- .

Lecture 3: Discrete Compressed
Sensing

Ronald DeVore
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raditional Paradigm for Signal Processir

- .

Model signals as bandlimited functions ()
Support of = contained in |—Qr, On|
Shannon-Nyquist

© o o o

Uniform time samples with spacing 7 < % allows for
exact reconstruction

°

A/D Converters: sample and guantize

°

Problem: If €) is too large we cant build circuitry to
sample faithfully at the desired rate
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Compressed Sensing

=

Compressed Sensing seeks a way out of this dilemma
Built on two new ingredients
New model classes for signals

Signals are sparse in some representation system:
basis (frame)

New meaning of samples
Sample is a linear functional applied to the signal
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Discrete Sensing

- .

® 1 e RY with N large
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Discrete Sensing
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® 2 RY with N large
# We are able to ask » non-adaptive questions about =
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Discrete Sensing
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® 2 RY with N large
# We are able to ask » non-adaptive questions about =

® Question means inner product v - = with v € R - called
sample
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Discrete Sensing
+ e RN with N large -
We are able to ask » non-adaptive questions about =

Question means inner product v - = with v € R" - called
sample

Any such sampling is given by is an n x N matrix ® : the
entries in y = ®x are the answers to our guestions
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Discrete Sensing

=

v € IRY with N large
We are able to ask » non-adaptive questions about =

Question means inner product v - = with v € R" - called
sample

Any such sampling is given by is an n x N matrix ® : the
entries in y = ®x are the answers to our guestions

We are interested in the good / best matrices 9, I.e.
what are the best questions to ask??
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Discrete Sensing
-

v € IRY with N large
We are able to ask » non-adaptive questions about =

Question means inner product v - = with v € R" - called
sample

Any such sampling is given by is an n x N matrix ® : the
entries in y = ®x are the answers to our guestions

We are interested in the good / best matrices 9, I.e.
what are the best questions to ask??

Here good roughly means that the samples y = o
contain enough information to approximate = well
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Discrete Sensing

=

v € IRY with N large
We are able to ask » non-adaptive questions about =

Question means inner product v - = with v € R" - called
sample

Any such sampling is given by is an n x N matrix ® : the
entries in y = ®x are the answers to our guestions

We are interested in the good / best matrices 9, I.e.
what are the best questions to ask??

Here good roughly means that the samples y = o
contain enough information to approximate = well

Two issues: (i) Enough information in y; (ii) How to
extract this information: Decoder J
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What Is going on?

® Since @ : R — R" many z give the same
measurements v
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What Is going on?

-

® Since @ : R — R" many z give the same
measurements v

® N :={n:dn=0}the null space of & dim(N) > N —n
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What Is going on?

-

® Since ¢ : RY — R" many = give the same
measurements v

® N :={n:Pn=0} the null space of & dim(N) > N —n
® F(y) :={r:dxr=y}=ux9+ N forany zoc F(y)
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What Is going on?

-

Since ¢ : R — R" many z give the same
measurements v

N = {n: ®n = 0} the null space of ® dim(N) > N —n
Fly) :=Az: Pz =y} =29+ N forany zo € F(y)
The hyperplanes F(y) with y € [R" stratify "
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The setsF(y)
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What Is going on?

® Since @ : R — JR" many = are encoded with same y
® N :={n:dn =0} the null space of ¢

® Fl(y) :={x:dx=y}=un9+ N forany zsc F(y)

® The hyperplanes F(y) with y € IR" stratify "

#® Decoder is any (possibly nonlinear) mapping A from
R" — RN
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What Is going on?

Since @ : R — JR" many = are encoded with same y
N :={n: dn =0} the null space of ¢

Fly) :=A{z: Pz =y} =29+ N forany zo € F(y)
The hyperplanes F(y) with y € [R" stratify "

Decoder is any (possibly nonlinear) mapping A from
R" — RY

T = A(P(x)) IS our approximation to = from the
Information extracted
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°

What Is going on?

Since ¢ : RY — IR" many = are encoded with same y
N :={n: dn =0} the null space of ¢

Fly) :=A{z: Pz =y} =29+ N forany zo € F(y)
The hyperplanes F(y) with y € IR" stratify R

Decoder is any (possibly nonlinear) mapping A from
R" — R"

T = A(P(x)) IS our approximation to = from the
Information extracted

Pessimism: all =z € F(y) are approximated by the same
T
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Structure

- .

