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3

2
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u1

)2

is the Schwarzian derivative of u.

Then

S(u)t = S(u)3 + 3S(u)1S(u)

is a solution of the KdV equation.
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Assume u : J ⊂ R3 is a solution of the Vortex filament

flow evolution

ut = κB

where κ is the curvature of the flow u and B is the

binormal.



Assume u : J ⊂ R3 is a solution of the Vortex filament

flow evolution

ut = κB

where κ is the curvature of the flow u and B is the

binormal.

Then, curvature and torsion of the flow satisfy an equa-

tion equivalent to the Nonlinear Schrödinger equation.

If

φ = κei
∫

τdx

then

φt = iφ2 +
i

2
||φ||2φ

(Hasimoto, 72)
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Assume u : J ⊂ R2 → RP1 is a solution of the PSL(2)-

invariant evolution

ut = u1h,

where h depends on S(u), S(u)1, . . .



Assume u : J ⊂ R2 → RP1 is a solution of the PSL(2)-

invariant evolution

ut = u1h,

where h depends on S(u), S(u)1, . . .

then

S(u)t = (D3 + 2S(u)D + S(u)1)h

where D is d
dx. The operator D3+2S(u)D+S(u)1 defines

the second Hamiltonian structure for KdV.
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Assume u : J ⊂ R3 is a solution of the Euclidean invariant

evolution

ut = h2T +
h ′

2

κ
N + h1B

where h1 and h2 depend on κ and τ and derivatives,



Assume u : J ⊂ R3 is a solution of the Euclidean invariant

evolution

ut = h2T +
h ′

2

κ
N + h1B

where h1 and h2 depend on κ and τ and derivatives,

then (κ, τ) = K is a solution of Kt = P

(
h1
h2

)
where
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 −(τD + Dτ) D21
κD − τ2

κ D + Dκ

D1
κD2 − Dτ2

κ + κD D
(

τ
κ2D + D τ

κ2

)
D + τD + Dτ


defines a Hamiltonian structure equivalent to the sec-

ond Hamiltonian structure of NLS.



Assume u : J ⊂ R3 is a solution of the Euclidean invariant

evolution

ut = h2T +
h ′

2

κ
N + h1B

where h1 and h2 depend on κ and τ and derivatives,

then (κ, τ) = K is a solution of Kt = P

(
h1
h2

)
where

P =

 −(τD + Dτ) D21
κD − τ2

κ D + Dκ

D1
κD2 − Dτ2

κ + κD D
(

τ
κ2D + D τ

κ2

)
D + τD + Dτ


defines a Hamiltonian structure equivalent to the sec-

ond Hamiltonian structure of NLS. (Langer & Perline,

Doliwa &Santini, Yasui & Sasaki, Ivey, Sanders, Wang

& Mari-Beffa, Anco ,Chou & Qu)
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Given u : I → M ∼= G/H, what is a moving frame along u?
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over u invariant under G.



Given u : I → M ∼= G/H, what is a moving frame along u?

Classical definition

A classical moving frame is a curve in the frame bundle

over u invariant under G.

Group-base definition

(Fels and Olver, after Cartan, Green, Griffiths and others)

A (left invariant) moving frame of order k is an equiv-

ariant map

ρ : J(k)(R, M) → G

with respect to the prolonged action of G on J(k)(R, M)

and the (left) action of G on itself.
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What is the relation between these two definitions?



What is the relation between these two definitions?

Theorem 1 Let φg : G/H → G/H be given by, φg(u) =

g·u. Let ρ be a group based moving frame with φρ(o) =

ρ · o = u, where o = [H] ∈ G/H represents the class of

H. Consider dφρ(o). We can identify dφρ(o) with an

element of GL(n), where n = dimM.

The matrix dφρ(o) contains in its columns a classical

moving frame.
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Let u : J → G/H be a parametrized curve and assume

G is semisimple and does not act on the parameter.

Assume also that G/H is flat.



Let u : J → G/H be a parametrized curve and assume

G is semisimple and does not act on the parameter.

Assume also that G/H is flat.

The traditional road to finding differential invariants has

been to find the Serret-Frenet equations, an equation

whose solution is given by a classical moving frame.
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Classical Frenet equations do NOT, in general, provide

a complete generating set of differential invariants
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Definition 1 Consider Kdx to be the horizontal com-

ponent of the pullback of the (left invariant) Maurer-

Cartan form of the group G via ρ. That is,

K = ρ−1 (ρ)x ∈ g.

We call K the Serre-Frenet equations for the moving

frame ρ.



Definition 1 Consider Kdx to be the horizontal com-

ponent of the pullback of the (left invariant) Maurer-

Cartan form of the group G via ρ. That is,

K = ρ−1 (ρ)x ∈ g.

We call K the Serre-Frenet equations for the moving

frame ρ.

