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1. Thermoacoustic Tomography (TAT or

TCT) and its sibling photo-acoustic To-

mography (PAT)

The integrals of the MW energy absorp-

tion function f(x) over circles centered at

transducers’ locations are measured.

In mammography, cancerous cells absorb 3

– 5 times more MW (or RF) energy than

the healthy ones ⇒ high contrast. Also

high resolution.



2. Mathematics of TAT - circular (spher-

ical) Radon transform

Circular Radon transform of f on Rd:

Rf(p, r) =
∫

|y−p|=r
f(y)dσ(y),

Overdetermined.

S ⊂ Rd – hypersurface, then

RSf = Rf |p∈S.

Problems:

• For what sets S is the RS injective (i.e.,

f can be uniquely reconstructed from Rf)?

• If RS is injective, what are inversion for-

mulas?

• How stable is inversion?

• What happens if the data is incomplete?

• Range description for RS



3. Uniqueness of reconstruction

f - compactly supported on Rd. When does
RSf = 0 imply f = 0? S - uniqueness set.

Non-uniqueness sets in R2

(Lin-Pinkus, ’92, Agranovsky-Quinto,
’94-’96 ):
I. S = a straight line. Rf = 0 for any odd
function.
II. A Coxeter system ΣN of lines:

III. One can add any finite set of points to
a non-uniqueness set (not totally trivial).



Theorem 1. (Agranovsky-Quinto, ’94-’96,

conjectured by Lin-Pinkus, ’92)

S ⊂ R2 is a non-uniqueness set iff

S ⊂ ωΣN ∪Φ,

ΣN - Coxeter system of lines, ω rigid mo-

tion, Φ is finite.

Proof is based on microlocal analysis and

geometry of zeros of harmonic polynomi-

als.

What do harmonic polynomials do here?

The answer (that holds in any dimension)

is:

Lemma 2. (various authors ’92 – ’94) Any

non-uniqueness set is a set of zeros of a

harmonic polynomials. In particular, any

uniqueness set for harmonic polynomials

(e.g., any closed hypersurface) is unique-

ness set for circular Radon transform.



Relations with a variety areas of analysis -
from approximation theory to PDEs, po-
tential theory, and complex analysis. E.g.:

Theorem 3. (P. K., Agranovsky & Quinto
’93) TFAE:
1. S ⊂ Rd is a non-uniqueness set.
2. S is a nodal set for the wave equation,
i.e. there exists a compactly supported f

such that the solution of the problem




∂2u
∂t2

= ∆u

u(0, x) = 0

ut(0, x) = f(x)

vanishes on S for any moment of time.
3.S is a nodal set for the heat equation,
i.e. there exists a compactly supported f

such that the solution of the problem




∂u
∂t = ∆u

u(0, x) = f(x)

vanishes on S for any moment of time.



Conjecture: S ⊂ Rd is a non-uniqueness

set iff

S ⊂ ωΣ ∪Φ,

Σ - the surface of zeros of a homogeneous

harmonic polynomial, ω is a rigid motion,

Φ is an algebraic surface of codimension at

least 2.

Recent progress based on the wave equa-

tion reformulation (Finch & Patch & Rakesh

’04, P. K. & Ambartsoumian ’05)



4. Partial data: “visible” and “invisible”

singularities

Uniqueness of reconstruction does not im-

ply practical recoverability: the reconstruc-

tion might be severely unstable.

Theorem 4. (Quinto, Louis & Quinto, Am-

bartsoumian & P. K.) A wavefront set point

(x, ξ) of f is “stably recoverable” from RSf

iff there is a circle centered on S, passing

through x, and normal to ξ at this point.





5. Reconstruction: formulas and examples

One of the most popular inversion formulas
for the standard Radon transform: data
g(ω, s), where the plane of integration is
x · ω = s. Inversion consists of filtration
by taking second s-derivative of the data
and backprojection by averaging over all
planes passing through the point x where
the reconstruction is done.

Approximate inversions for the circular Radon
RS mimic this formula. The results are
usually good and can be improved by iter-
ations.



Exact inversions of RS depend on the sur-

face S. Formulas are known for S being a

sphere, cylinder, or a plane.

For S - sphere there are inversions through

special functions expansions.

Formulas analogous to standard Radon are

known for S sphere in odd dimensions only,

and for S plane.

One of the 3D formulas for S =unit sphere

(Finch & Patch & Rakesh ’04):

Implemented by G. Ambartsoumian & S. Patch

(’04–’05)



6. Range conditions

Radon’s range is of∞ co-dimensions. Know-
ing the range is important (error correc-
tion, incomplete data completion, etc.).

For standard Radon: for any integer k ≥ 0,

Gk(ω) =

∞∫

−∞
skg(ω, s)ds

is a homogeneous polynomial of degree k.

S - sphere. Range conditions for RS? S. Patch
’04 found an incomplete set of such condi-
tions on data g(p, r) = RSf(p, r) (p - cen-
ter, r - radius): for any integer k ≥ 0,

Gk(ω) =

∞∫

0

r2kg(p, r)dr

is a (non-homogeneous) polynomial of de-
gree at most k.
A complete set is found in 2D (Ambart-
soumian & P. K ’05) and 3D (D. Finch &
Rakesh)



Theorem 5. (Ambartsoumian & P. K ’05)

In order for the function g(p, r) on S1×R to

be representable as RSf with f ∈ C∞0 (D),

it is necessary and sufficient that the fol-

lowing conditions are satisfied:

(a) g ∈ C∞0 (S1 × (0,2)).

(b) For any n, the 2k-th moment
∞∫
0

r2kgn(r)dr

of the n-th Fourier coefficient of g van-

ishes for integers 0 ≤ k < |n|. (S. Patch’s

conditions)

(c) For any n ∈ Z, function H0{gn(r)/r}(σ) =
∞∫
0

J0(σr)gn(r)dr vanishes at any zero σ 6=
0 of Bessel function Jn.



7. Some open problems

1. Inhomogeneities (variable sound speed)

in TAT.

2. Uniqueness sets S for non-compactly

supported functions.

3. Uniqueness sets in dimensions > 2.

4. Backprojection type inversion formulas

in even dimensions.

5. Inversion formulas for more general sur-

faces S.
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