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Points of view on separation of variables (SoV) for a
PDE

1.

reduction of the PDE to a set of ODEs involving a single
unknown: separated equations (Jacobi)

. search of (families of) solutions of a special form e.g.,

additive SoV, multiplicative SoV etc.
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1. reduction of the PDE to a set of ODEs involving a single
unknown: separated equations (Jacobi)

2. search of (families of) solutions of a special form e.g.,
additive SoV, multiplicative SoV etc.

» For Hamilton-Jacobi equation 2. and 1. are equivalent,
when the separated solution is complete.

» Conditions for additive SoV for a Hamiltonian in a given
coordinate system were found by Levi-Civita (1904).
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Points of view on separation of variables (SoV) for a
PDE

1. reduction of the PDE to a set of ODEs involving a single
unknown: separated equations (Jacobi)

2. search of (families of) solutions of a special form e.g.,
additive SoV, multiplicative SoV etc.

» For Hamilton-Jacobi equation 2. and 1. are equivalent,
when the separated solution is complete.

» Conditions for additive SoV for a Hamiltonian in a given
coordinate system were found by Levi-Civita (1904).

» Kalnins and Miller extended them for additive SoV of higher
order PDEs; regular separation replaces the idea of complete
solution.

Following their approch we reformulate their conditions in a more
geometrical way, allowing us to give a 'positive’ definition of the
non-regular separation.
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On a n-dimensional manifold @ we consider the /-th order PDE

H(q', u, uiy tiiyy - by i) = heR
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On a n-dimensional manifold @ we consider the /-th order PDE

Geometry of regular
(free) separation

H(q’7u7 ui7ui1i27"')ui1..4i/):h7 hER

If we look for separable solutions in the (g') i.e., solutions
u=73",50(q', ca), then the PDE can be written as

H(q', u, u,-,u(z)...,u,w) =h heR (1)
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Notation:

» u is the dependent variable (unknown function) and

_ Ou (2 _ _ _&u
Ui = 3q up = = Ui = gz
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On a n-dimensional manifold @ we consider the /-th order PDE

Geometry of regular
(free) separation

H(q’7u7 ui7ui1i27"'7ui1..4i/):h7 hER

If we look for separable solutions in the (g') i.e., solutions
u=73",50(q', ca), then the PDE can be written as

H(q', u, u,-,u(z)...,u,w) =h heR (1)

i

Notation:

» u is the dependent variable (unknown function) and

_ Ou (2) _ _ &%
Ui = 3q up = = Ui = gz

» Z is the (n/ + 1)-dimensional space described by
2 (/))

(v, upy u;™ 0

» M = @ x Z is the trivial bundle over @ with fiber Z.
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Conditions for SoV of H = h (Benenti, C., Rastelli) Geomesry of egular

The PDE (1) is separable in the (g') if and only if there exist n
commuting symmetries of the PDE of the form
0 0 @ 0 0

D,’ = —= = ; R,‘i, 2
aq +u 6U+U, a0, I 4= 8uf') (2)

where Ri(¢, u, uj, ..., u}/)) are functions on M,
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Conditions for SoV of H = h (Benenti, C., Rastelli) Geomesry of egular

The PDE (1) is separable in the (g') if and only if there exist n
commuting symmetries of the PDE of the form

0 9 . 20 )

D,’ = — = ; e R,‘i, 2
aq +u e + u; a0, I 4= 8uf') (2)
where Ri(¢, u, uj, ..., u}/)) are functions on M, i.e., Vi, j
DiH = 07 (3)
[Di, Dj] =0 (4)

» condition (3) completely determines functions R;,

» condition (4) reduces to D;R; = 0 for i # j (integrability
conditions of Kalnins and Miller).



Let the vector fields D; be such that

DiH =0, [D,‘,Dj] =0
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Let the vector fields D; be such that

Geometry of regular
(free) separation

DH=0, [D,Dj]=0

» A = span(D;) is an integrable distribution on M; its
n-dimensional integral manifolds are described by
a complete separated solution of H = h:

u=S
ui = 5;
uji = Sij

with 0;S = S;, 955 = 6;Si, ...



Geometry of regular separation

Let the vector fields D; be such that
DiH =0, [D;,Dj] =0
» A = span(D;) is an integrable distribution on M; its

n-dimensional integral manifolds are described by
a complete separated solution of H = h:

u=3S
up = 9j .
u; = Sy with ;5 = §;, 855 = (5,‘]5,',',

» free (regular) separated solutions depend on n/ +1
parameters

» completeness means that for any Py = (qj) there is a

separated solution of H = h for each choice of the value of
u and its nl 'separated’ derivatives u;, uj, ... at Pg.
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Constrained (non-regular)
separation

Kalnins and Miller call non-regular separation the case when

0 0 @ 0 0
aq + u,-a +u; a0, +...+ R,-W, are such that

D; =

DiH =0, but [D;,Dj] are not identically zero.

in this case “separable solutions still may exist, but they will
depend on fewer than n/ + 1 parameters.”



