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Abstract

We formalize a notion of topological simpli�cation
within theframework of a �ltration, which is thehistoryof
a growing complex. We classifya topologicalchangethat
happensduringgrowth aseithera featureor noisedepend-
ing on its life-time or persistencewithin the �ltration. We
give fastalgorithmsfor computingpersistenceandexperi-
mentalevidencefor theirspeedandutility.
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1 Intr oduction

The needfor automatedtopologicalsimpli�cation has
beenarticulatedin the computergraphicsand geometric
modelingliterature.Thispaperproposesasolutionin which
scaleis usedto assessthe persistenceof topologicalat-
tributesandto prioritizesimpli�cation steps.After describ-
ing a new notionof topologicalsimpli�cation, we summa-
rize the contributionsof this paperandcontrastthemwith
prior work.

Topologicalsimpli�cation. Weusehomologytomeasure
the topologicalcomplexity of a point set in ��� . The sim-
plestnon-emptysetsunderthis measureare the onesthat
contractto a point. Eachsuchsetconsistsof onecompo-
nentandhasno othernon-trivial homologicalattributes.A
generalset in �

�
has �	� components,��
 tunnels,and �
�

voids. We considertopologicalcomplexity to beexpressed
by �

���
�


��
�

� , the Betti numbersof the set. As such,we
understandtopologicalsimpli�cation asa processthat de-
creasesBetti numbers.To do this in a geometricallymean-
ingful manner, we needa way of assessingthe importance

�
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of topologicalattributes. Oncewe have sucha numerical
assessment,wenaively removeattributesin theorderof in-
creasingimportance.At any momentduring this process,
we may call the removed attributestopologicalnoiseand
theremainingonestopologicalfeatures.

Therearethreetechnicaldif�culties with this approach.
The�rst is theidenti�cation of subsetsexpressingthenon-
trivial topologicalattributesthataremeasuredby homology
groups.Thesecondis themeasurementof the importance
of thesesubsets.The third is theeliminationof a topolog-
ical attribute with a minimumnumberof side-effects. We
overcomethesedif�culties in thispaperanddescribeasim-
pli�cation processasenvisionedabove.

Approach and Results. We restrictour attentionto sets
representedby �nite simplicialcomplexesin ��� . For practi-
calreasons,moreover, wefocusonparticularsubcomplexes
of Delaunaytriangulationscalledalphacomplexes[3]. We
receive essentialhelp in overcomingsometechnicaldif�-
cultiesby assuminga �ltration which placesthe complex
within an evolutionarygrowth process.Given a �ltration,
themaincontributionsof thispaperare:

(i) thede�nition of persistencefor Bettinumbersandnon-
boundingcycles,

(ii) anef�cient algorithmto computepersistence,

(iii) a simpli�cation algorithmbasedonpersistence.

Prior work. As mentionedearlier, we use homology
groupsand Betti numberswhich were developedand re-
�ned during the �rst half of the twentiethcentury. We re-
fer to Munkres[8] for a descriptionthat is reasonablyac-
cessibleto non-specialists.Spectralsequencesarethe by-
productof a divide-and-conquermethodfor computingho-
mology groupsand Betti numbers[6]. Thesesequences
form a framework within which our result on persistent
Betti numbersmay be placed. The algorithmwe develop
for computingpersistenceof non-boundingcyclesis based
on the incrementalBetti numberalgorithm of Del�nado
andEdelsbrunner[2]. Three-dimensionalalphashapesand
complexesmay be found in EdelsbrunnerandMücke [3].
The problem of topological simpli�cation was also ap-
proachedby El-Sanaand Varshney [4] usingalphashape
inspiredideasof geometricgrowth.
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Thereis a largebodyof parallelwork on iso-surfacesor
level setsof 3-dimensionaldensityfunctions. We refer to
Milnor [7] for themathematicsandto Sethian[9] for a nu-
mericalview. A densityfunctionis a map ����� ��� � and
aniso-surface ���


��
	�� is thepreimageof a constantimage
value 	 . Thesequenceof iso-surfacesobtainedby increas-
ing 	 representsagrowthprocesssimilarto thatrepresented
by a �ltration. Speci�cally, simplicesin a �lter correspond
to critical pointsof adensityfunction.In thiscontext, topo-
logicalsimpli�cation meansreducingthenumberof critical
points. This processis relatedto smoothingor simplifying
thegraphof � , which is a3-dimensionalmanifoldin ��
 .

Outline. Section2 reviews alphacomplexesandhomol-
ogygroups.Section3 introducespersistencefor Betti num-
bersandnon-boundingcycles. Section4 describesan al-
gorithm that computespersistence.Section5 formulates
simpli�cation algorithmsbasedon persistence.Section6
providesexperimentalevidencefor thespeedandutility of
thesealgorithms.Section7 concludesthepaper.

2 Background

This sectionintroducesthe backgroundwe needto de-
�ne andcomputetopologicalpersistence.Webeginwith al-
phacomplexes,continuewith homologygroupsfor � � co-
ef�cients, andendwith theincrementalalgorithmfor com-
putingBetti numbers.

Alpha complexes. A sphericalball �

���

�

�

���

�
���

�
���

� isde�nedby its center� andsquareradius
�

� . If
�

����� ,
the radiusis imaginaryand so is the ball. The weighted
distanceof a point from a ball is � �

!

�
"#�

�%$
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��$

�
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�

� .
Notethata point "(�

�
� belongsto theball if f � �

!

�
"#�*)
� ,

andit belongsto theboundingsphereiff ���

!

�+",�

�

� . Let -

bea �nite setof balls. TheVoronoi region of �

�

�

- is the
setof pointsfor which �

� minimizestheweighteddistance,
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TheVoronoiregionsdecomposetheunionof ballsinto con-
vex cells of the form �

��;

.

�

! , as illustrated in Figure 1.
Any two regionsareeitherdisjoint or they overlapalong
a sharedportionof their boundary. We assumegeneralpo-
sition,whereatmostfour (threein �

� ) Voronoiregionscan
have a non-emptycommonintersection.Let <>=?- have
thepropertythatitsVoronoiregionshaveanon-emptycom-
monintersection,andconsidertheconvex hull of thecorre-
spondingcenters,@BA

�DCFEHGJIK/L�
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<M8 . Generalposi-
tion impliesthat @#A is a N -simplex, where N
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The dual complex of - is the collectionof simplicescon-
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Figure 1 illustratesa 2-dimensionalexampleof this con-
struction.

Any two simplicesin
U

areeitherdisjoint or they in-
tersectin a commonface,which is a simplex of smaller
dimension.Furthermore,if @

�

U

, thenall facesof @ are
simplicesin

U

. A setof simpliceswith thesetwo proper-
ties is a simplicial complex [8]. A subcomplex is a subset

`

=

U

thatis itself a simplicialcomplex.

w

v
u

Figure 1. Union of nine disks, convex decomposition using
Voronoi regions, and dual complex.