® With no additional information about « it is doubtful we
can say anything
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Structure
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® With no additional information about « it is doubtful we
can say anything

# Fortunately the = we are interested in have structure
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Structure
-

® With no additional information about « it is doubtful we T
can say anything

# Fortunately the = we are interested in have structure

o Typically = can be well represented by sparse linear
combination of certain building blocks - for our
purposes these building blocks are a basis
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Structure

=

With no additional information about z it is doubtful we
can say anything

Fortunately the = we are interested in have structure

Typically = can be well represented by sparse linear
combination of certain building blocks - for our
purposes these building blocks are a basis

In some(many) problems we do not necessarily know
the right basis
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°

Structure

=

With no additional information about z it is doubtful we
can say anything

Fortunately the = we are interested in have structure

Typically = can be well represented by sparse linear
combination of certain building blocks - for our
purposes these building blocks are a basis

In some(many) problems we do not necessarily know
the right basis

For the most part we shall assume the basis is known
to us
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First Measure of Optimality

- .

# To begin with we shall assume = Is sparse with respect
to the canonical basis on R
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First Measure of Optimality

f # To begin with we shall assume = Is sparse with respect T
to the canonical basis on R

#® Any other basis could be handled by transformation (if
the basis is known)
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First Measure of Optimality

- .

# To begin with we shall assume = Is sparse with respect
to the canonical basis on R

#® Any other basis could be handled by transformation (if
the basis is known)

® The support of = Is supp(x) := {i: x; # 0}
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First Measure of Optimality

- .

# To begin with we shall assume = Is sparse with respect
to the canonical basis on R

#® Any other basis could be handled by transformation (if
the basis is known)

® The support of = Is supp(x) := {i: x; # 0}
® Y, :={x: #supp(x) <k}
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First Measure of Optimality

=

To begin with we shall assume =z is sparse with respect
to the canonical basis on R

Any other basis could be handled by transformation (if
the basis is known)

The support of z IS supp(x) :={i: x; # 0}

Y = {x: #supp(x) < k}

Note that ;. Is a union of & dimensional subspaces:
Yk = Uy(r)=1 X7 Where Xp = {x : supp(x) C T}
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First Question

- .

#® First Question: Given k, N for which ® does the
Information y = ®(z) uniquely determine x for all x € >,
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First Question

- .

#® First Question: Given k, N for which ® does the
Information y = ®(z) uniquely determine x for all x € >,

# Note that this is equivalent to F(y) contains at most
one vector from >, for all y € IR"
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The Answer

V1, ..., vy columns of ¢
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The Answer

-

® O =|v,...,un], wv1,...,vy columns of &
® If 7' Is a set of column indices
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The Answer

-

® O =|v,...,un], wv1,...,vy columns of &
® If 7' Is a set of column indices

® Oy =, ...,v; |Isthe n x #(1") submatrix of ¢
formed from the columns with index 7" = {iy,... i}
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The Answer

® O =|v,...,un], wv1,...,vy columns of &
® If 7' Is a set of column indices

® Oy =, ...,v; |Isthe n x #(1") submatrix of ¢
formed from the columns with index 7" = {iy,... i}

® 0P = ((vi, v5))ijer
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The Answer

® O=\v,...,v,], wvi1,...,vy columns of ®
If 7" Is a set of column indices

® Oy =, ...,v; |Isthe #(T) x n submatrix of ¢
formed from the columns with index 7" = {iy,... iy, }

® 5D = ((vi,v5))ijer Of size #(T') x #(T)

°

Theorem: If ® Is any n x N matrix, then the following are
equivalent:

(i) F(y) contains at most one element of ;. for all y € R"

(i) Xox NN (P) = {0},

(i) For any set 7" with #7" = 2k, the matrix & has rank 2k.

(iv) For any set 7" with #1" = 2k, the 2k x 2k matrix ¢7.¢7 Is
Linvertible: all its eigenvalues are positive. J
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The Proof
-

# The equivalence of (ii-iv) is linear algebra
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The Proof
| o

# The equivalence of (ii-iv) is linear algebra

® (i) — (i): Assume (i). To prove (i), let n € N N >y.. We
can write 1 = 1y — 1 With 19,71 € X and @ (o) = @ (1)
Hence by (i), o = 7 and therefore n = 0
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The Proof
| o

# The equivalence of (ii-iv) is linear algebra

® (i) — (i): Assume (i). To prove (i), let n € N N >y.. We
can write 1 = 1y — 1 With 19,71 € X and @ (o) = @ (1)
Hence by (i), o = 7 and therefore n = 0

