupsand Betti numbers[6]. Thesesequences
form a framavork within which our result on persistent
Betti numbersmay be placed. The algorithmwe develop
for computingpersistencef non-boundingyclesis based
on the incrementalBetti numberalgorithm of Del nado
andEdelsbrunnej2]. Three-dimensionailphashapesind
complexesmay be found in Edelsbrunneand Miicke [3].
The problem of topological simpli cation was also ap-
proachedby El-Sanaand Varshng [4] usingalphashape
inspiredideasof geometriagrowth.



Thereis alargebody of parallelwork on iso-surbcesor
level setsof 3-dimensionablensityfunctions. We refer to
Milnor [7] for the mathematiceindto Sethian9] for a nu-
mericalview. A densityfunctionis amap and
aniso-surfbice is the preimageof a constanimage
value . Thesequencef iso-surbicesobtainedby increas-
ing representagrowth processimilartothatrepresented
by a ltration. Speci cally, simplicesin a lter correspond
to critical pointsof a densityfunction. In this context, topo-
logical simpli cation meangeducinghenumberof critical
points. This processs relatedto smoothingor simplifying
thegraphof , whichis a3-dimensionamanifoldin

Outline. Section2 reviews alphacomplexesandhomol-
ogy groups.Section3 introducegersistencéor Betti num-
bersand non-boundingcycles. Section4 describesan al-

gorithm that computespersistence.Section5 formulates
simpli cation algorithmsbasedon persistence.Section6

providesexperimentalevidencefor the speedandutility of

thesealgorithms.Section7 concludeghe paper

2 Background

This sectionintroducesthe backgroundwve needto de-
ne andcomputeopologicalpersistenceWe begin with al-
phacomplees,continuewith homologygroupsfor  co-
ef cients, andendwith theincrementahlgorithmfor com-
puting Betti numbers.

Alpha complexes. A sphericalball

isde nedbyitscenter andsquargadius . If ,
the radiusis imaginaryand so is the ball. The weighted
distanceof a pointfrom a ball is .
Notethata point belongsto the ball iff ,
andit belongsto theboundingspherdff . Let
bea nite setof balls. The Voronoi region of is the
setof pointsfor which minimizestheweighteddistance,

TheVoronoiregionsdecomposéheunionof ballsinto con-
vex cells of the form , asillustratedin Figure 1.
Any two regions are either disjoint or they overlapalong
a sharedportionof their boundary We assumegeneralpo-
sition,whereatmostfour (threein ) Voronoiregionscan
have a non-emptycommonintersection.Let have
thepropertythatits VVoronoiregionshave anon-emptycom-
monintersectionandconsidetthe corvex hull of the corre-
spondingcenters, . Generalposi-
tionimpliesthat isa -simple, where .
The dual complex of is the collectionof simplicescon-
structedn this manney

Figure 1 illustratesa 2-dimensionakxample of this con-
struction.

Any two simplicesin  areeitherdisjoint or they in-
tersectin a commonface, which is a simplex of smaller
dimension.Furthermoreif , thenall facesof are
simplicesin . A setof simpliceswith thesetwo proper
tiesis a simplicial complex [8]. A subcomplr is a subset

thatis itself a simplicial comple.
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Figure 1. Union of nine disks, convex decomposition using
Voronoi regions, and dual complex.

Chains, cycles,boundaries. Let beasimplicial com-
plexin . A -chainisasubsebf -simplicesin . We
de ne addition of chainswith integer coefcients modulo
2. In otherwords,thesumof two -chains isthesym-
metricdifferenceof thetwo sets,

whichis commutatve. Thesetof all -chainstogethemith
additionform a groupdenotedas . Theemptysetis the
zeroelemenof . Thereis achaingroupfor everyinteger
, but for acomplexin , only the onesfor
may be non-trivial. The boundary of a -simplex
is the collectionof its -dimensionafaceswhichis
a -chain. The boundaryof a -chainis the sumof
theboundarie®f its simplices, . Each
boundaryoperatoris a homomorphism
andthe collectionof boundaryoperatorsconnectthe chain
groupsinto achaincomple,

The kernelof  is the collectionof -chainswith empty
boundaryandtheimage of s the collectionof -
chainsthatareboundarie®f -chains,

A -cycleisa -chaininthekernelof anda -boundary
isa -chainin theimageof . Thecollections of -
cyclesand of -boundariegogethemwith additionform



subgroupsf . An essentialpropertyof the boundary

operatorgs thatthe boundaryof every boundaryis empty
. Thisimpliesthatthe groupsarenested,
, asillustratedin Figure2. Theboundaryof

Figure 2. Chain, cycle, boundary groups and their images
under the boundary operators.

avertex is the emptyset,which impliesthat every 0-chain
is alsoa 0-cycle, . Because is acomplein

, thereareno non-empty3-cyclesor 3-boundariesthat
is,

Homology groups. The -th homola@y groupis the -th
cycle group factoredby the -th boundarygroup,
. Itselementarethehomolayclasses
, for all . Thezeroelements
, andthe sumof two classess

. A subsetgeneatesa groupif every group
elementis the sumof elementdn the subset.A basisis a
minimal generatingset. In general thereareno canonical
basesput all baseshave the samesize which is the rank
of the group. Becausdaking symmetricdifferencess like
addingmodulo2, thesizeof agroupis 2 raisedto thepower
of its rank. The -th Bettinumberof is therankof the

-th homologygroup, . As ,

1)

Thereis a Betti numberfor eachinteger , but for com-
plexesin , only theonesfor maybenon-zero.
AccordingtotheUniversalCoefcient Theorenfor Homol-
ogy|[8] forcompleesin  , theBettinumbersinder are
thesameasthoseunder .