Chains, cycles,boundaries. Let
U

bea simplicial com-
plex in �

�
. A N -chain is a subsetof N -simplicesin

U

. We
de�ne addition of chainswith integer coef�cients modulo
2. In otherwords,thesumof two N -chainsa

�Sb is thesym-
metricdifferenceof thetwo sets,

a�c
b

�

�

aed
b

��&��

a

;

b

�

�

whichis commutative.Thesetof all N -chainstogetherwith
additionform a groupdenotedas fXg . Theemptysetis the
zeroelementof fhg . Thereis achaingroupfor everyinteger

N , but for a complex in �
�
, only the onesfor �

)

N

)ji

maybenon-trivial. Theboundaryk
g

�

@

� of a N -simplex @

is thecollectionof its �

N

&^Tl� -dimensionalfaces,which is
a �

N

&mTl� -chain. Theboundaryof a N -chainis thesumof
theboundariesof its simplices,k

g

�

a

�

�mnmo

Y_p
k

g

�

@

� . Each
boundaryoperatoris a homomorphismk

g
� f

gq�
f

g

�




andthecollectionof boundaryoperatorsconnectthechain
groupsinto achaincomplex,
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The kernel of k{g is the collectionof N -chainswith empty
boundaryandthe image of k|g is thecollectionof �

N

&VTl� -
chainsthatareboundariesof N -chains,
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A N -cycleis a N -chainin thekernelof k
g anda N -boundary

is a N -chainin theimageof k{g�… 
 . Thecollections†‡g of N -
cyclesand ˆ‰g of N -boundariestogetherwith additionform
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subgroupsof f€g . An essentialpropertyof the boundary
operatorsis that theboundaryof every boundaryis empty,

k g

�


�� k g

�

a

�

� ] . This impliesthatthegroupsarenested,
ˆ g =m† g =mf g , asillustratedin Figure2. Theboundaryof
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= 3B

C0 Z= 0

Z 3

Figure 2. Chain, cycle, boundary groups and their images
under the boundary operators.

a vertex is theemptyset,which impliesthatevery 0-chain
is also a 0-cycle, †
�

�

f � . Because
U

is a complex in
�

�
, thereareno non-empty3-cyclesor 3-boundaries,that

is, †

�

�

ˆ

�

� / ]

8 .

Homology groups. The N -th homology group is the N -th
cycle group factoredby the N -th boundarygroup,

�

g

�

†zg��Jˆ‰g . Itselementsarethehomologyclassesa c�ˆhg

� /

a c

�

1

�

�

ˆ‰g:8 , for all a

�

†‡g . Thezeroelementis ]

cOˆ€g

�

ˆ‰g , andthesumof two classesis �

a c ˆhg

�

c

�

b
c ˆ‰g

�

�

�

aec
b

�

c ˆ‰g . A subsetgeneratesa groupif every group
elementis the sumof elementsin the subset.A basisis a
minimal generatingset. In general,thereareno canonical
bases,but all baseshave the samesizewhich is the rank
of thegroup. Becausetakingsymmetricdifferencesis like
addingmodulo2, thesizeof agroupis 2 raisedto thepower
of its rank. The N -th Betti numberof

U

is the rank of the
N -th homologygroup,�

g

�^QSPHG

}��

g . As
�

g

�

†
g

�•ˆ
g ,

QSPHG

}��

g

� QuP�G

}

†zg

&

QSPHG

}

ˆ‰gJ9 (1)

Thereis a Betti numberfor eachinteger N , but for com-
plexesin �

� , only theonesfor �
)

N

)	� maybenon-zero.
Accordingto theUniversalCoef�cient Theoremfor Homol-
ogy[8] for complexesin �

�
, theBetti numbersunder� � are

thesameasthoseunder� .
Intuitively, a non-bounding0-cycle representsa collec-

tion of componentsof
U

andthereis onebasiselementper
component.It followsthat � � is thenumberof components
of

U

. A non-bounding1-cycle representsa collectionof
non-contractibleclosedcurvesin

U

, or dually, a collection
of tunnelsformedby

U

. We canwrite eachtunnelasasum
of tunnelsin a basis,and �


 is thesizeof thebasis.A non-
bounding2-cyclerepresentsacollectionof non-contractible
closedsurfacesin

U

, or dually, acollectionof voids,which
arecomponentsof �

�

&

U

. As before,�
� is thesizeof aba-

sisof voids,which is equalto thenumberof voids.Finally,
thereareno3-cyclesbecause

U

is a complex in �
�
.

Age �lters. We baseall formulasandalgorithmsin this
paperon anorderingof thesimplices,whereeachpre�x of
the orderingcontainsthe simplicesof a subcomplex. We
call suchan orderinga �lter . The sequenceof subcom-
plexesde�ned by takingsuccessively largerpre�xesis the
corresponding�ltr ation. Figure3 illustratesthesede�ni-
tionswith a �lter of 18 simplices.We think of a �ltration
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Figure 3. The �lter is the sequence of light simplices. The
corresponding �ltr ation is the sequence of complexes.

asdescribinganevolution of a complex for which thesole
elementof changeis growth. For dualcomplexesof a col-
lection of balls,we generatea �lter anda �ltration by lit-
erallygrowing theballs. The�lter is a consequenceof this
growth.

We now describethe growth modelfor sphereswe use
in Section6 to applyour resultsto weightedpoint datain

�
� . For every realnumber	 �

� , we increasethesquare
radiusof a ball �

� by 	 , giving us �

�

� 	h�

�

�

�

�u�

�

c

	h� . We
denotethecollectionof expandedballs �

�

� 	h� as -

�
	�� . The
	 -complex

U

�
	�� of - is thedualcomplex of -

� 	h� [3]. For
example,

U

� &�
 �

� ] ,
U

�
�

�

�

U

, and
U

��
 �

�
� is
thedualof theVoronoidiagram,alsoknown astheDelau-
nay triangulationof - . For eachsimplex @

�

� , thereis
a uniquebirth time 	 �

@

� de�ned suchthat @

�

U

�
	�� if f
	�� 	 �

@

� . We orderthesimplicessuchthat 	 �

@

�
�

	 ���|�

implies @ precedes� in the �lter . More thanonesimplex
maybe born at a time andsuchcasesmay ariseeven if -

is in generalposition.For examplein Figure1, edge��� is
born at the samemomentastriangle �#7�� . In the caseof
a tie, it is convenientto orderlower-dimensionalsimplices
beforehigher-dimensionalones,breakingremainingtiesar-
bitrarily. We call theresultingsequencetheage �lter of the
Delaunaytriangulation.
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Incr emental algorithm. The orderingof simplicesin a
�lter permitsa simplealgorithmfor computingBetti num-
bersof all complexesin a �ltration [2]. We review thees-
sentialstepsof the algorithmhere. Supposethe sequence
of @�� , for � )�� ��� , is a �lter and the sequenceof

U

�

� /

@��

1

� )	�^)
�

8 , for � )�� ��� , is the corre-
sponding�ltration. Beforerunningthealgorithm,theBetti
numbervariablesaresetto theBetti numbersof theempty
complex, that is, � �

�

��


�

�	�

�

� . The algorithmis
shown in Figure4.

integer
�

BETTI-NUMBERS
� �

for �

�

� to � & T do
N

�VR

•ƒ‚

@ �

& T ;
if @ � belongsto a �

NMc

T � -cycle in
U

�

then � gx… 


�

� g�… 
 c

T

else � g

�

� g

& T

endif
endfor;
return �

�
���

�

 �

�
�

� .