#® (i) — (1): Assume (ii) and let y € IR". Suppose that there
are two vectors z, 2o € IR" with ®(z1) = ®(z9) = v.
Thenn := 21 — 29 € N and by (ii)) » = 0. Thus 1 = x»
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Optimal Matrices

- .

o Given k, we are interested in the smallest »n for which
we can construct matrices with properties (i)-(iv)
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Optimal Matrices
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o Given k, we are interested in the smallest »n for which
we can construct matrices with properties (i)-(iv)

® Given k we construct matrices @ of size 2k x N with the
properties of the theorem
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Optimal Matrices
-

f o Given k, we are interested in the smallest »n for which
we can construct matrices with properties (i)-(iv)

® Given k we construct matrices @ of size 2k x N with the
properties of the theorem

® We need N vectors in [?°* such that any 2k of them are
linearly independent
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Optimal Matrices
-

f o Given k, we are interested in the smallest »n for which
we can construct matrices with properties (i)-(iv)

® Given k we construct matrices @ of size 2k x N with the
properties of the theorem

® We need N vectors in [?°* such that any 2k of them are
linearly independent

#® Vandermonde matrix. Choose z1 < 29 < --- < 2y

(1 1---1\

I‘l 1‘2 o o o I‘N

2%k —1 2%k —1 2%k —1
ZC :C e o o ZC
\ 1 2 N IMA 2007 — n 14/9¢



Optimal Matrices
-

f o Given k, we are interested in the smallest »n for which
we can construct matrices with properties (i)-(iv)

® Given k we construct matrices @ of size 2k x N with the
properties of the theorem

® We need N vectors in [?°* such that any 2k of them are
linearly independent

#® Vandermonde matrix. Choose z1 < 29 < --- < 2y

(1 1---1\

I‘l 1‘2 o o o I‘N

2%k —1 2%k —1 2%k —1
ZC :C e o o ZC
\ 1 2 N IMA 2007 — n 14/9¢



Nalve Decoding

-

A(y) == Argmin ||y — (2)| ¢

ZED L

® Xp:={z: supp(z) C T}
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Nalve Decoding

-

A(y) == Argmin ||y — (2)| ¢

ZED L
® Xp:={z: supp(z) C T}

® v = Arg}rglil’l Hy — (I)ZH@%JIT = [(I);(I)T]_lq)Ty
AP G
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Nalve Decoding

-

A(y) == Argmin ||y — (2)| ¢

ZED L
® Xp:={z: supp(z) C T}

® v = Argmln Hy (I)ZHgn%JIT = [(I)T(I)T] 1<I)Ty
zeXT

. = Argming )— |y — @(z7)|leg
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Nalve Decoding

-

A(y) == Argmin ||y — (2)| ¢

ZED L
® Xp:={z: supp(z) C T}

® v = Argmln Hy (I)ZHgn%JIT = [(I)T(I)T] 1<I)Ty

zeXT
. = Argming )— |y — @(z7)|leg
N A(y) = LT
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Nalve Decoding

-

® Xp:={z: supp(z) C T}

A(y) == Argmin ||y — (2)| ¢

ZED L

® = Argmln Hy (I)ZHgnHa?T — [(I)T(I)T] l(I)Ty

zeXr
» = Argminy - [y — P(27)]e
o A(y) = T+

#® However one can improve the decoding to be more
computationally reasonable
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Nalve Decoding

- A(y) == Argmin ||y — ®(2)][ s -

ZED L
® Xp:={z: supp(z) C T}

® o7 = Argmin ||y — ®z||p—xr = [P D7]” oyt

zeXr
. = Argminy - [y — P(27)]e
o A(y) = T+

# However one can improve the decoding to be more
computationally reasonable

# For Fourier matrix, the computation can be done in
O(N + k°) operations
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Nalve Decoding

A(y) := Argmin ||y — ®(z)]l

ZED L
Xr:={z: supp(z) C T}

rr = Argmin ||y — ®z||p—xp = (D5 D] Dy
zeXT

1™ := Argming p)—p, ly — ®(x7)| e

A(y) = LT+

However one can improve the decoding to be more
computationally reasonable

For Fourier matrix, the computation can be done in
O(N + k°) operations

However there Is a stability problem caused by poor J
conditioning of ¢7.¢7
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Model Il: Compressible Signals

- -

#® The sparse signal classes do not represent real signals
signals will typically have all entries nonzero but most
will be small
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Model Il: Compressible Signals

- -

#® The sparse signal classes do not represent real signals
signals will typically have all entries nonzero but most
will be small