Intuitively, a non-boundingd-cycle represents collec-
tion of component®f  andthereis onebasiselemeniper
componentlt followsthat is thenumberof components
of . A non-boundingl-cycle represents collection of
non-contractiblelosedcurvesin , or dually, a collection
of tunnelsformedby . We canwrite eachtunnelasa sum
of tunnelsin abasis,and s thesizeof thebasis.A non-
bounding2-cyclerepresentacollectionof non-contractible
closedsurfacesn , or dually, acollectionof voids,which
arecomponentsf . Asbefore, isthesizeof aba-
sisof voids,whichis equalto the numberof voids. Finally,
thereareno 3-cyclesbecause isacomplein

Age lters. We baseall formulasandalgorithmsin this
paperon anorderingof the simpliceswhereeachpre x of
the orderingcontainsthe simplicesof a subcomplg. We
call suchan orderinga lter. The sequencesf subcom-
plexesde ned by taking successiely larger pre x esis the
correspondingltr ation. Figure 3 illustratesthesede ni-

tionswith a lter of 18 simplices. We think of a Itration
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Figure 3. The lIter is the sequence of light simplices. The
corresponding ltr ation is the sequence of complexes.

asdescribingan evolution of a complex for which the sole
elementof changds growth. For dual complexesof a col-
lection of balls, we generatea Iter anda ltration by lit-

erally growing the balls. The lter is aconsequencef this
growth.

We now describethe growth modelfor spheresve use
in Section6 to apply our resultsto weightedpoint datain

. For every real number , We increasehe square
radiusof aball by , givingus . We
. The

denotethe collectionof expandedalls as
-comple of isthedualcomplex of [3]. For
example, , , and is

the dual of the Voronoidiagram,alsoknown asthe Delau-
nay triangulationof . For eachsimplex , thereis
a uniquebirth time de ned suchthat iff
. We orderthe simplicessuchthat
implies precedes in the Iter. More thanonesimplex
may be born at a time andsuchcaseamay ariseeven if
is in generaposition. For examplein Figurel, edge is
born at the samemomentastriangle . In the caseof
atie, it is corvenientto orderlower-dimensionakimplices
beforehigherdimensionabnes preakingremainingtiesar-
bitrarily. We call theresultingsequencéheage lter of the
Delaunaytriangulation.



Incremental algorithm.  The orderingof simplicesin a
Iter permitsa simplealgorithmfor computingBetti num-
bersof all complexesin a Itration [2]. We review the es-
sentialstepsof the algorithmhere. Supposehe sequence
of , for , Is a Iter andthe sequenceof

, for , is the corre-
spondingltration. Beforerunningthealgorithm,the Betti
numbervariablesaresetto the Betti numbersof the empty
comple, thatis, . The algorithmis
shavn in Figure4.

integer BETTI-NUMBERS
for to do
if belongsto a -cyclein
then
else
endif
endfor;
return

Figure 4. The function returns the Betti numbers of the last
complex in the Itr ation.

But how dowe decidewhethera -simplex  be-
longsto a -cyclein  ? For , thisis trivial
becauseavery vertex belongsto a 0-cycle. For edgeswe
maintainthe connecteccomponent®of the comple, each
representedly its vertex set. An edgebelongsto a 1-cycle
iff its two endpointdbelongto the samecomponentTrian-
glesandtetrahedraretreatedsimilarly, usingthe symme-
try providedby complementarityduality, andtime-reversal
[2].

Oncewe decidethe cycle questionfor eachsimplex, we
calla -simplex  positiveif it belonggo a -
cycleandnegativeotherwise Let bethe -thBetti
numberof  , andlet and be
thenumberof positve andnegatve -simplicesn . The
correctnessf theincrementahlgorithmimplies

)

for . In words,the Betti number  is thenum-
berof -simplicesthat create -cycles minusthe number
of -simplicesthat destry -cyclesby creating -
boundariesObsenethatEquation(2) is justadifferentway
to write Equation(1). All Betti numbersare non-neyative
SO for all . We will seein Section3 that
thereexistsa pairingbetweerpositve -simplicesandneg-
ative -simplices. This pairing is the key to under
standingthe persistencef non-boundingyclesin homol-
ogy groups.

3 Persistence

We wish to simplify a comple throughthe removal of
its topologicalattributes.We describea measurdghatranks
attributesby theirlife-timein a Itration — theirpersistence
in beingafeaturein thefaceof growth. In this sectionwe
introducethe conceptof persistencéor Betti numbersand
non-boundingcycles. We de ne persistencabstractlyus-
ing cycle andboundarygroupsof compleesin a ltration.
To make the abstractconcrete we give an algorithmthat
pairsthe creationof a non-boundingycle with its corver
sionto aboundary

Algebraic formulation. Algebraically it is easyto count
the populationof non-boundingcycleswhoselife-time ex-

ceedsa giventhreshold. We will seelater that this statis-
tic is sufcient for determiningthe life-time of individual

non-boundingcycles. We de ne to bethe -th cy-

cle groupand -th boundarygroup, respectiely, of the -

th comple in a ltration. To capturepersistentycles
in , wefactorits -th cycle groupby the -th boundary
groupof , compleeslaterin the Itration. Formally,

the -persistent -th homolagygroupof s

3)

which is well-de ned because is the intersec-
tion of two subgroup®f andthusa groupitself. The
-persistent -th Betti number of is the rank of
. Notethataswe increase , negative simplicescancel
positive simplicesearlierin the Itration. In otherwords,
increasing by one shortensthe persistenceof all non-
boundingcyclesby one.We maykill short-livedattributes,
thetopologicalnoiseof the comple, by increasing suf-
ciently.