Figure 4. The function returns the Betti numbers of the last
complex in the �ltr ation.

But how dowedecidewhethera �

N�c

Tl� -simplex @
� be-

longsto a �

Nec

Tl� -cyclein
U

� ? For N c

T

�

� , this is trivial
becauseevery vertex belongsto a 0-cycle. For edgeswe
maintainthe connectedcomponentsof the complex, each
representedby its vertex set. An edgebelongsto a 1-cycle
iff its two endpointsbelongto thesamecomponent.Trian-
glesandtetrahedraaretreatedsimilarly, usingthesymme-
try providedby complementarity, duality, andtime-reversal
[2].

Oncewe decidethecycle questionfor eachsimplex, we
call a �

N�c

Tl� -simplex @
� positiveif it belongsto a �

N�c

T � -
cycleandnegativeotherwise.Let �

g

�

��


g

bethe N -th Betti
numberof

U


 , andlet �

E��

g

�

�

E��




g

and G

~��

g

��G

~��




g

be
thenumberof positiveandnegative N -simplicesin

U


 . The
correctnessof theincrementalalgorithmimplies

�

g

�

�

E��

g

&

G

~��

g�… 


� (2)

for �
)

N

) � . In words,theBetti number�zg is thenum-
ber of N -simplicesthat createN -cyclesminus the number
of �

N c

T � -simplicesthat destroy N -cyclesby creating N -
boundaries.ObservethatEquation(2) is justadifferentway
to write Equation(1). All Betti numbersarenon-negative
so �

E��

g

�

G

~��

g�… 


for all � . We will seein Section3 that
thereexistsapairingbetweenpositive N -simplicesandneg-
ative �

N c

Tl� -simplices. This pairing is the key to under-
standingthepersistenceof non-boundingcyclesin homol-
ogygroups.

3 Persistence

We wish to simplify a complex throughthe removal of
its topologicalattributes.We describea measurethatranks
attributesby theirlife-time in a�ltration — theirpersistence
in beinga featurein the faceof growth. In this sectionwe
introducetheconceptof persistencefor Betti numbersand
non-boundingcycles. We de�ne persistenceabstractlyus-
ing cycle andboundarygroupsof complexesin a �ltration.
To make the abstractconcrete,we give an algorithmthat
pairsthecreationof a non-boundingcycle with its conver-
sionto a boundary.

Algebraic formulation. Algebraically, it is easyto count
thepopulationof non-boundingcycleswhoselife-time ex-
ceedsa given threshold.We will seelater that this statis-
tic is suf�cient for determiningthe life-time of individual
non-boundingcycles. We de�ne †�


g

�
ˆ�


g

to be the N -th cy-
cle groupand N -th boundarygroup,respectively, of the � -
th complex

U


 in a �ltration. To capturepersistentcycles
in

U


 , we factorits N -th cycle groupby the N -th boundary
groupof

U




…�� , � complexeslaterin the�ltration. Formally,
the � -persistentN -th homologygroupof

U


 is
�


��

�

g

�

†




g

�

�

ˆ




…��

g

;

†




g

�

� (3)

which is well-de�ned becausê 


…��

g

;

†�


g

is the intersec-
tion of two subgroupsof f




…��

g

andthusa groupitself. The
� -persistent N -th Betti number �


��

�

g

of
U


 is the rank of
�


��

�

g

. Notethataswe increase� , negativesimplicescancel
positive simplicesearlier in the �ltration. In otherwords,
increasing� by one shortensthe persistenceof all non-
boundingcyclesby one.We maykill short-livedattributes,
thetopologicalnoiseof thecomplex, by increasing� suf�-
ciently.

The � -persistenthomologygroupscan also be de�ned
using injective homomorphismsbetweenordinaryhomol-
ogy groups.Observe that if two cyclesarehomologousin

U


 , they alsoexist andarehomologousin
U




…�� . Consider
thehomomorphism

�


��

�

g

�

�




g

�

�




…��

g

�

that maps a homology class into one that contains it.
The imageof the homomorphismis isomorphicto the � -
persistenthomologygroupof

U


 ,
•ƒ‚

�


��

�

g��

�


��

�

g

.

Abstract algorithm. To measurethe life-time of a non-
boundingcycle, we �nd whenthe cycle's homologyclass
is createdand when its classmergeswith the boundary
group. A positive simplex createstheclassanda negative
onemergesthe classwith the boundarygroup. To detect
theseevents,we maintaina basisfor

�

g implicitly through
simplex representatives.
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Initially, thebasisfor
�

g is empty. For eachpositive N -
simplex @ �

, we�rst �nd anon-boundingN -cycle a �
thatcon-

tains @ � but no otherpositive N -simplices.We provethat a �

existsusinginductionasfollows: startwith anarbitrary N -
cyclethatcontains@ � andremoveotherpositive N -simplices
by addingtheir correspondingN -cycles. This methodsuc-
ceedsbecauseeachaddedcycle containsonly onepositive

N -simplex by inductive assumption.After �nding a � , we
addthehomologyclassof a � asa new elementto thebasis
of

�

g . In short,theclassa � c

�

g is representedby a � , and
a �

, in turn, is representedby @ �
. For eachnegative �

N c

Tl� -
simplex @�� , we�nd its correspondingpositive N -simplex @ �

and remove the homologyclassof @ � from the basis. A
generalhomologyclassof

U

�
is a sumof basisclasses,

b c^ˆ g

� �

�

a��ec^ˆ g

�

�

ˆ
g

c

�

a
�

9

Thechains
b

and n

a

�

arehomologous, meaningthey be-
longto thesamehomologyclass.Eacha

�

is representedby
a positive N -simplex @

�

, �

�
� , thatis notyet pairedby the

algorithm.Thecollectionof positive N -simplices�

�

�

�

b

�

is uniquelydeterminedby b . Theyoungestsimplex in � is
theonewith largestindex andwedenotethis index as �

�

b

� .

list � PAIR-SIMPLICES
� �

`

�

�

`




�

`

�

�O] ;
for �

�

� to �
& T do

N

�^R

•ƒ‚

@��

& T ;
if @�� is negativethen

(*) b

�

k
g�… 


�

@��

� ; �

�

�

�

b

� ;
`

g

�

`

g
d

/

�

@
� �

@��

�

8

endif
endfor;
return �

`

�
�

`



�

`

�

� .

Figure 5. The function returns three lists of paired simplices
in the �lter .

The algorithm, as shown in Figure 5, identi�es @ � as
the culprit for turning the N -cycle createdby @

�
into a N -

boundary. We documentthis by appending�

@
� �

@��

� to the
list

`

g . Thepersistenceof that N -cycle is oneshortof the
differencebetweenindices,�M& �‰& T .

Time-basedpersistence. Alternatively, we could de�ne
persistenceasthedifferencein birth timesof the two sim-
plices, 	 �

@

�

�X& 	 �

@

�

� . This view correspondsto anexten-
sion of our previous index-basedformulation. Let

U	�

�

/

@��

1

	2�

@��

�s)�	

8 . Thenfor every real �

�
� , we de�ne

the � -persistentN -th homologygroupof
U
�

to be

�

�

� �

g

�

†

�

g

�

�

ˆ

�

…

�

g

;

†

�

g

�

9 (4)

Notethatwearenotchangingtheorderingof thesimplices,
so the simplex pairs do not change. Therefore,we may
usetheabstractalgorithmaboveto computethepersistence
pairs. In general,however, we have fewer pair-wisediffer-
entcomplexes,asall simpliceswith birth-time 	 enterthe
�ltration at that time. In the index-basedformulation,the
simplicesarrive individually with differentindices.