#® A compressible signal = is one that can be
approximated well by elements from >

op(x)x = zléngk |z — 2| x
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Model Il: Compressible Signals

- -

#® The sparse signal classes do not represent real signals
signals will typically have all entries nonzero but most
will be small

#® A compressible signal = is one that can be
approximated well by elements from >

or(w)x = il lz—z]x

® to measure distortion we shall take X = Eflv

o -

IMA 2007 — n 16/



Model Il: Compressible Signals

-

The sparse signal classes do not represent real signals
signals will typically have all entries nonzero but most
will be small

A compressible signal = is one that can be
approximated well by elements from >

or(x)x = zlengk |x — z||x

to measure distortion we shall take X = EéV

Recall our classes 4%(X), s > 0 consisting of signals for
which o (z)x < ME™*
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Model Il: Compressible Signals
-

The sparse signal classes do not represent real signals
signals will typically have all entries nonzero but most
will be small

A compressible signal = is one that can be
approximated well by elements from >
op(x)x = inf ||z — z||x

ZED L
to measure distortion we shall take X = Eflv

Recall our classes 4%(X), s > 0 consisting of signals for
which o (z)x < ME™*

if X =N the A° = wi), p= (s +1/q)"
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Model Il: Compressible Signals
-

The sparse signal classes do not represent real signals
signals will typically have all entries nonzero but most
will be small

A compressible signal = is one that can be
approximated well by elements from >
op(x)x = inf ||z — z||x

ZED L
to measure distortion we shall take X = EéV

Recall our classes 4%(X), s > 0 consisting of signals for
which o (z)x < ME™*

i _ gN s __ N _ —1
® if X =()the A° =wll, p=(s+1/q)

# Closely related signal classes are balls in Zév
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Optimality on Models Il

- .

# With model classes Il, we will not be able to exactly
reproduce the signal with » samples since this is
Incomplete information
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Optimality on Models Il
B o

# With model classes Il, we will not be able to exactly

reproduce the signal with » samples since this is
Incomplete information

#® We are interested in what is the best we can do with the
budget n with distortion measured in our chosen metric

|- {ley
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Optimality on Models Il
B o

# With model classes Il, we will not be able to exactly

reproduce the signal with » samples since this is
Incomplete information

#® We are interested in what is the best we can do with the
budget n with distortion measured in our chosen metric

|- {ley

® Let K be a compact setin R
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Optimality on Models Il
B

With model classes II, we will not be able to exactly
reproduce the signal with » samples since this is
Incomplete information

We are interested in what is the best we can do with the
budget n with distortion measured in our chosen metric

|- {ley
Let X be a compact set in "
Best performance on the class K in norm | - || x

E (K)y := inf NG
(K)x (¢71A§€An§glg\!x (P(2)) |l x
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°

Optimality on Models Il
B

With model classes II, we will not be able to exactly
reproduce the signal with » samples since this is
Incomplete information

We are interested in what is the best we can do with the
budget n with distortion measured in our chosen metric

|- {ley
Let X be a compact set in "
Best performance on the class K in norm | - || x

E (K)y := inf NG
(K)x (¢71A§€An§g[g\!x (P(2)) |l x

Here A, = {(®,A): ®isn x N} J
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Gelfand widths
-

® F, ny(K)x Is closely related to Gelfand widths

P(K)x = inf s |y
codim(Y)=n ze KNY
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Gelfand widths
-

® F, y(K)x Is closely related to Gelfand widths
d"(K)x := infoqim(y)=n SUPze kY |7l x

® Theorem: If K = —-K and K + K ¢ CK, then

d"(K)x < Ep n(K)x < Cd"(K)x
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Gelfand widths
-

® F, y(K)x Is closely related to Gelfand widths
d"(K)x := infoqim(y)=n SUPze kY |7l x

® Theorem: If K = —-K and K + K ¢ CK, then

d"(K)x < Ep n(K)x < Cd"(K)x

Y N
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Proof of Theorem

- .

# Lower inequality: Suppose (¢, A) gives bound F,,(K).
Choose Y := N. If z € K NY then

lzllx < max(|lz = AQO)|lx, [| =2 = A0)|lx) < En(K)x
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Proof of Theorem

- .