The -persistenhomologygroupscanalsobe de ned
usinginjective homomorphismdbetweenordinary homol-
ogy groups. Obsene thatif two cyclesarehomologousn

, they alsoexistandarehomologousn . Consider
thehomomorphism

that maps a homology class into one that containsit.
The image of the homomorphismis isomorphicto the -
persistenhomologygroupof

Abstract algorithm. To measurehe life-time of a non-
boundingcycle, we nd whenthe cycle's homologyclass
is createdand when its classmemgeswith the boundary
group. A positive simplex createghe classanda negative
one memesthe classwith the boundarygroup. To detect
theseevents,we maintaina basisfor  implicitly through
simplex representates.



Initially, thebasisfor  is empty For eachpositive -
simplex ,we rst nd anon-bounding -cycle thatcon-
tains  but no otherpositve -simplices.We provethat
existsusinginductionasfollows: startwith anarbitrary -
cyclethatcontains andremoveotherpositve -simplices
by addingtheir corresponding -cycles. This methodsuc-
ceedsbecauseachaddedcycle containsonly one positive

-simplex by inductive assumption. After nding , we
addthehomologyclassof asanew elemento the basis
of . In short,theclass is representetty , and

,inturn,isrepresentetdy . For eachnegative -
simplex ,we nd its correspondingositve -simplex
and remove the homologyclassof ~ from the basis. A
generahomologyclassof  is asumof basisclasses,

Thechains and arehomol@ous meaningthey be-
longto thesamehomologyclass.Each isrepresentety
apositve -simplex , thatis notyet pairedby the
algorithm.The collectionof positive -simplices

is uniquelydeterminedy . Theyoungessimplexin is
theonewith largestindex andwe denotehisindex as

list PAIR-SIMPLICES

for to do
if is neggativethen
*) ; ;

endif
endfor;
return

Figure 5. The function returns three lists of paired simplices
in the lter.

The algorithm, as shavn in Figure 5, identi es as
the culprit for turningthe -cycle createdby intoa -
boundary We documenthis by appending to the
list . Thepersistenceof that -cycle is oneshortof the
differencebetweerindices,

Time-basedpersistence. Alternatively, we could de ne
persistencasthe differencein birth timesof the two sim-
plices, . Thisview correspond$o an exten-
sion of our previousindex-basedformulation. Let

. Thenfor every real , wede ne

the -persistent -th homolay group of tobe

(4)

Notethatwe arenotchangingheorderingof thesimplices,
so the simplex pairs do not change. Therefore,we may
usetheabstractlgorithmabore to computethe persistence
pairs. In general however, we have fewer pair-wise differ-
entcomplexes,asall simpliceswith birth-time enterthe
Itration atthattime. In the index-basedformulation,the
simplicesarrive individually with differentindices.

Time-basedersistencas usefulin the contet of iso-
surfacesof densityfunctions. Index-basedpersistencas
appropriatdor alphacomplexes,asmostinterestingactivity
occursin asmallrangeof . Wewill notdiscusdime-based
persistencin this paperary further, althoughall our results
will bevalid with little modi cation.

Visualization. Our pairing algorithm gives us a set of
simplex pairs , eachrepresenting -cycle for

. We may visualizeeachpair on the index axis by
a half-openinterval which we call a -interval. We
shaw thisin Figure6 for the ltration in Figure3. Thein-
crementahlgorithmin Section? assertshat  isthenum-
berof -intervalsthatcontainindex ontheaxis.

We extendthis visualizationto two dimensionspanned
bytheindex andpersistencaxes.The -intenal of
isextendedntoa -trianglespannedy , ,

in the index-persistenc@lane. The -triangleis closed
alongits vertical and horizontaledgesand openalongthe
diagonalconnecting to , asshavn in Figure
6. It representthe -cyclecreatecby ,whichisdestryed
by progressiely earlierasweincrease .
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Figure 6. Visualization of the result of Function PAIR-
SIMPLICES. The triangles of and of are unbounded
and not drawn. The light and dark triangles represent 0-
cycles and 1-cycles respectively.



Assumefor a momentthat our algorithm is correct,
which means is the numberof -trianglesthat con-
tain point Then the persistentBetti numbersare
non-increasinglongverticallinesin the index-persistence
plane. The sameis true for linesin the diagonaldirection
andfor all linesbetweertheverticalandthediagonaldirec-
tions.

MONOTONICITY LEMMA. wheneer

and

Correctness. To prove the abstractalgorithmis correct,
we show thatthe pairsit producesare consistentwith the
persistenBetti numbersle ned by (3).

-TRIANGLE LEMMA. Thenumberof -trianglescontain-

ing in theindex-persistencelaneis
ProoOF. We proceedby inductionover . For , the
numberof -triangleshatcontain is equaltothenum-

berof -intenals thatcontain . Thisis equalto the

numberof left endpointsminusthe numberof right end-

pointsthataresmallerthanor equalto . Equivalently; it is

thenumberof positve -simplices with minusthe

numberof negative -simplices  with . But

thisis just a restatemendf Equation(2), which establishes
thebasisof theinduction.