. . . . A geometric approach to
An illustrative example (Kalnins and Miller) g separton
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Let us consider the 2" order PDE in two variables (x1, x2)

Constrained (non-regular)
separation

H= Xoly1 + Xyl + Uy + Up = h.

In this case we have dim Z=2-2+1=5 and

9 9 9 9
Di= g5 tuigy Tuig, TRig

(i=1,2). Being
DiH = uj +uj + Rixj,  i=1,2, j#1,
we get

Ujj + Ujj
?
Xj

R = — i=1,2, j#i.



We have

DiR; = (i + )i +25) gy

2,
Xi Xj

which vanish for ui1 + up = 0 and under this constraint a
non-regular separable solution involving 4 parameters
(h.ci,c0,c3) is

2 2
u=cxi+ox—axs+ (h—a)x + c.
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which vanish for ui1 + up = 0 and under this constraint a
non-regular separable solution involving 4 parameters
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A geometric approach to
non-regular separation

We have C. Chanu

pr = Wit w)itx) g,

2,
Xi Xj

Constrained (non-regular)
separation

which vanish for ui1 + up = 0 and under this constraint a
non-regular separable solution involving 4 parameters
(h.ci,c0,c3) is

u=cxt+ox —axi+(h— o)+ c.
However, both D;R; vanish also for x; +x, = 0.
Questions about non-regular SoV:

» how many parameters are involved?
» does it always occurs on the sets where D; commute?
» which is the geometrical interpretation?
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Constrained separation non-egular eparatin
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Let S be a r codimensional submanifold of M locally described by
Constrained (non-regular)
separation

f, =0, (a=1,..,r)

Definition

The PDE 'H = h admits a constrained separation on S if

(1) u=3",5"(q', ca) is a solution of H = h

(2) u depends on nl + 1 — r parameters (ca) such that
0

Qu; ] =nl+1-r

8CA

6u,~
6cA

rank [a“

8CA

(3) u and its derivatives satisfy f,(¢/, u, u;...) = 0 for all (ca).



A geometric approach to

Conditions for constrained separation non-regulr separtin

C. Chanu

Constrained (non-regular)
separation

Proposition

Equation (1) admits constrained separation on S in the
coordinates (q') if and only if the vector fields D; are:
symmetries of (1), tangent to S, and commuting on S:

D,‘H:O, Difa|5 =0, [DhDj”S =0



9
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[D;,Dj]|s =0,
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_ 0 ) (2 o )
Let Di ~ 9q' + Uigg + u; Ou; +o Tt R/ Bu,(.’)’ bes. t. Constrained (non-regular)

separation

DiH =0, D;fa|5 =0, [D;, Dj]|5 =0, then

» Ags = span(D;) is an integrable n-dimensional distribution
on S whose integral manifolds are described by a
constrained complete separated solution of H = h.
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» constrained separated solutions depend on n/ +1 —r
parameters



Geometry of constrained separation

DiH =0, D;fa|5 =0, [D;, Dj]|5 =0, then

» Ags = span(D;) is an integrable n-dimensional distribution
on S whose integral manifolds are described by a
constrained complete separated solution of H = h.

» constrained separated solutions depend on n/ +1 —r
parameters

» completeness means that for any Py = (qj) there is a
separated solution of H = h for each choice of the value of
u and its nl separated derivatives at Py satisfying f, =0
(i-e., the initial condition belongs to S).

A geometric approach to
non-regular separation

C. Chanu

Constrained (non-regular)
separation



. . . . A geometric approach to
An illustrative example (Kalnins and Miller) g separton
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Let us consider the 2" order PDE in two variables (x1, x2)
H = xu11 + xqux + u1 + up = h. Examples

In this case we have dim Z=2-2+1=5 and

0 0 , 0
Di= —— + U= + U2 + Ri—,
Ox; tu ou tu Auj * Ouj;

(i=1,2). Being
DiH = uj +uj + Rixj,  i=1,2, j#1,
we get

Ujj + Ujj
?
Xj

R = i=1,2, j#i.



A geometric approach to

EX: H — X2 u11 —|— X1 u22 —|— u1 —|— U2 —_— h non-regular separation
C. Chanu
DiR; = (u;i+uj-j-2)(x,'+xj), =12 j 41
Xi X
For u11 + uxp = 0, there is a non-regular separable solution Examples

involving 4 parameters (h, c1, ¢, ¢3)
2 2
u=cx;+ax—ax; +(h—a)x + c.