Time-basedpersistenceis useful in the context of iso-
surfacesof densityfunctions. Index-basedpersistenceis
appropriatefor alphacomplexes,asmostinterestingactivity
occursin asmallrangeof 	 . Wewill notdiscusstime-based
persistencein thispaperany further, althoughall ourresults
will bevalid with little modi�cation.

Visualization. Our pairing algorithm gives us a set of
simplex pairs �

@
� �

@��

� , eachrepresentinga N -cycle for �
)

N

) � . We may visualizeeachpair on the index axis by
a half-openinterval �

�

�

�J� which we call a N -interval. We
show this in Figure6 for the �ltration in Figure3. Thein-
crementalalgorithmin Section2 assertsthat � 


g

is thenum-
berof N -intervalsthatcontainindex � on theaxis.

We extendthis visualizationto two dimensionsspanned
by theindex andpersistenceaxes.The N -intervalof �

@
� �

@��

�

is extendedintoa N -trianglespannedby � �

�

�
� , � �

�

�
� , � �

�

�h&

� � in the index-persistenceplane. The N -triangleis closed
alongits vertical andhorizontaledgesandopenalongthe
diagonalconnecting� �

�

�
� to � �

�

�s& � � , asshown in Figure
6. It representsthe N -cyclecreatedby @

� , whichis destroyed
by @�� progressively earlieraswe increase� .

s
160

u
1
t

[

st tuw suw stw
17

v

[

suv
3 11 12

tu
13 14 15

stusu
2 4 5 6 10987

[

[ [

uwsvuvtww

[
[

[ [
[

sw

index

persistence

)) )

)
))

))

Figure 6. Visualization of the result of Function PAIR-
SIMPLICES. The triangles of 
 and of 
��

� are unbounded
and not drawn. The light and dark triangles represent 0­
cycles and 1­cycles respectively.

.
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Assumefor a moment that our algorithm is correct,
which means�


��

�

g

is the numberof N -trianglesthat con-
tain point �

� � �

� . Then the persistentBetti numbersare
non-increasingalongvertical lines in theindex-persistence
plane. Thesameis true for lines in the diagonaldirection
andfor all linesbetweentheverticalandthediagonaldirec-
tions.

MONOTONICITY LEMMA . �


��

�

g

)

�


�� �

�

�

g

whenever �

�

)

�

and �

)

�

�

)

�3c

�

�

&

�

�

� .

Corr ectness. To prove the abstractalgorithmis correct,
we show that the pairsit producesareconsistentwith the
persistentBetti numbersde�ned by (3).

N -TRIANGLE LEMMA . Thenumberof N -trianglescontain-
ing �

� � �

� in theindex-persistenceplaneis �


��

�

g

.

PROOF. We proceedby inductionover � . For �

�

� , the
numberof N -trianglesthatcontain�

�
�

�
� is equalto thenum-

berof N -intervals �

�

�

�J� that contain � . This is equalto the
numberof left endpointsminus the numberof right end-
pointsthataresmallerthanor equalto � . Equivalently, it is
thenumberof positive N -simplices@

� with �2)

� minusthe
numberof negative �

Nsc

Tl� -simplices@�� with �q)

� . But
this is just a restatementof Equation(2), which establishes
thebasisof theinduction.

Consider�

�
�

�

� with �

�

� andassumeinductively that
theclaim holdsfor �

�
�

�

& T � . Therelevantsimplex for the
stepfrom �

�
�

�

&OT � to �

�
�

�

� is @�


…�� . The persistentN -th
Betti numbercaneitherstaythesameor decreaseby 1. It
will decreaseonly if @�


…�� is a negative �

N c

Tl� -simplex,
or equivalently, �

��c �
�

�
� is theupperright cornerof a N -

triangle. Indeed,no other N -trianglecanpossiblyseparate
�

�
�

�

& T � and �

�
�

�

� . This proves the claim if @�


…�� is a
positive �

N€c

T � -simplex or asimplex of dimensiondifferent
from N�c

T . Now supposethat @�


…�� is a negative �

N�c

T � -
simplex andde�ne the N -cycle b

�

k
gx… 


�

@�


…��
� . Thereare

two cases,asshown in Figure7.

i     l

index

i > l

p+l

persistence

p

p-1

< l l+p

Figure 7. The light N ­triangle corresponds to Case 1 and
the dark one to Case 2.

Case 1. Assumethereis a N -cycle a in
U


 homologous
to

b
, thatis, a

�

b
c ˆ




…��

�




g

. Then a boundsneitherin

U


 nor in
U




…��

�


 , but it boundsin
U




…�� . If follows
that �


��

�

g

�

�


��

�

�




g

&�T . We needto show that the
pair �

@ � � @�


…�� � constructedby the algorithmsatis�es
�e)

� , becauseonly in this casedoesthe N -triangleof
@ 


…�� separate�

� � �

&VTl� from �

� � �

� . Recallthat @ � is
the youngestpositive N -simplex in �

�

b

� . To reacha
contradictionsuppose�

�

� . Then a is anon-bounding
N -cycle also in

U

�
, andbecauseit is homologousto

b
, we have @ �

�

a . But this contradictsa =

U


 as
@ �

[�

U


 .

Case 2. Assumethere is no N -cycle in
U


 homolo-
gous to

b
. Then †�


g

;

ˆ




…��

�




g

�

†�


g

;

ˆ




…��

g

, and
hence �


��

�

g

�

�


��

�

�




g

. We need to show that the
pair �

@ � � @�


…�� � constructedby the algorithmsatis�es
�

�

� , becauseonly in this casedoesthe N -triangle
of @ 


…�� not separate�

� � �

& Tl� from �

� � �

� . Our as-
sumptionabove implies that at leastoneof the posi-
tive N -simplicesin �

�

b

� was addedafter @�
 . Hence
�

�

�

�

b

�

�

� .

4 Computation

In this section,we completethe abstractalgorithmfor
pairing by specifyinghow to implementline (*) of Func-
tion PAIR-SIMPLICES. We do this by computingthe in-
dex � of the youngestpositive N -simplex in �

�

b

� , where
b

�

kJgx… 


�

@��

� . Wereferto thiscomputationascyclesearch
for @�� . Wewill �rst describethedatastructure,thenexplain
cycle search,prove its correctness,andanalyzeits running
time.