Consider with andassumenductively that
theclaim holdsfor . Therelevantsimplex for the
stepfrom to is . The persistent -th

Betti numbercaneitherstaythe sameor decreaséy 1. It
will decreasenly if is a negatve -simplex,
or equivalently, is the upperright cornerof a -
triangle. Indeed,no other -trianglecanpossiblyseparate

and . This provesthe claim if is a
positive -simplex or asimplex of dimensiordifferent
from . Now supposehat is a negative -

simple< andde ne the -cycle . Thereare

two casesasshawn in Figure?7.

i<l I i>l I+p

index

p+ |
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Figure 7. The light -triangle corresponds to Case 1 and
the dark one to Case 2.

Case 1. Assumethereisa -cycle in homologous
to ,thatis, . Then boundseitherin

norin , but it boundsin . If follows
that . We needto shav that the
pair constructedy the algorithm satis es

, becaus@nly in this casedoesthe -triangleof
separate from . Recallthat is
the youngestpositve -simplex in . To reacha
contradictiorsuppose . Then isanon-bounding
-cycle alsoin  , andbecausat is homologougo
, we have . But this contradicts as

Case 2. Assumethereis no -cycle in homolo-
gousto Then , and
hence We needto shaw that the
pair constructedoy the algorithm satis es

, becauseonly in this casedoesthe -triangle
of not separate from . Our as-

sumptionabove implies that at leastone of the posi-
tive -simplicesin was addedafter Hence
]|

4 Computation

In this section,we completethe abstractalgorithm for
pairing by specifyinghow to implementline (*) of Func-
tion PAIR-SIMPLICES. We do this by computingthe in-
dex of the youngestpositve -simplex in , Where

. Wereferto this computatiorascycleseach
for . Wewill rst describehedatastructurethenexplain
cycle searchprove its correctnessandanalyzeits running
time.

Datastructure. We usealineararray , which
actssimilar to a hashtable[1, Chapterl12]. Initially, is
empty A pair identi ed by thealgorithmis stored
in togethermwith alist of positive simplices  de ning
thecyclecreatecby anddestrgedby . Thesimplices
in thatlist arenot necessarilyhe sameasthe onesin

All we guaranteés that is homologougo the sumof cy-
clesrepresentedby the simplicesin the list, and that the
list containsthe youngestsimplex in , Whichis as
above. The correctnesgroof following the algorithmwill
shaw thatthis propertyis sufcient for our purposes.The
datastructureis illustratedin Figure8. Eachsimplex in the
Iter hasa slotin the hashtable,but informationis stored
only in the slotsof the positive simplices.This information
consist®f theindex of thematchingnegative simplex and
alist of positive simplicesde ning acycle. Somecyclesex-
istsbeyondtheendof the Iter, in whichcaseweuse as
asubstitutefor .
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Figure 8. Hash table after running the algorithm on the Iter
of Figure 3.

Cyclesearch. Supposéhealgorithmarrivesatindex in
the Iter andassume isanegative -simplex. Recall
that is thesetof positve -simplicesthatrepresenthe
homologyclassof in . We searchfor the
youngest -simplex in by successiely probingslots
in until we nd therightone.Speci cally, we startwith a
set equalto thesetof positve -simplicesin , whichis
necessarilyjon-emptyandwe let betheindex
of theyoungesmembeiof . Wewill seelaterthatif is
unoccupiedthen . We canthereforeendthesearch
andstore and in f is occupied,t containsa
collection representing permanenthstored -cycle. At
thismomentthis -cycleis alreadya -boundary We add

and togetanen representing -cyclehomologous
to the old one and thereforealso homologousto . The
FunctionY oUNGEST in Figure9 performsa cycle search
for simplex

integer YOUNGEST simplex
positive ;
loop
if is unoccupiedhen
store and in ; exit

endif;

forever;

return

Figure 9. The function returns the index of the youngest basis
cycle used in the description of the boundary of

A collision is the event of probingan occupiedslot of
. It triggersthe additionof and , which meanswe
take the symmetricdifferenceof the two collections. For
example,the rst collision for the Iter of Figure3 occurs
forthenegativeedge . Initially, we have and
equalto 4, theindex of is occupiedandstores
. The sumof the two 0-cyclesis ,
whichis thenew set . We now have , theindex of
Thistime, is unoccupiecandwe storetheindex of
andthenew set in thatslot.

Correctness. We rst show thatcycle searchhalts. Con-
sideracollisionat . Thelist  storedin contains
andpossiblyotherpositive -simplicesall olderthan
After adding and wegetanew list . Thislistis nec-
essarilynon-emptyasotherwise would bound. Further
more,all simplicesin  arestrictly olderthan . There-
fore, thenew is smallerthanthe old one,which implies
thatthe searchproceedsstrictly from right to left in . It
necessarilyendsat an unoccupiedslot of the hashta-

ble, for all otherpossibilitiedeadto contradictions.
It takessomemoreeffort to provethat is thecorrect

slot, or in otherwords,that , Where
is the boundaryof the negative -simplex that trig-
geredthe search.Let bethecyclede nedby . Since

is obtainedfrom throughaddingboundingcycles, we
know that and arehomologousn . A collision-
freecycleis onewheretheyoungespositive simplex corre-
spondgo anunoccupiedlotin thehashtable.Cyclesearch
endswheneer it reaches collision-freecycle. For exam-
ple, is collision-freebecausds youngespositive simplex
is and is unoccupiedefore arrives.