# Lower inequality: Suppose (¢, A) gives bound F,,(K).
Choose Y := N. If z € K NY then

lzllx < max(|lz = AQO)|lx, [| =2 = A0)|lx) < En(K)x

#® Upper inequality: Let Y be an optimal space for Gelfand

width. Take an orthonormal basis for Y- and use these
as the rows of ®. Choose a decoder A so that A(y) IS In
K whenever K N F(y) # 0. Now If z € K then

r— A(P(x))isin K — K C CK. Itisalso in /. Hence

C~(z — A(®(x))isin K N N. Hence
CHlz = A(®(2))|| < d™(K)c
| -
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Optimality on ¢} classes

- .

# The asymptotic behavior of £, (K)x Is known for all
K=U)inall X =

o -

IMA 2007 — n 272/7¢



Optimality on ¢, classes

- .

# The asymptotic behavior of £, (K)x Is known for all
K=U)inall X =

# Solved in 1970’s and 1980’s in Approximation Theory
and Finite Dimensional Geometry
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Optimality on ¢, classes
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# The asymptotic behavior of £, (K)x Is known for all
K=U)inall X =

# Solved in 1970’s and 1980’s in Approximation Theory
and Finite Dimensional Geometry

# Kashin, Gluskin main players
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Optimality on ¢} classes

=

The asymptotic behavior of £, (k) x is known for all
K=U)inall X =

Solved in 1970’s and 1980’s in Approximation Theory
and Finite Dimensional Geometry

Kashin, Gluskin main players

For K = U(¢)’), we have

C1¥(n, N,p,q) < d"(K)y, < Co¥(n,N,p.q),
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Optimality on ¢, classes

=

The asymptotic behavior of £, (k) x is known for all
K=U)inall X =

Solved in 1970’s and 1980’s in Approximation Theory
and Finite Dimensional Geometry

Kashin, Gluskin main players

For K = U(¢)’), we have

C1¥(n, N,p,q) < d"(K)y, < Co¥(n,N,p.q),

C'1, C5 only depend on p and ¢, and
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Optimality on ¢} classes

-

The asymptotic behavior of £, (k) x is known for all
K=U)inall X =

Solved in 1970’s and 1980’s in Approximation Theory
and Finite Dimensional Geometry

Kashin, Gluskin main players
For K = U(()'), we have

C1¥(n,N,p,q) < d"(K)y,, < Co¥(n,N,p.q),

C'1, C5 only depend on p and ¢, and

1/p—1/q

U(n, N,p,q) := [min(l, NI-Vrp= U=z 1 <n<
N, 1<p<qg<?2 J
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Remarks

-

® The hardestcaseisp=1,9g =2
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Remarks
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® The hardestcaseisp=1,9g =2

Py CO\/log(fl\[/n) < En(U(gle»géV < Cl\/log(N/n)

n
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Remarks
| o

® The hardestcaseisp=1,q =2

» \/loguv/n) < Bn(U(EV))g < Cl\/logwn)

n — n

# Kashin proved the upper bound with a slightly inferior
logarithm
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Remarks

The hardestcaseisp=1,g =2

» \/mg(zv/n) < Bn(U(EV))g < Cl\/logwm)

n — n

# Kashin proved the upper bound with a slightly inferior

logarithm

The matrices he used were to fill in the entries with
Independent draws of a Bernouli random variable
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Remarks

The hardestcaseisp=1,g =2

P CO\/log(N/n) < En<U<€]1V))€é\r < Cl\/log(N/n)

n — n

# Kashin proved the upper bound with a slightly inferior

logarithm

The matrices he used were to fill in the entries with
Independent draws of a Bernouli random variable

Gluskin improved the upper bound and proved the
lower bound (with Garneev). He used matrices whose
entries are independent draws of a Gaussian matrix

-

IMA 2007 — n 23/7¢



Remarks

The hardestcaseisp=1,g =2

P CO\/log(N/n) < En<U<€]1V))€é\r < Cl\/log(N/n)

n — n

# Kashin proved the upper bound with a slightly inferior

logarithm

The matrices he used were to fill in the entries with
Independent draws of a Bernouli random variable

Gluskin improved the upper bound and proved the
lower bound (with Garneev). He used matrices whose
entries are independent draws of a Gaussian matrix

It was though for a long time that Bernouli did not work
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Remarks

The hardestcaseisp=1,g =2

P OO\/log(N/n) < En(U(gle))@r < Ol\/log(N/n)

n — n

# Kashin proved the upper bound with a slightly inferior

logarithm

The matrices he used were to fill in the entries with
Independent draws of a Bernouli random variable

Gluskin improved the upper bound and proved the
lower bound (with Garneev). He used matrices whose
entries are independent draws of a Gaussian matrix

It was though for a long time that Bernouli did not work

These theorems were thought to be very deep at the
time. We shall give rather simple proofs of them using J

compressed sensing.
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Interpretation of these results

- .