Data structur e. We usea lineararray � �

�

9ƒ9

�
&qT�� , which

actssimilar to a hashtable[1, Chapter12]. Initially, � is
empty. A pair �

@ �
�

@
�

� identi�ed by thealgorithmis stored
in � �

��� togetherwith a list of positive simplices�
�

de�ning
thecyclecreatedby @

�
anddestroyedby @�� . Thesimplices

in that list arenot necessarilythesameastheonesin �

�

b

� .
All we guaranteeis that

b
is homologousto thesumof cy-

cles representedby the simplicesin the list, and that the
list containsthe youngestsimplex in �

�

b

� , which is @
�

as
above. Thecorrectnessproof following thealgorithmwill
show that this propertyis suf�cient for our purposes.The
datastructureis illustratedin Figure8. Eachsimplex in the
�lter hasa slot in thehashtable,but informationis stored
only in theslotsof thepositivesimplices.This information
consistsof theindex � of thematchingnegativesimplex and
alist of positivesimplicesde�ning acycle.Somecyclesex-
istsbeyondtheendof the�lter , in whichcaseweuse 
 as
asubstitutefor � .
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Figure 8. Hash table after running the algorithm on the �lter
of Figure 3.

Cyclesearch. Supposethealgorithmarrivesat index � in
the�lter andassume@

� is anegative �

N|c

T � -simplex. Recall
that �

�

b

� is thesetof positive N -simplicesthatrepresentthe
homologyclassof b

�

k,@�� in
�

� �




g

. We searchfor the
youngestN -simplex in �

�

b

� by successively probingslots
in � until we �nd theright one.Speci�cally, westartwith a
set � equalto thesetof positive N -simplicesin b , which is
necessarilynon-empty, andwelet �

�

‚

P��

�

�

� betheindex
of theyoungestmemberof � . Wewill seelaterthatif � �

��� is
unoccupied,then �

�

�

�

b

� . Wecanthereforeendthesearch
andstore � and � in � �

��� . If � �

��� is occupied,it containsa
collection �

�
representingapermanentlystoredN -cycle.At

this moment,this N -cycle is alreadya N -boundary. We add
� and �

�
to getanew � representinga N -cyclehomologous

to the old one and thereforealso homologousto
b
. The

FunctionYOUNGEST in Figure9 performsa cycle search
for simplex @�� .

integer YOUNGEST
� simplex @��

�

�

� /

@

�

k•g�… 


�

@��

�

1

@ positive8 ;
loop

�

�

‚

P��

�

�

� ;
if � �

��� is unoccupiedthen
store� and � in � �

��� ; exit
endif;

�

�

� c �
�

forever;
return � .

Figure 9. The function returns the index of the youngest basis
cycle used in the description of the boundary of @�� .

A collision is the event of probingan occupiedslot of
� . It triggersthe additionof � and �

�
, which meanswe

take the symmetricdifferenceof the two collections. For
example,the �rst collision for the �lter of Figure3 occurs
for thenegativeedge


7 . Initially, wehave �

� /



�

7

8 and �

equalto 4, theindex of 7 . � �

�

� is occupiedandstores� 


�

/L�

�

7

8 . Thesumof the two 0-cyclesis � c �2


�D/



�

�

8 ,
which is thenew set � . We now have �

�

� , theindex of � .
This time, � �

� � is unoccupiedandwe storethe index of 


7

andthenew set � in thatslot.

Corr ectness. We �rst show thatcycle searchhalts. Con-
sidera collision at � �

��� . The list � �
storedin � �

��� contains
@ � andpossiblyotherpositive N -simplices,all olderthan @ � .
After adding � and � � wegeta new list � . This list is nec-
essarilynon-empty, asotherwiseb would bound. Further-
more,all simplicesin � arestrictly older than @ � . There-
fore, the new � is smallerthanthe old one,which implies
that the searchproceedsstrictly from right to left in � . It
necessarilyendsat an unoccupiedslot � � �

� of thehashta-
ble, for all otherpossibilitiesleadto contradictions.

It takessomemoreeffort to provethat � � �

� is thecorrect
slot,or in otherwords,that �

�

�

�

b

� , where
b

�

kBg�… 


�

@��

�

is the boundaryof the negative �

N�c

Tl� -simplex that trig-
geredthe search.Let � be the cycle de�ned by �

�

. Since
� is obtainedfrom

b
throughaddingboundingcycles,we

know that � and
b

arehomologousin
U

� �


 . A collision-
freecycle is onewheretheyoungestpositivesimplex corre-
spondsto anunoccupiedslot in thehashtable.Cyclesearch
endswhenever it reachesa collision-freecycle. For exam-
ple, � is collision-freebecauseits youngestpositivesimplex
is @

�

and � � �

� is unoccupiedbefore� arrives.

COLLISION LEMMA . Let � be a collision-free N -cycle in
U

�
�


 homologousto
b
. Then the index of the

youngestpositivesimplex in � is �

�

�

�

b

� .

PROOF. Let @

�

betheyoungestpositivesimplex in � , and �

bethesumof thebasiscycles,homologousto
b
. By de�ni-

tion, � 's youngestpositive simplex is @
�
, where �

�

�

�

b

� .
This implies that thereare no cycles homologousto

b
in

U

�
�


 or earliercomplexes,therefore�

� � . Weshow �

) �

by contradiction.If �

�

� , then �

�

�'c a , wherea bounds
in

U

�
�


 . @

�

[�

� implies @

�

�

a , andas @

�

is theyoungest
in � , it is also the youngestin a . By assumption,� � �

� is
unoccupiedas � is collision-free.In otherwords,thecycle
createdby @

�

is still anon-boundingcycle in
U

�
�


 . Hence
this cycle cannotbe a . Also, thecycle cannotbelongto a 's
homologyclassat the time a becomesa boundary. It fol-
lowsthatthenegative �

Nec

Tl� -simplex thatconverts a into a
boundarypairswith apositive N -simplex in a thatis younger
than @

�

, a contradiction.Hence�

�

� .

Thecycle searchcontinuesuntil it �nds a collision-free
cycle homologousto

b
, andthe Collision Lemmaimplies

that that cycle hasthe correctyoungestpositive simplex.
This proves the correctnessof cycle search,and we may
now substitute�

� YOUNGEST
�

@��

� for line (*) in Function
PAIR-SIMPLICES.

Running time. Let b

�

k
g�… 


�

@��

� and let @
� be the

youngestpositive N -simplex in �

�

b

� . Thepersistenceof the
cycle createdby @

� anddestroyedby @�� is �

�

�

��& �€&�T .
Thesearchfor @

�
proceedsfrom right to left startingat � �

� �

andendingat � �

��� . Thenumberof collisionsis at mostthe
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numberof positive N -simplicesstrictly between@ �
and @�� ,

which is lessthan�

�

. A collisionhappensat � � �

� only if @

�

alreadyforms a pair, which implies its N -interval � � ���

� is
containedinside �

�

�

�J� . Weusethenestingpropertyto prove
by inductionthat the N -cycle de�ned by � � is the sumof
fewer than �

�

boundariesof �

N'c

Tl� -simplices.Hence,� �

containsfewerthan �

N c

�_�

�

�

N -simplices,andsimilarly �

�

containsfewer than �

N c

�H�

�

�

� �

N c

�H�

�

�

N -simplices.
A collision requiresaddingthe two lists and �nding the
youngestin the new list. We do this by merging, which
keepsthelistssortedby age.A singlecollisiontakestimeat
mostO(�

�

� , andtheentiresearchfor @ �
takestime at most

O(�

�

�

). The total algorithmrunsin time at mostO( n

�

�

�

),
which is atmostO(�

�
).