CoLLISION LEMMA. Let be a collision-free -cyclein
homologousto Then the index of the
youngespositive simplexin is

PrOOF. Let  betheyoungespositive simplexin , and
bethesumof thebasiscycles,homologoud¢o . By de ni-

tion, 'syoungespositive simplexis , where

This implies that thereare no cycles homologouso in
or earliercomplees,therefore . We shawv

by contradiction.If , then , where bounds

in . implies ,andas istheyoungest

in , it is alsothe youngestin . By assumption, is

unoccupiedas is collision-free.In otherwords,the cycle
createdoy isstill anon-boundingyclein . Hence
this cycle cannotbe . Also, the cycle cannotbelongto 's
homologyclassat thetime becomesa boundary It fol-

lowsthatthenegative -simplex thatcorverts intoa
boundarypairswith apositive -simplexin thatisyounger
than , acontradictionHence .

The cycle searchcontinuesuntil it nds a collision-free
cycle homologougo , andthe Collision Lemmaimplies
that that cycle hasthe correctyoungestpositive simplex.
This provesthe correctnes®f cycle search,and we may
now substitute Y OUNGEST for line (*) in Function
PAIR-SIMPLICES.

Running time. Let and let be the
youngespositive -simplexin . Thepersistencef the
cyclecreatecby anddestrgedby s

ThesearcHor  proceedsrom rightto left startingat
andendingat . The numberof collisionsis at mostthe



numberof positve -simplicesstrictly between and ,
whichis lessthan . A collisionhappenst only if
alreadyforms a pair, which impliesits -interval is
containednside . We usethenestingpropertyto prove
by inductionthatthe -cycle dened by is the sumof
fewerthan boundarief -simplices.Hence,
containdewerthan -simplicesandsimilarly
containsfewer than -simplices.
A collision requiresaddingthe two lists and nding the
youngestin the new list. We do this by meiging, which
keepghelistssortedby age.A singlecollisiontakestime at
mostO( , andtheentiresearchfor takestime at most
O( ). Thetotal algorithmrunsin time at mostO( ),
whichis atmostO( ).

Therunningtime of cycle searchcanbeimprovedto al-
most constantfor dimensions and usinga
union- nd datastructurerepresenting systemof disjoint
setsand supporting nd andunion operationg1, Chapter
22]. For , eachsetis the vertex setof a connected
component.Eachsethasexactly oneyet unpairedvertex,
namelythe oldestonein the component.We modify stan-
dardunion- nd implementations suchawaythatthisver
tex representshe set. Given a vertex, the nd operation
returnsthe representatie of the setthat containsthis ver-
tex. Givenanedgewhoseendpointdie in differentsetsthe
unionoperationmergesthe two setsinto one. At the same
time, it pairstheedgewith theyoungerof thetwo represen-
tativesandretainsthe olderoneastherepresentatie of the
mergedset.

Cyclesearchs replacedoy two nd operationgossibly
followedby a unionoperation If we useweightedmemging
for unionandpathcompressioifor nd, theamortizedime
per operationis O( ), where is the noto-
riously slowly growing inverseof the Ackermannfunction
[1, Chapter22]. We may usesymmetryto accelerateycle
searchfor 2-cyclesusingthe union- nd datastructurefor
a systemof setsof tetrahedrg2]. We cannotachieve the
sameacceleratiorior 1-cyclesusingthis method however,
astherecanbemultiple unpairedoositive edgesatary time.
Theadditionalcomplicationseemgo requirethemorecau-
tiousandthereforeslower algorithmdescribedabore.

5 Simpli®cation

In this sectionwe useinformationaboutthe persistence
of cyclesto simplify Itrations. Simpli cation heremeans
reorderingthe simplicesin sucha way that only cycles
whosepersistencas above somethresholdappearin the
Itration. We getinspirationfor reorderingthroughan al-

gorithmfor computingpersistenBetti numbers.

Computing persistentBetti numbers. Bythe -Triangle
Lemmain Section3, the -persistent -th Betti numberof

is the number of -trianglesthatcontainthe point
in the index-persistencelane. To computethese
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Figure 10. The -trianglesthatintersectthe new axis at
have persistence 2 or larger. The simplex pairs representing
cycles of persistence less than 2 are boxed.

numbersfor a x ed , we intersectthe -triangleswith a
horizontalline at . Figure10 illustratesthis operationby
modifying Figure 6. The algorithmfor -persistenBetti
numberds similar to FunctionBETTI-NUMBERS givenin
Figure4. We go throughthe lter from left to right and
increase  wheneer we encountetthe left endpointof a

-interval longerthan . Similarly, we decrease when-
ever positionsaheadof usthereis a right endpointof a

-interval longerthan . Figurel1l shawstheresultsof the
algorithmappliedto our example Itration of Figure3 for

bo

o B N W b

Figure 11. Persistent 0-th Betti numbers of the rst ten com-
plexes in the ltr ation of Figure 3 and for persistence up to
7.

Migration. The intersectionof the -trianglesand the
horizontalline at is acollectionof half-openintervals. We
interprettheseintenals as -intervals of a simpli ed ver
sionof theoriginal Itration. Ourgoalisto reorderthe Iter
sothatthisinterpretations valid, thatis, wewishto obtaina



new ltration whoseBettinumbersarethe -persistenBetti
numbersf theoriginal Itration. For eachpair we
move  to theleft, closeror all thewayto , asshawvn
in Figure10. Thenew positionof  is f
,then and nolongerform aninterval as

they bothoccupy thesameindex in thenew lter. Here,we
extendthe notion of a Iter to allow a possiblyempty set
of simplicesat eachindex. We computeBetti numbersby
bringingall simplicesof a setinto thecomple< atonce.