However, both D;R; also vanish for x; + x> = 0.
The difference between the two cases is that Dy, D, are tangent
to the 1-codim submanifold

S = {U11+U22 :0}
(Di(t1 + u22)|s = [(v11 + ux)/x]|s = 0) but not to
5 = {Xl + X0 = 0}

Thus, on S there is a constrained separation, but not on S;.



The definition of constrained separation is effective and useful
since it recovers many known “exceptional cases’ of separation.
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A geometric approach to

Other examples remegots oo

C. Chanu

The definition of constrained separation is effective and useful
since it recovers many known “exceptional cases’ of separation.
As instance

Fixed-energy separation (Kalnins, Miller; B., C.,R.) e
Let us consider the separation of the single PDE H = E (E

fixed): it can be considered as a constrained separation on the

hypersurface S = {H = E}.

It occurs iff the D; commute on the single level set H = E,

i.e., the functions D;R; are of the kind

DiRj = (H — E)w, i € F(M),

the additional condition that D; are tangent to S is automatically
satisfied: they are tangent to each submanifold H = h, h € R.



Reduced separation for the Schrodinger equation

The multiplicative separation of the stationary Schrodinger eq.

A+ (E— V) =0

i.e., search of complete solutions of the form ¢ = [, ¢i(q', ca),

corresponds via u = In ) to the additive SOV of the PDE

H = g”u,-,- —‘rgiju,'uj' — F’u,- —-V=—-E

(ri = ghkrgk)
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A geometric approach to

Reduced separation for the Schrodinger equation  rerresi separion

C. Chanu

The multiplicative separation of the stationary Schrodinger eq.
A+ (E-V))p=0

i.e., search of complete solutions of the form ¢ = [, ¢i(q', ca),
corresponds via u = In ) to the additive SOV of the PDE

— reduced separation for
the Schrodinger equation

H=g"ui+g vy —T'u; —V=—E (M = g"Th)

Definition (Benenti, C, Rastelli)

The separation is called reduced when r < n of the separated
factors 1, are of the form

a = exp(kaqa), ko € R.

Thus, the coordinates are splitted into two kinds: (¢') = (g7, %)

(a=1,...m,a=m+1,...n).



. . A geometric approach to
Conditions for reduced separation (KM, BCR) e

C. Chanu

Reduced separation occurs (up to equivalence classes of
separable coordinates) if and only if

1. the g“ are ignorable coordinates

— reduced separation for
the Schrodinger equation

2. the g? are pairwise orthogonal (g?* =0V a#b=1,..,m)
o i (02g® 0

3. the metric is in standard form g% = ( 0 g"‘ﬁ>

4. the corresponding HJ equation is separable

5. the contracted Christoffel symbols satisfy 9,[, =0,V a# b

i.e., the Ricci tensor is in standard form (reduced Robertson
condition).



A geometric approach to
non-regular separation

C. Chanu

Proposition

The reduced separation of the Schrodinger equation is the
constrained separation of

— reduced separation for
the Schrodinger equation

H=g"uy +g"ju;uj —Myj—V=-E

on the submanifold S defined by the r equations u,, = 0.
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Prus and Sym show two examples of non-regular R-separation of
the Helmholtz equation on R3

Azt + Ep =0

occuring in coordinates which seem not related with separable
. . . — constrained R-sep for
coordinates for the geodesic HJ equation. the Helmholtz equation
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Constrained R-separation nor-reular sepration
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Prus and Sym show two examples of non-regular R-separation of
the Helmholtz equation on R3

Asp+Eyp=0

occuring in coordinates which seem not related with separable
. . . — constrained R-sep for
coordinates for the geodesic HJ equation. the Helmholtz equation

R-separation

It is the ansatz of assuming that there is a complete solution of
the form

d} - R(qla 009) qn) H,’ wi(qia CA)7

with ); separated factors and R a nowhere 0 function on Q.

It generalises the multiplicative separation where R = 1.
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Conditions for regular R-separation non-egulr sepratio
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Under the assumption that the separated coordinates are
orthogonal, by the change of unknown

u= |n(H,- ’l/),'(qi)) = |n1/) —1In R, — constrained R-sep for
the Helmholtz equation
R-separation corresponds to the SOV of the PDE
H=g(ui +u})—g" (T, —20;InR)u; + R'AR = —E

where [; = ghkrhk,- and E € R is the energy constant.