Theorem 2 (From Olver and Fels) Let ρ be a (left

or right) moving frame of minimal order for a curve

u. Then, the coefficients of the (left or right) Serre-

Frenet equations for ρ generate a basis for the set of

differential invariants of the curve. That is, any other

differential invariant is a function of the entries of K

and their derivatives with respect to x.
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If G is semisimple and G/H is flat the Lie algebra g splits

g = g1 ⊕ g0 ⊕ g−1

and, locally G = G1 · G0 · G−1 with H = G0 · G1. The
subgroup G0 is called the linear isotropy subgroup and
it is the component of G that acts linearly on G/H.
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o = [H] ∈ G/H and let K = ρ−1ρx be its Serret-Frenet
equations. We split K according to the gradation.

K = K1 + K0 + K−1.

One can prove that the term K−1 is constant.



If G is semisimple and G/H is flat the Lie algebra g splits

g = g1 ⊕ g0 ⊕ g−1

and, locally G = G1 · G0 · G−1 with H = G0 · G1. The
subgroup G0 is called the linear isotropy subgroup and
it is the component of G that acts linearly on G/H.

Choose a minimal order moving frame ρ with ρ · u =

o = [H] ∈ G/H and let K = ρ−1ρx be its Serret-Frenet
equations. We split K according to the gradation.

K = K1 + K0 + K−1.

One can prove that the term K−1 is constant.

Definition 2 We call differential invariants of projec-
tive type those invariants that appear in K1.
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Example 1

Consider RP1 ∼= PSL(2)/H, where PSL(2) acts on u ∈ RP1

via fractional transformations(
a b
c d

)
· u =

au + b

cu + d
.



Example 1

Consider RP1 ∼= PSL(2)/H, where PSL(2) acts on u ∈ RP1

via fractional transformations(
a b
c d

)
· u =

au + b

cu + d
.

If A ∈ PSL(n + 1), it can be locally factored as

A =

(
1 u
0 1

)(
α 0
0 β

)(
1 0
v 1

)
.
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A (left invariant) moving frame for the projective line

is given by

ρ =

(
1 u
0 1

) u
1
2
1 0

0 u
−1

2
1


 1 0(

u
−1

2
1

)
x

1





A (left invariant) moving frame for the projective line

is given by

ρ =

(
1 u
0 1

) u
1
2
1 0

0 u
−1

2
1


 1 0(

u
−1

2
1

)
x

1



Ad

((
α 0
0 β

))((
1 u
0 1

))
=

(
1 β−1αu
0 1

)
and, therefore, a classical moving frame for the projec-

tive line is β−1α = u1
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The Serre-Frenet equations for ρ are

K = ρ−1ρx =

(
0 1

−1
2S(u) 0

)
.



The Serre-Frenet equations for ρ are

K = ρ−1ρx =

(
0 1

−1
2S(u) 0

)
.

S(u) is the generating differential invariant for projective

curves.



The Serre-Frenet equations for ρ are

K = ρ−1ρx =

(
0 1

−1
2S(u) 0

)
.

S(u) is the generating differential invariant for projective

curves.

A classical moving frame would produce NO differential

invariant.
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Let u : J ⊂ R2 → G/H, G semisimple, G/H flat.

Theorem 3 (85% in progress) The geometric Poisson

bracket associated to curves on G/H can be further

restricted to the submanifold of projective differential

invariants. The resulting Poisson structures and the

behavior of the invariants of projective type under ge-

ometric flows are either Projective, Conformal or La-

grangian like, always of KdV-type.
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Lagrangian behaviour

Let G = Sp(2n). If g ∈ G then, locally

g =

(
I u
0 I

)(
Θ 0

0 Θ−T

)(
I 0
S I

)
with u and S symmetric and Θ ∈ GL(n).



Lagrangian behaviour

Let G = Sp(2n). If g ∈ G then, locally

g =

(
I u
0 I

)(
Θ 0

0 Θ−T

)(
I 0
S I

)
with u and S symmetric and Θ ∈ GL(n).

The manifold G/H is called the Lagrangian Grassma-

nian.
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Theorem 4 There exists a minimal order moving frame

ρ along a curve of Lagrangian planes such that its

Serret-Frenet equations are given by

K = ρ−1ρx =

(
K0 I
K1 K0

)
where K0 is skew-symmetric and contains all differential

invariants of order 4, and where K1 = −1
2Sd with Sd diag-

onal and containing along the diagonal the eigenvalues

of the Lagrangian Schwarzian derivative (Ovsienko 94)

S(u) = u
−1/2
1

(
u3 −

3

2
u2u

−1
1 u2

)
u

−1/2
1 .
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Theorem 5 Assume u : J ⊂ R2 → Sp(2n)/H is a flow
solution of

ut = ΘTu
1/2
1 h u

1/2
1 Θ

where Θ(x, t) ∈ O(n) diagonalizes S(u) and where h is
an invariant symmetric matrix.
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Theorem 5 Assume u : J ⊂ R2 → Sp(2n)/H is a flow
solution of

ut = ΘTu
1/2
1 h u

1/2
1 Θ

where Θ(x, t) ∈ O(n) diagonalizes S(u) and where h is
an invariant symmetric matrix. Assume h is diagonal.
Then the flow preserves K0.