Thereis a complicationin the reorderingalgorithmthat
occurswheneer a nggative simplex attemptso move past
one of its faces. To maintainthe orderingasa Iter, we
mustmove the facealongwith its coface. For example,if
weincrease to4in Figurel0,then  will movetoindex
11 pastitsface atindex 12. Moving afacealongwith a
simplex will notchangeary Betti numbersf the facerep-
resentsa cycle whosepersistencés lessthan . At thetime
we moveit, thefaceis alreadyco-locatedwith its matching
negative simplex, andthetwo canceleachother's contritu-
tions. We maythengrabthe pairandmoveit with the sim-
plex, moving the pair with in our example.
For any moving simplex, however, we mustalsomaove all
the necessaryacesandtheir matchingnegative simplices
recursvely.

Conicts. Thereistroubleif thefaceof amoving negative
simplex represents cycle whosepersistenceés at least .
Forinstancewhen  encountersheedge |, thetriangle
whichis pairedwith  hasnotyetreached . There
isacon ict betweerourtwo goalsof maintainingthe Iter
propertyandreorderingso the new Betti numbersare the
old -persistenBetti numbers.Formally, a con ict occurs
wheneer thereare pairs and with
, where isafaceof ,asshowvnin Figure
12. Thereare possibletypesof con icts, each

Figure 12. Basic conict con gur ation.

identi ed by the pair of thedimension®of
the main participants.The pairs and in
Figure 6 constitutea conict of type andshav that
con icts do occur, althoughour experimentsin Section6
suggesthatthey areratherrare. We partially substantiate
this nding by thefollowing lemma.

CONFLICT LEMMA. All con icts havetype

PROOF. Supposea conict exists in pairs and

, where isavertex. When entersthe lItra-
tion, it belonggo thesamecomponenais ,since com-
pletesachainwhoseboundaryincludes . Vertex , one

of the verticesof | is unpairedandthereforerepresents
thecomponenbf and . Recallthatany component
is representedy its oldestvertex, whichimpliesthat s
olderthanall theverticesof . By the lter property is
olderthan ,i.e. , which contradictshe assumption
that and formacon ict. Thisprovesthere
areno con icts of types , , . By comple-
mentarityandduality, thereareno con icts of types

and .

Dif culties in reorderingmay also arise indirectly be-
causeof the recursve natureof ary reorderingalgorithm.
For example,moving a negative trianglemay requiremov-
ing one of its edges. This edgeholdson to its matching
triangle, which in turn grabsits neededfaces. Some of
thesefacesmay be unpaired,andto capturethis situation
wede ne arecursivecon ict to beapositive simplex thatis
movedwhenit is not co-locatedwith its matchingnegative
simplex. Extendingthe Con ict Lemma,we canshaow that
all recursve con icts areedges.We againhave a situation
asin Figure12, exceptthat is not necessarilya faceof

. However, the moving simplicesall belongto the same
components : thisis truefor afaceby de nition, for a
matchingnegative simplex by thereasorgivenin the proof
above,andfor all moving simplicesby transitvity.

Basic and recursve con icts exist in practice,but are
ratherrare,asshowvn in Section6. Whencon icts occut
we view themaintenancef the Iter propertyasinviolable,
andattemptto approximateour secondangoal, achieving
the correctBetti numbers.We do sothroughcon ict reso-
lution or con ict diminution,asdescribedelow.

Con ict resolution. We mayresole acon ict by subdi-

vision. Here, we achiese the correctBetti numbersfor a

re ned complex andits correspondingltrations. Suppose

pairs and form a conict. Then,

areedges, aretriangles,and isafaceof . Let
and asdravnin Figurel3.

We resole the con ict by starringfrom the midpoint
of edge , subdviding all simplicesthatshare asacom-
mon face. We replaceeachsubdvided -simplex by one

-simplexandtwo -simplices.For computingpersis-
tence the orderof thethreenew simplicesis important.As
shavn in Figure13,theorderof theedges within the
new lter istheoppositeof thetriangles . Theper
sistencalgorithmproducesew pairs and
thathave no effect on Betti numbers After entersthe
comple is homotopy equivalentto theold comple justbe-
fore enters. Theedge replaces andthe triangle

replaces in the Iter. Consequentlythe algorithm
producepairs and .As isnotafaceof

, we have removedthe con ict andpreseredthe Betti
numbersfare ned lItration.



starring
a
2 N
before: s9 .... bc .... abc .... sh
after: s9 ... [x ax sh
bx acx
[o'¢ abx
Figure 13. The conict exists between moving towards

and keeping  ahead of . We subdivide edge and

order the new simplices to resolve the con ict.

Conict diminution. Oftentimes, simpliceshave struc-
tural meaningn a ltration, andcon icts signalproperties
of the structurethe simplicesdescribe. We may not wish
to tamperwith this structurethroughsubdvision, assuch
actionmay not have ary meaningwithin our Itration. For
example,in alphacomple Itrations, simplicesareordered
accordingo aparticulargronth model. The orderingof the
new simplicesspeci ed by subdvisionin Figure13 might
not have a correspondingetof weightedballs that would
generatéhe Itration underthe growth model.

We mayattemptto reducetheeffect of con icts on Betti
numberswithout eliminating the conicts. Recallthat a
simplex pair de nesa -cyclewhichmaybevisual-
izedbya -triangle,asin Figurel4. When&er occursin
acon ict, weallow it to bedraggedo a new location. This
clearlychangesheBettinumberof thereordereditration,
sothey no longermatchthe -persistenBetti numbersof
theoriginal Iltration. We alsoallow  to move fasterdur-
ing reorderingwhen&er  is moved. This methodcreates
aregionof the -cyclewith thesameareaasthe -triangle,
asshowvn in Figure 14. Thereforewe allow each -cycle
to have the sameeffect on Betti numbersasit would in the
absencef con icts, but atdifferenttimes.