Therunningtimeof cycle searchcanbeimprovedto al-
mostconstantfor dimensionsN

�

� and N

�

� usinga
union-�nd datastructurerepresentinga systemof disjoint
setsandsupporting�nd andunion operations[1, Chapter
22]. For N

�

� , eachset is the vertex setof a connected
component.Eachsethasexactly oneyet unpairedvertex,
namelytheoldestonein thecomponent.We modify stan-
dardunion-�nd implementationsin suchawaythatthisver-
tex representsthe set. Given a vertex, the �nd operation
returnsthe representative of the set that containsthis ver-
tex. Givenanedgewhoseendpointslie in differentsets,the
unionoperationmergesthe two setsinto one. At thesame
time,it pairstheedgewith theyoungerof thetwo represen-
tativesandretainstheolderoneastherepresentativeof the
mergedset.

Cyclesearchis replacedby two �nd operationspossibly
followedby aunionoperation.If weuseweightedmerging
for unionandpathcompressionfor �nd, theamortizedtime
per operationis O(�

�



�

�
� ), where �

�



�

�
� is the noto-

riously slowly growing inverseof theAckermannfunction
[1, Chapter22]. We mayusesymmetryto acceleratecycle
searchfor 2-cyclesusingthe union-�nd datastructurefor
a systemof setsof tetrahedra[2]. We cannotachieve the
sameaccelerationfor 1-cyclesusingthis method,however,
astherecanbemultipleunpairedpositiveedgesatany time.
Theadditionalcomplicationseemsto requirethemorecau-
tiousandthereforesloweralgorithmdescribedabove.

5 Simpli®cation

In thissection,weuseinformationaboutthepersistence
of cyclesto simplify �ltrations. Simpli�cation heremeans
reorderingthe simplicesin such a way that only cycles
whosepersistenceis above somethresholdappearin the
�ltration. We get inspirationfor reorderingthroughan al-
gorithmfor computingpersistentBetti numbers.

Computing persistentBetti numbers. By the N -Triangle
Lemmain Section3, the � -persistentN -th Betti numberof

U


 is thenumber�


��

�

g

of N -trianglesthatcontainthepoint
�

� � �

� in the index-persistenceplane. To computethese

[

13121110 14

[

17161593210 4 8765

sw uv
tw tuw

uw stwstusuw
w

s u suv

tu

st
t

suvsv

[
[

[ [
[

)
)

)
)

index

)

persistence
Figure 10. The N ­triangles that intersect the new axis at �

�

�

have persistence 2 or larger. The simplex pairs representing
cycles of persistence less than 2 are boxed.

numbersfor a �x ed � , we intersectthe N -triangleswith a
horizontalline at � . Figure10 illustratesthis operationby
modifying Figure6. The algorithmfor � -persistentBetti
numbersis similar to FunctionBETTI-NUMBERS given in
Figure4. We go throughthe �lter from left to right and
increase�

�

g

whenever we encounterthe left endpointof a
N -interval longerthan � . Similarly, we decrease�

�

g

when-
ever � positionsaheadof us thereis a right endpointof a

N -interval longerthan� . Figure11 shows theresultsof the
algorithmappliedto our example�ltration of Figure3 for

N

�

� .

3 4 5 6 7 8

2
0 1

9
1

0

1

2

3

4

2 index
persistence

76543

b0

Figure 11. Persistent 0­th Betti numbers of the �rst ten com­
plexes in the �ltr ation of Figure 3 and for persistence up to
7.

Migration. The intersectionof the N -trianglesand the
horizontalline at � is acollectionof half-openintervals.We
interprettheseintervals as N -intervals of a simpli�ed ver-
sionof theoriginal�ltration. Ourgoalis to reorderthe�lter
sothatthisinterpretationis valid, thatis,wewishtoobtaina

8



new �ltration whoseBetti numbersarethe� -persistentBetti
numbersof theoriginal �ltration. For eachpair �

@ � � @��

� we
move @�� to the left, closeror all the way to @ � , asshown
in Figure10. Thenew positionof @�� is

‚

P��,/

�

�

� &

�‡8 . If
��&

�

) � , then @�� and @ � no longer form an interval as
they bothoccupy thesameindex in thenew �lter . Here,we
extendthe notion of a �lter to allow a possiblyemptyset
of simplicesat eachindex. We computeBetti numbersby
bringingall simplicesof asetinto thecomplex atonce.

Thereis a complicationin thereorderingalgorithmthat
occurswhenever a negative simplex attemptsto move past
one of its faces. To maintainthe orderingas a �lter , we
mustmove the facealongwith its coface. For example,if
weincrease� to 4 in Figure10,then 
��

� will moveto index
11 pastits face �

� at index 12. Moving a facealongwith a
simplex will not changeany Betti numbersif the facerep-
resentsa cyclewhosepersistenceis lessthan� . At thetime
wemoveit, thefaceis alreadyco-locatedwith its matching
negativesimplex, andthetwo canceleachother'scontribu-
tions.We maythengrabthepairandmove it with thesim-
plex, moving the pair �

�

�

�
�

���

� with 
��

� in our example.
For any moving simplex, however, we mustalsomove all
the necessaryfacesandtheir matchingnegative simplices
recursively.

Con�icts. Thereis troubleif thefaceof amovingnegative
simplex representsa cycle whosepersistenceis at least � .
For instance,when 
��

� encounterstheedge


� , thetriangle



�#7 which is pairedwith 


� hasnot yet reached


� . There
is a con�ict betweenour two goalsof maintainingthe�lter
propertyandreorderingso the new Betti numbersarethe
old � -persistentBetti numbers.Formally, a con�ict occurs
whenever thereare pairs �

@
� �

@��

� and �

@

�

�
@��

� with �

�

�
�

�

�
� , where @ � is a faceof @

� , asshown in Figure
12. Thereare

�




���

��� possibletypesof con�icts, each

jss hg is s

Figure 12. Basic con�ict con�gur ation.

identi�ed by thepair �

R

•ƒ‚

@ �
�

R

•ƒ‚

@
�

� of thedimensionsof
themainparticipants.Thepairs �




�

�



�#7

� and �

�

�

�

��

�

� in
Figure6 constitutea con�ict of type � T

�

�_� andshow that
con�icts do occur, althoughour experimentsin Section6
suggestthat they areratherrare. We partially substantiate
this �nding by thefollowing lemma.

CONFLICT LEMMA . All con�icts have type � T

�

�H� .

PROOF. Supposea con�ict exists in pairs �

@
� �

@��

� and
�

@

�

�
@��

� , where @
� is a vertex. When @�� entersthe �ltra-

tion, it belongsto thesamecomponentas @

�

, since@�� com-
pletesa chainwhoseboundaryincludes@

�

. Vertex @
�
, one

of the verticesof @�� , is unpairedandthereforerepresents
the componentof @�� and @

�

. Recall that any component
is representedby its oldestvertex, which impliesthat @ � is
olderthanall theverticesof @

�

. By the�lter property, @ � is
olderthan @

�

, i.e. � �

� , which contradictstheassumption
that �

@ � � @��

� and �

@

�

� @��

� form acon�ict. Thisprovesthere
areno con�icts of types � �

�

T � , � �

�

�_� , � �

�

i_� . By comple-
mentarityandduality, thereareno con�icts of types � T

�

i:�

and � �

�

i_� .