Assume we choose initial conditions for which K0 = 0,
then Sd satisfies the equation

(Sd)t =
(
D3 + SdD + (Sd)x

)
h.

If h = Sd, then Sd is the solution of a decoupled system
of KdV equations

(Sd)t = (Sd)xxx + 3Sd(Sd)x.
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Conformal behaviour

Consider G = O(n + 1, 1). If g ∈ G then

g =

 1 uT 1
2u

Tu

0 I u
0 0 1


 α 0 0

0 A 0

0 0 α−1


 1 0 0

v I 0
1
2v

Tv vT 1





Conformal behaviour

Consider G = O(n + 1, 1). If g ∈ G then

g =

 1 uT 1
2u

Tu

0 I u
0 0 1


 α 0 0

0 A 0

0 0 α−1


 1 0 0

v I 0
1
2v

Tv vT 1



The manifold O(n + 1, 1)/H is the Möbius sphere, the

local model for flat conformal manifolds.
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Theorem 6 There exists a minimal order (left) moving

frame ρ along a curve in the Möbius sphere such that

its Serret-Frenet equations are given by

K =

 0 eT
1 0

k1e1 + k2e2 K0 e1

0 k1e
T
1 + k2e

T
2 0


where k1 and k2 are third order conformal invariants

of projective type and where K0 are fourth order and

higher.
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Theorem 7 Assume u : J ⊂ R2 → O(n + 1, 1)/H is a

solution of

ut = h1T + h2N

where T and N are conformal tangent and normal. Then

the flow preserves K0.
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solution of
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where T and N are conformal tangent and normal. Then

the flow preserves K0. If K0 → 0, the evolution of k1 and

k2 becomes(
k1
k2

)
t

=

(
−1

2D
3 + k1D + Dk1 k2D + Dk2

k2D + Dk2
1
2D

3 − k1D − Dk1

)(
h1
h2

)
.



Theorem 7 Assume u : J ⊂ R2 → O(n + 1, 1)/H is a

solution of

ut = h1T + h2N

where T and N are conformal tangent and normal. Then

the flow preserves K0. If K0 → 0, the evolution of k1 and

k2 becomes(
k1
k2

)
t

=

(
−1

2D
3 + k1D + Dk1 k2D + Dk2

k2D + Dk2
1
2D

3 − k1D − Dk1

)(
h1
h2

)
.

In particular, if h1 = k1 and h2 = k2, then k1 and k2

are solutions of a complexly coupled system of KdV

equations
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Projective behaviour

Let G = PSL(n + 1). If g ∈ G then, locally

g =

(
I u
0 1

)(
A 0

0 det(A)−1

)(
I 0

vT 1

)
.



Projective behaviour

Let G = PSL(n + 1). If g ∈ G then, locally

g =

(
I u
0 1

)(
A 0

0 det(A)−1

)(
I 0

vT 1

)
.

The manifold PSL(n + 1)/H can be identified with pro-

jective RPn.
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Theorem 8 (Wilczynski 1906) There exists a moving

frame ρ along a curve in RPn such that its Serret-Frenet

equations are given by

K =


0 1 0 . . . 0
0 0 1 . . . 0
... ... . . . . . . ...
0 0 . . . 0 1
k1 k2 . . . kn 0


where ki, i = 1, . . . , n are the Wilczynski projective in-

variants.

22



Theorem 9 Assume u : J ⊂ R2 → PSL(n)/H is a solution

of

ut = h1T1 + h2T2 + . . . + hnTn

where Ti form a projective classical moving frame.
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Wilczynski invariants satisfy an equation of the form

kt = Ph

where k = (k1, . . . , kn)T , h = (h1, . . . , hn)Tand where P

is the Poisson tensor defining the Adler-Gel’fand-Dikii

Hamiltonian structure (Adler, Gel’fand, Dikii, Drinfel’d

and Sokolov).



Theorem 9 Assume u : J ⊂ R2 → PSL(n)/H is a solution

of

ut = h1T1 + h2T2 + . . . + hnTn

where Ti form a projective classical moving frame. Then,

Wilczynski invariants satisfy an equation of the form

kt = Ph

where k = (k1, . . . , kn)T , h = (h1, . . . , hn)Tand where P

is the Poisson tensor defining the Adler-Gel’fand-Dikii

Hamiltonian structure (Adler, Gel’fand, Dikii, Drinfel’d

and Sokolov).

In particular, if h = k then k satisfies a generalized KdV

system of equations.
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Both Poisson structures on C∞(S1, g∗) reduce to the

submanifold of differential invariants to produce biHamil-

tonian systems.
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