S. S.
[ i

index

ouajsisiad

Figure 14. Reordering with conicts .

Lazy migration. We endthis sectionby describinganal-
ternatemethodfor reordering. Our motivation for formu-
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lating persistenhomologyin Equation(3) wasto eliminate
cycleswith low persistenceAs a consequencef the for-
mulation,the life-time of every cycleis reducedegardless
of its persistenceleadingto the creationof -triangles. A
possiblymoreintuitive goal would be to eliminatecycles
with low persistencevithout changingthe life-time of cy-
cleswith high persistenceln otherwords, we replace -
triangledby -squaesasillustratedin Figurel5. In analogy

SW tw uv sV su uw tu tuwsuwstu suvstw
6 7 8 9 10 11 12 13 14 15 16 17
: T T T T T T
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Figure 15. Alternative visualization of the result of Function
PAIR-SIMPLICES. The squaresof and are unbounded
and not shown. The light squares represent 0-cycles and the
dark squares represent 1-cycles.

to -persistenBetti numberswe de ne asthe num-
berof -squaredhatcontainthe point in the index-

persistencg@lane. Figure 16 illustrateshow thesenumbers
changeaswe increasepersistencérom to 7. Note
thatwe caneasilyreadoff persistentyclesfrom thegraph.
We mayalsosimplify complexesusing by only collaps-

Figure 16. Numbers for the rst ten complexes in the

Itr ation of Figure 3.

ing -intenalsof lengthatmost , leaving other -intervals
unchanged.

6 Experiments

We have implementedhe algorithmsdescribedn this
paperand createda prototypebasedon the Alpha Shapes



softwareof [3]. This sectionpresentexperimentatiming
resultsandprovidesevidencefor the claim thatpersistence
separatetopologicalnoisefrom features.

Data. We have applied the software to a variety of
dataset&ndshav theresultsfor ve representatie setsin
this section. Threesetsrepresentolecularstructureswith
weightedpointsandtwo represensurfacesof macroscopic
shapesvith unweightedoints. In eachcasewe rst com-
putethepossiblyweightedDelaunaytriangulationandthen
theage Iter of thattriangulation. The datapointsbecome
verticesor 0-simplicesof the triangulation. Table 1 gives
thesizesof thedatasetstheir Delaunaytriangulationsand
age lters.

# -simplices
0 1 | > | 3 total
G 318 2,322 3,978 1,973 8,591
z 1,296 | 11,401| 20,098 9,992 42,787
D 7,774 | 60,675| 105,710| 52,808 226,967
B || 42,311 | 346,664 | 608,445 304,091 | 1,301,511
S 54,262 | 438,134 | 766,893 | 383,020 || 1,642,309

Table 1. G is Gramicidin A, a small protein. Z is a portion
of a periodic zeolite structure. D is a portion of DNA. B is a
tiny cube of microscopic bone structure. S is a scanned and
resampled Buddha statue.

Timings. We time only the portionof the softwarethatis
directly relatedto computingpersistence.We distinguish
four steps: markingsimplicesas positive or negative, and
adding -cyclesfor . Recallthatthecomputation
of persistenceanbeacceleratefbr usingaunion-
nd datastructure. As substantiatedn Table 2, this im-
provementsubsumeadding0- and2-cyclesin themarking
processshrinkingthetime for theseto stepsto essentially
nothing.Theresultssuggesapossibldineardependencef

add -cycles total
mak |~ 1 [ 2 | wloUF [ WUF
G 0.03 || 0.01 | 0.03 | 0.01 0.08 0.06
z 0.19 || 0.02 | 0.17 | 0.07 0.45 0.36
D 1.15 || 0.12 | 1.02 | 0.38 2.67 2.18
B 735 | 0.73| 6.79 | 2.58 17.45| 14.12
S 11.25 || 0.96 | 9.65 | 8.66 30.52 | 19.93

Table 2. Running time in seconds. All timings were done on
a Micron PC with a 266 MHz Pentium Il processor and 128
MB random access memory, running the Solaris 8 operating
system.

therunningtime on the size of the data,which is substan-
tially fasterthanthe cubicdependencprovedin Sectiord.
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Of coursewe needto distinguishworst-casdrom average
runningtime. After acceleratingvith union- nd, the slow-
estportionof thealgorithmis addingl-cycles.We posethe
detailedanalysisof the algorithmasan openproblem,and
we alsoaskfor adifferentandmoreef cient algorithm,if it
exists.

Statistics. Our cubic upperboundin Section4 followed
from the obsenation thatthe -cycle createdby  goes
throughfewer than  collisionsand the length of its list
built up duringthesecollisionsis lessthan . We
canexplaintheapparenthfinearrunningtime documented
in Table2 by shaving thatthe averagenumberof collisions
andtheaveragdist lengtharebothconstantTables3 and4
provide evidencethatthis mightindeedbe the case.We do
not show statisticsfor 0-cyclesin Table4 asevery 0-cycle
is representebly alist of lengthtwo.

0-gycles 1-gycles 2-gycles

max | avg max [ ag max [ ag
G 17 | 0.58 31| 0.19 91 | 0.13
z 14 | 0.95 32 | 0.50 39 | 0.39
D 14 | 0.62 203 | 0.32 26 | 0.19
B 21 | 1.00 581 | 0.26 1,462 | 0.15
S 24| 1.00 || 1,095 | 0.19 || 33,325| 0.14

Table 3. Maximum and average number of collisions for the
v e data sets.