Dif�culties in reorderingmay also arise indirectly be-
causeof the recursive natureof any reorderingalgorithm.
For example,moving a negative trianglemayrequiremov-
ing one of its edges. This edgeholdson to its matching
triangle, which in turn grabsits neededfaces. Someof
thesefacesmay be unpaired,andto capturethis situation
wede�ne arecursivecon�ict to beapositivesimplex thatis
movedwhenit is not co-locatedwith its matchingnegative
simplex. ExtendingtheCon�ict Lemma,we canshow that
all recursive con�icts areedges.We againhave a situation
asin Figure12, exceptthat @

� is not necessarilya faceof
@�� . However, themoving simplicesall belongto thesame
componentas @�� : this is truefor a faceby de�nition, for a
matchingnegativesimplex by thereasongivenin theproof
above,andfor all moving simplicesby transitivity.

Basic and recursive con�icts exist in practice,but are
ratherrare,asshown in Section6. Whencon�icts occur,
weview themaintenanceof the�lter propertyasinviolable,
andattemptto approximateour secondarygoal,achieving
thecorrectBetti numbers.We do sothroughcon�ict reso-
lution or con�ict diminution,asdescribedbelow.

Con�ict resolution. We mayresolve a con�ict by subdi-
vision. Here,we achieve the correctBetti numbersfor a
re�ned complex andits corresponding�ltrations. Suppose
pairs �

@
� �

@��

� and �

@

�

�
@��

� form a con�ict. Then, @
� �

@

�

areedges,@��
�

@�� aretriangles,and @
�

is a faceof @�� . Let
@

�

�

�

a and @��

�
	

�

a asdrawn in Figure13.
We resolve thecon�ict by starringfrom themidpoint "

of edge
�

a , subdividing all simplicesthatshare
�

a asacom-
mon face. We replaceeachsubdivided N -simplex by one

�

N

&'T � -simplex andtwo N -simplices.For computingpersis-
tence,theorderof thethreenew simplicesis important.As
shown in Figure13,theorderof theedges

�

"

�
a

" within the
new �lter is theoppositeof thetriangles	

a

"

�

	

�

" . Theper-
sistencealgorithmproducesnew pairs �+"

�

�

",� and �

	

"

�

	

a

"#�

thathave no effect on Betti numbers.After 	

a

" enters,the
complex is homotopy equivalentto theold complex justbe-
fore 	

�

a enters. The edge a

" replaces
�

a andthe triangle
	

�

" replaces	

�

a in the �lter . Consequently, thealgorithm
producespairs �

@

�

�

	

�

",� and �

a

"

�
@��

� . As a

" is notafaceof
	

�

" , we have removedthecon�ict andpreservedtheBetti
numbersof a re�ned �ltration.
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c
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. . . . abc
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acx
abx

g

. . . .

. . . .
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x
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cx

. . . .s

s

hs

hs . . . .g

. . . .

Figure 13. The con�ict exists between moving 	

�

a towards
@

�

and keeping
�

a ahead of 	

�

a . We subdivide edge
�

a and
order the new simplices to resolve the con�ict.

Con�ict diminution. Often times,simpliceshave struc-
tural meaningin a �ltration, andcon�icts signalproperties
of the structurethe simplicesdescribe.We may not wish
to tamperwith this structurethroughsubdivision, assuch
actionmaynot have any meaningwithin our �ltration. For
example,in alphacomplex �ltrations, simplicesareordered
accordingto aparticulargrowth model.Theorderingof the
new simplicesspeci�edby subdivision in Figure13 might
not have a correspondingsetof weightedballs that would
generatethe�ltration underthegrowth model.

We mayattemptto reducetheeffectof con�icts onBetti
numberswithout eliminating the con�icts. Recall that a
simplex pair �

@
� �

@��

� de�nesa N -cyclewhichmaybevisual-
izedby a N -triangle,asin Figure14. Whenever @

�

occursin
acon�ict, weallow it to bedraggedto a new location.This
clearlychangestheBettinumbersof thereordered�ltration,
so they no longermatchthe � -persistentBetti numbersof
theoriginal �ltration. We alsoallow @

�

to move fasterdur-
ing reordering,whenever @

�

is moved.Thismethodcreates
aregionof the N -cyclewith thesameareaasthe N -triangle,
asshown in Figure14. Therefore,we allow each N -cycle
to have thesameeffect on Betti numbersasit would in the
absenceof con�icts, but atdifferenttimes.

i sjs

index

persistence

Figure 14. Reordering with con�icts .

Lazy migration. We endthissectionby describinganal-
ternatemethodfor reordering.Our motivation for formu-

latingpersistenthomologyin Equation(3) wasto eliminate
cycleswith low persistence.As a consequenceof the for-
mulation,thelife-time of every cycle is reducedregardless
of its persistence,leadingto thecreationof N -triangles.A
possiblymore intuitive goal would be to eliminatecycles
with low persistencewithout changingthe life-time of cy-
cleswith high persistence.In otherwords,we replaceN -
trianglesby N -squaresasillustratedin Figure15. In analogy

16
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)
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index

)
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)
)

)

Figure 15. Alternative visualization of the result of Function
PAIR-SIMPLICES. The squares of 
 and 
��

� are unbounded
and not shown. The light squares represent 0­cycles and the
dark squares represent 1­cycles.

to � -persistentBetti numbers,we de�ne �


��

�

g

as the num-
ber of N -squaresthat containthe point �

�
�

�

� in the index-
persistenceplane.Figure16 illustrateshow thesenumbers
changeaswe increasepersistencefrom �

�

� to 7. Note
thatwecaneasilyreadoff persistentcyclesfrom thegraph.
Wemayalsosimplify complexesusing�


��

�

g

by onlycollaps-

0 1 2

6543

70

1

2

3
0g

persistence

4

1

7

index
98

6

2 3 4 5

Figure 16. Numbers �
� for the �rst ten complexes in the

�ltr ation of Figure 3.

ing N -intervalsof lengthatmost� , leaving other N -intervals
unchanged.

6 Experiments

We have implementedthe algorithmsdescribedin this
paperandcreateda prototypebasedon the Alpha Shapes
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softwareof [3]. This sectionpresentsexperimentaltiming
resultsandprovidesevidencefor theclaim thatpersistence
separatestopologicalnoisefrom features.

Data. We have applied the software to a variety of
datasetsandshow theresultsfor � ve representative setsin
this section.Threesetsrepresentmolecularstructureswith
weightedpointsandtwo representsurfacesof macroscopic
shapeswith unweightedpoints.In eachcase,we �rst com-
putethepossiblyweightedDelaunaytriangulationandthen
theage�lter of that triangulation.Thedatapointsbecome
verticesor 0-simplicesof the triangulation. Table1 gives
thesizesof thedatasets,theirDelaunaytriangulations,and
age�lters.

# � -simplices
0 1 2 3

total

G 318 2,322 3,978 1,973 8,591
Z 1,296 11,401 20,098 9,992 42,787
D 7,774 60,675 105,710 52,808 226,967
B 42,311 346,664 608,445 304,091 1,301,511
S 54,262 438,134 766,893 383,020 1,642,309

Table 1. G is Gramicidin A, a small protein. Z is a portion
of a periodic zeolite structure. D is a portion of DNA. B is a
tiny cube of microscopic bone structure. S is a scanned and
resampled Buddha statue.