#® Let us begin by comparing the above results with the
more classical methods of compression
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Given a value of % if we take n so that n = klog(N/n)
then we obtain for any » € /; (also holds for = € w/;)
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Keep p = 1, ¢ = 2 for simplicity

Given a value of % if we take n so that n = klog(N/n)
then we obtain for any » € /; (also holds for = € w/;)
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In other words we get the same performance as if we
took the N measurements (of the coordinates of » and
then retained the largest & of them
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Interpretation of these results

Let us begin by comparing the above results with the
more classical methods of compression

Keep p = 1, ¢ = 2 for simplicity

Given a value of % if we take n so that n = klog(N/n)
then we obtain for any » € /; (also holds for = € w/;)

log(N/n) 1
n N C\/E

o — A@ )]y < c\/

In other words we get the same performance as if we
took the N measurements (of the coordinates of » and
then retained the largest & of them

This is the advantage of compressed sensing: the
number of measurements we need to make is only

=

-
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# The above remarks motivate the following
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# The above remarks motivate the following

#® We say (¢, A) is Instance-Optimal of order £ for X if for
an absolute constant C' > 0 (independent of k&, n, N)

lz = A(®(z))|x < Coplz)x
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#® We say (¢, A) is Instance-Optimal of order £ for X if for
an absolute constant C' > 0 (independent of k&, n, N)

lz = A(®(z))|x < Coplz)x

o We will be interested in X — é{f
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Better Performance

=

The above remarks motivate the following

We say (¢, A) Is Instance-Optimal of order £ for X if for
an absolute constant C' > 0 (independent of k&, n, N)

lz = A(®(z))|x < Coplz)x

We will be interested in X = éév

Problem: for a given X and size n x /N find the largest
values of & for which we have instance-optimality and
the encoder-decoder pairs (¢, A) which admit these
values of k

-
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Optimal Matrices

- .

# What properties of a matrix ® determine whether it is
optimal or near optimal for these problems?
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Optimal Matrices

=

What properties of a matrix ® determine whether it is
optimal or near optimal for these problems?

The secret lies in the null space N of ©
We say ¢ has the null space property in X if

Inllx < Coox(n)x, neN

When X = eéV for some ¢ then an equivalent formulation
IS

x, neN

In7llx < Cil|lnre
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Optimal Matrices

=

What properties of a matrix ® determine whether it is
optimal or near optimal for these problems?

The secret lies in the null space N of ©
We say ¢ has the null space property in X if

Inllx < Coox(n)x, neN

When X = eéV for some ¢ then an equivalent formulation
IS
x, neN

In7llx < Cil|lnre

Elements in the null space should have no structure - J
look like noise
IMA 2007 — n 26/



Main Result
-

Theorem (Cohen-Dahmen-DeVore) Given an n x N matrix
®, anorm || - || x and a value of k, then to have instance
optimality in X with a constant C\y a hecessary and
sufficient is that ® has the null space of order 2k with a
constant C'; where C'; = Cj/2 In the sufficient part and

(1 = Cy in the necessary part.

=

o -
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Proof of Sufficiency

-

® define a decoder A for ¢

A(y) := Argmin o (2) x
zeF (y)
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Proof of Sufficiency
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® define a decoder A for ¢

A(y) := Argminog(2) x
zeF (y)

® =1 — A®(z))isin N

® ||z —A(P(z))|lx < (Co/2)ook(r — A(D())x
< (Co/2)(ok(z)x + op(A(P(7))x) < Coor(z)x
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Proof of Sufficiency

-

® define a decoder A for ¢

A(y) := Argminog(2) x
zeF (y)

® n=u0—AD)isin N

» HSU—A( (2)llx < (Co/2)oar(r — A(P(2)) x
< (Co/2)(ok(z)x + op(A(P(7))x) < Coor(z)x
(

® We used ooy, (z+ 2)x < op(2)x + 0p(2) x

o -
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Proof of Sufficiency

define a decoder A for ®

A(y) := Argmin o (2) x
zeF (y)

n:=ux—AP®(x))isin N

|z — A(®(z))]| x < (Co/2)oak(r — A(P(7))x
< (Co/2)(ok(z)x + op(A(P(7))x) < Coor(z)x
We used O'Qk(fl?—‘rZ)X < O'k;( )X“I_Uk( )X

The last inequality uses the fact that A(®(z)) minimizes
or(z) over F(y)

-
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