1-gycles 2-gycles
max | ag [ avgf max | ag [ avgf
G 10 2.47 | 2.22 111 4.86 | 2.08
Z 46 3.91 | 252 46 2.96 | 2.05
D 125 3.85| 2.21 15 2.26 | 2.02
B 1,719 9.46 | 2.50 510 8.15 | 2.07
S 4,993 | 19.61 | 2.47 || 7,486 | 374.06 | 2.04

Table 4. Maximum and average length of cycle lists, over all
lists (avg), and all nal stored lists (avgf).

Recallthatthenumberof collisionsandthelengthof lists
is boundedrom aborve by the persistencef cycles. Table
5 shaws thatthe averagepersistencés considerablyarger
thanthe averagenumberof collisionsandlist length. Table
5 alsogivesevidencethatcon icts areindeedrare.

Featuredetection. Weconcludehissectionby usingper
sistencdor detectingfeaturef thedatasets. Thisdataset
containsthe time-averagedmoleculardynamicsstructure
of Gramicidin A, a peptidethat forms a channelfor ion
andwatermovementacrosdipid membranesThe primary
topologicalfeatureof this datais a tunnelthatrunsthrough
the molecule,asshovn in Figure17. We show the graphs
in Figure 18 for comparison.While thereis considerable



averagepersistence #con icts
O-gicles [ 1-gycles | 2-gycles || basic | recursve
G 320.36 55.35 4.47 0 0
Zz 1,333.86 757.03 194.56 1 128
D 7,902.83| 2,706.18 462.17 0 212
B 59,383.77| 5,264.05| 393.92 1 187
S 95,620.31| 3,828.92 45.22 0 10

Table 5. Average persistence of cycles and number of con-
icts in simplifying the Itr ation.
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Figure 17. Side and top views of the molecular surface for
Gramicidin A, presenting the channel for ion transport.

topologicalnoiseat , asimpli cation processwvhich
eliminatesl-cyclesof persistencéessthan2,688succeeds
in separatinghe tunnelfrom the remainingtopologicalat-
tributes detectedby measuringhomology We shaw this
simpli cation for threecomplexesin Figure19.

7 Future Directions

We introducethe notion of topologicalpersistencéor a
Itration in  in this paperandgive algorithmsfor assess-
ing persistencaand simplifying the Itration. We planto
applythesedeasto the analysisof threetypesof datasets.

(i) Moleculardataarenaturallyrepresentetly theage I-
tersof their Delaunaytriangulations.While differen-
tiating topologicalnoisefrom featuresis a generally
usefulfacility, we believe it is mostsigni cant for an-
alyzingthe structureof molecules.

(i) Simplifying shapewhile preservingfeaturesis at the
coreof the surfacereconstructiorproblemstudiedin
computergraphics,as well ascomputationabeome-
try. We believe persistenceanhelpin automaticre-
construction.

(i) We plan to apply persistenceo detecthierarchical
or other complex types of clusteringin very large
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Figure 18. Graphs of
onto an 80 by 80 grid.

and of Gramicidin A sampled

datasetssuchasthoseexpectedfrom the currentef-
forts of measuringhelocationsof galaxiesn the uni-
verse.

Thereis a fourth and lessdirect applicationto surface
reconstructiorthroughiso-surficeextraction. Iso-surces
arewidely usedin medicalimagingwherevolumedensity
datais common. A smoothdensityfunction has nitely
mary critical pointsof four types,correspondingo thefour
differentdimensionf simplicesin a 3-dimensionatom-
plex. We canusethe persistencalgorithmto measureghe
signi canceof every critical point. A moredif cult taskis
usingthis informationfor automaticdenoisingthe density
functionandits iso-surfces.
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Figure 19. Side and top views of complexes of Gramicidin A are shown in the left three columns. The
corresponding 2688-persistent complexes are shown on the right.

the DNA dataseD, andthe StanfordGraphicsLab for the [8] J.R. Munkres. Elementsof Algebraic Topolagy. Addison-

BuddhadataseS. To generatehe bonedataseB, we sam- Weslg, RedwoodCity, California, 1984. _
pled an iso-surhice generatecby DominiqueAttali. The [9] J. A. Sethian. Level SetMethods CambridgeUniv. Press,
volumedatawasprovidedby FranoisePeyrin from CNRS CambridgeEngland,1996.

CREATIS in Lyon andwasissuedfrom SynchrotrorRadi-
ation Microtomographyfrom the ID19 beamlineat ESRF
in Grenoble We generatedrigure17 usingthe ProteinEx-
plorer[5].

References

[1] T.H.CormenC.E.LeisersonandR.L. Rivest.Introduction
to Algorithms TheMIT PressCambridgeMA, 1994.

[2] C.J.A. Del®nadoandH. Edelsbrunner An incrementakl-
gorithmfor betti numbersof simplicial compleeson the 3-
sphere. ComputAidedGeomDesign 12:771-7841995.

[3] H. EdelsbrunneandE. P. Miicke. Three-dimensionadlpha
shapesACM Trans.Graphics 13:43-72,1994.

[4] J. EI-Sanaand A. Varshng. Topology simpli®cation for
polygonalvirtual ervironments. IEEE Trans. Visualization
Comput.Graphics 4:133-1441998.

[5] E. Martz. Proteinexplorer 1.80b http://wwwumass.edu-
/microbio/chime/gplorer

[6] J.McCleary User's Guideto Spectal SequencesPublishor
Perish Wilmington, Delavare,1985.

[7] J.Milnor. MorseTheory PrincetonUniv. PressNew Jersg,
1963.

13