Timings. We timeonly theportionof thesoftwarethatis
directly relatedto computingpersistence.We distinguish
four steps:markingsimplicesaspositive or negative, and
addingN -cyclesfor N

�

�

�

T

�

� . Recallthatthecomputation
of persistencecanbeacceleratedfor N

�

�

�

� usingaunion-
�nd datastructure. As substantiatedin Table 2, this im-
provementsubsumesadding0- and2-cyclesin themarking
process,shrinkingthe time for theseto stepsto essentially
nothing.Theresultssuggestapossiblelineardependenceof

add � -cycles totalmark
0 1 2 w/o UF w UF

G 0.03 0.01 0.03 0.01 0.08 0.06
Z 0.19 0.02 0.17 0.07 0.45 0.36
D 1.15 0.12 1.02 0.38 2.67 2.18
B 7.35 0.73 6.79 2.58 17.45 14.12
S 11.25 0.96 9.65 8.66 30.52 19.93

Table 2. Running time in seconds. All timings were done on
a Micron PC with a 266 MHz Pentium II processor and 128
MB random access memory, running the Solaris 8 operating
system.

the runningtime on the sizeof thedata,which is substan-
tially fasterthanthecubicdependenceprovedin Section4.

Of course,we needto distinguishworst-casefrom average
runningtime. After acceleratingwith union-�nd, theslow-
estportionof thealgorithmis adding1-cycles.Weposethe
detailedanalysisof thealgorithmasanopenproblem,and
wealsoaskfor adifferentandmoreef�cient algorithm,if it
exists.

Statistics. Our cubic upperboundin Section4 followed
from the observation that the N -cycle createdby @ � goes
throughfewer than �

�

collisionsand the lengthof its list
built up during thesecollisionsis lessthan �

N'c

�_�

�

�

. We
canexplain theapparentlylinearrunningtime documented
in Table2 by showing thattheaveragenumberof collisions
andtheaveragelist lengtharebothconstant.Tables3 and4
provideevidencethatthis might indeedbethecase.We do
not show statisticsfor 0-cyclesin Table4 asevery 0-cycle
is representedby a list of lengthtwo.

0-cycles 1-cycles 2-cycles
max avg max avg max avg

G 17 0.58 31 0.19 91 0.13
Z 14 0.95 32 0.50 39 0.39
D 14 0.62 203 0.32 26 0.19
B 21 1.00 581 0.26 1,462 0.15
S 24 1.00 1,095 0.19 33,325 0.14

Table 3. Maximum and average number of collisions for the
�v e data sets.

1-cycles 2-cycles
max avg avgf max avg avgf

G 10 2.47 2.22 111 4.86 2.08
Z 46 3.91 2.52 46 2.96 2.05
D 125 3.85 2.21 15 2.26 2.02
B 1,719 9.46 2.50 510 8.15 2.07
S 4,993 19.61 2.47 7,486 374.06 2.04

Table 4. Maximum and average length of cycle lists, over all
lists (avg), and all �nal stored lists (avgf).

Recallthatthenumberof collisionsandthelengthof lists
is boundedfrom above by thepersistenceof cycles. Table
5 shows that theaveragepersistenceis considerablylarger
thantheaveragenumberof collisionsandlist length.Table
5 alsogivesevidencethatcon�icts areindeedrare.

Featuredetection. Weconcludethissectionbyusingper-
sistencefor detectingfeaturesof thedatasetG. Thisdataset
containsthe time-averagedmoleculardynamicsstructure
of Gramicidin A, a peptidethat forms a channelfor ion
andwatermovementacrosslipid membranes.Theprimary
topologicalfeatureof thisdatais a tunnelthatrunsthrough
themolecule,asshown in Figure17. We show thegraphs
in Figure18 for comparison.While thereis considerable
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averagepersistence # con¯icts
0-cycles 1-cycles 2-cycles basic recursive

G 320.36 55.35 4.47 0 0
Z 1,333.86 757.03 194.56 1 128
D 7,902.83 2,706.18 462.17 0 212
B 59,383.77 5,264.05 393.92 1 187
S 95,620.31 3,828.92 45.22 0 10

Table 5. Average persistence of cycles and number of con­
�icts in simplifying the �ltr ation.

Figure 17. Side and top views of the molecular surface for
Gramicidin A, presenting the channel for ion transport.

topologicalnoiseat �

�

� , a simpli�cation processwhich
eliminates1-cyclesof persistencelessthan2,688succeeds
in separatingthetunnelfrom theremainingtopologicalat-
tributesdetectedby measuringhomology. We show this
simpli�cation for threecomplexesin Figure19.

7 Future Dir ections

We introducethenotionof topologicalpersistencefor a
�ltration in �

� in thispaperandgivealgorithmsfor assess-
ing persistenceandsimplifying the �ltration. We plan to
applytheseideasto theanalysisof threetypesof datasets.

(i) Moleculardataarenaturallyrepresentedby theage�l-
tersof their Delaunaytriangulations.While differen-
tiating topologicalnoisefrom featuresis a generally
usefulfacility, we believe it is mostsigni�cant for an-
alyzingthestructureof molecules.

(ii) Simplifying shapewhile preservingfeaturesis at the
coreof the surfacereconstructionproblemstudiedin
computergraphics,aswell ascomputationalgeome-
try. We believe persistencecanhelp in automaticre-
construction.

(iii) We plan to apply persistenceto detecthierarchical
or other complex types of clustering in very large

0

1000

2000

3000

4000

5000

6000

7000

p

0 1000 2000 3000 4000 5000 6000 7000 8000 9000

l

0
5

10
15
20
25
30
35
40

b1
l,p

0

1000

2000

3000

4000

5000

6000

7000

p

0 1000 2000 3000 4000 5000 6000 7000 8000 9000

l

0
5

10
15
20
25
30
35
40

g1
l,p

Figure 18. Graphs of �


��

�




and �


��

�




of Gramicidin A sampled
onto an 80 by 80 grid.

datasets,suchas thoseexpectedfrom the currentef-
fortsof measuringthelocationsof galaxiesin theuni-
verse.

Thereis a fourth and lessdirect applicationto surface
reconstructionthroughiso-surfaceextraction. Iso-surfaces
arewidely usedin medicalimagingwherevolumedensity
datais common. A smoothdensityfunction has�nitely
many critical pointsof four types,correspondingto thefour
differentdimensionsof simplicesin a 3-dimensionalcom-
plex. We canusethepersistencealgorithmto measurethe
signi�canceof every critical point. A moredif�cult taskis
usingthis informationfor automaticdenoisingthe density
functionandits iso-surfaces.
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Figure 19. Side and top views of complexes
U��


��
�

U






�



�

U

����� � of Gramicidin A are shown in the left three columns. The
corresponding 2688­persistent complexes are shown on the right.
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pled an iso-surfacegeneratedby DominiqueAttali. The
volumedatawasprovidedby FrançoisePeyrin from CNRS
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ation Microtomographyfrom the ID19 beamlineat ESRF
in Grenoble.We generatedFigure17 usingtheProteinEx-
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