P . A geometric approach to
Conditions for regular R-separation non reulr searation
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The functions D;R; are

D,'Rj = (S,-j(fh)uh + U,','(aj In gﬁfi — 8jf’) + Ujj(a,' In gfjff — 8,-IA'J')  conetrained Resen or

+5i(8")(wh — unm) = S(RTAR)) . (i #)ns)

where S;j(f):(?5-)‘—8,~Ing178jf—8j|ng""8,-f,
I" = g”(l’,- - 28, In R)



A geometric approach to
non-regular separation

C. Chanu

Proposition

Free R-separable solutions (in particular for all values of E) exist
if and only if

1. the corresponding geodesic HJ equation is separable, i.e.,
m hh = — constrained R-sep for
Si (g ) =0 the Hetlmholszequ'aJt'\fon
2. Ris (up to separated factors) a solution of

6,-InR = %I’, (5)

3. 88 = ghhf,(g") for suitable functions f,.



A geometric approach to

An example of non-regular separation nor-reular sepration

C. Chanu

Prus and Sym show that in the orthogonal coordinates
(q*, 4%, ¢°) of R3 such that

1, (acoshg? — ccosg')?
£ - (acosh g2 — ¢3)2
» ,(acoshg? — ccosg')? a<ceR, b=(a®-c*)!
£ = (ccosq! — g3)2 e
constrained R-sep for
33 the Helmholtz equation
g7 =1

there exist non-regular R-separated solutions of A3y + E¢ =0
of the form

= [(¢° — ccos g")(acosh ¢* — ¢*)] 7/ *¢1(q")v2(a?)s(°, E)
where 1); are solutions of

P +1/4 =0, Y —1p/4=0, i+ E¢s=0.



» the (') do not allow SoV of the HJ equation (S;(g"") # 0);

» however, they satisfy requirements 2 and 3 for regular (free)
R-separation
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Remarks

» the (g') do not allow SoV of the HJ equation (S;(g"") # 0);

» however, they satisfy requirements 2 and 3 for regular (free)

R-separation

> if R satisfies (5), then [ = g(I; — 29;In R) = 0 and D;R;

reduce to

1
DiR; = (Si(g"")(up — unn) — SU(R_IAR))?v

» system (5) is integrable if and only if

Si(e")/g" = Si(e")/e”
(a weaker condition than 1.) i.e., if and only if

8,-21- log (g"/g%) =0

(i#jns)

A geometric approach to
non-regular separation

C. Chanu

— constrained R-sep for
the Helmholtz equation
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It's constrained separation!

Proposition
If (g') are orthogonal coordinates on Q such that
85- log (g"/g%) =0
=g,
Sa(g«c)=0 a,bc=r+1,..n a#b
0,8 =0 a=1,.r

then we have constrained R-separation of Ay + Ei) = 0 on the
submanifold S defined by the r equations

uaa—ui—i—fa:O (& v + fuhe = 0) a=1,...r

where R is a solution of 9;In R = 1T

A geometric approach to
non-regular separation

C. Chanu

— constrained R-sep for
the Helmholtz equation



It's constrained separation!

In the example of Prus and Sym we have that the metric splits in
a 1-dimensional trivially separable metric (g33 = 1) while the
other r = 2 components of the metric satisfy

d12log(g'!/g*) = 0.

Moreover, we have i = —fh, =1/4,f; = 0.

A geometric approach to
non-regular separation

C. Chanu

— constrained R-sep for
the Helmholtz equation



A geometric approach to
non-regular separation

. C. Chanu
Proposition

If an orthogonal coordinate system (g') on R® allows constrained
R-separation of Helmholtz equation with r = 2,

(¢*) = (q" %), (¢°) =q°,
then the components of the metric tensor are (up to rescaling)
—(Fl H2 — Hl F2)2 — constrained R-sep for
(F2q3 . H2)2 ' . the Helmholtz equ’ajt'\on
g22 _ (F1H2 = H1F2)2 with F; = F,'(q’)7 H; = H,'(q').
(F1g® + Hy)?
P =1L

11 _



Proposition

If an orthogonal coordinate system (g') on R® allows constrained
R-separation of Helmholtz equation with r = 2,

(¢*) = (d",4%), (d°) =2’
then the components of the metric tensor are (up to rescaling)
1 (FH, — HiF)?
(R + Ho)?
o (F1H2 — H1F2)2 with F; = f:,'(C]")7 H; = H,'(qi).
& = (Fiq® + H1)?
P =1L

» It is a necessary condition, other conditions on functions F;,
H; must be satisfied (as instance Ry212 = 0).

» The example of Prus and Sym occurs (up to rescaling) for
Fi=F,=—1, Hi = ccosq' H, = acosh q¢°.

A geometric approach to
non-regular separation

C. Chanu

— constrained R-sep for
the Helmholtz equation



	Outline
	Geometry of regular (free) separation
	Constrained (non-regular) separation
	Examples
	-- fixed-energy separation
	-- reduced separation for the Schrödinger equation
	-- constrained R-sep for the Helmholtz equation

