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Motivation

Computation of Averages
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Convergence of Averages
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Divergence of Trajectories

2-norm deviation




Goal

@ What is the error in an average from a MD trajectory?
Error = ’<A>numerical - <A>exact’
@ Any estimate must account for two factors:
Error < Statistical Error + Truncation Error

o ASyII [)|()|iC BOU Id:
ITOor
= 1 \/E 2
()] |a|k W||| OCUS on truncation error.

Paper on statistical error:
E. Cances, F. Castella, P. Chartier, E. Faou, C. Le Bris, F. Legoll, G. Turinici, '04, '05.
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@ Newton's Equations: Force = mass x acceleration

g=p/m and p=-VU(q)
g = position, m = mass, p = momenta
o First Order System

z=F(z), where
@ Exact Solution Map

F:R"—R"

z(t) = ¢ (to, 20)
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@ Time Average:

1t
{A)time = lim ?/0 A(z(r))dr
@ Ensemble Average:
(A)ensemble = /Q A(z)p(z)dz
e Ergodicity

<A>time

= <A> ensemble

(a.e.)
«40)>» «Fr» «E» « E = oA
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e Continuity Equation for the Probability Density
dp

F)=0
¢ TV (pF)
@ Generalized Liouville Equation

or

s F —
Dt+ pV - 0

Dinp
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@ Nosé-Hoover Vector Field

dq

- M1
dt P
dp §
d¢ Ty -1
=S = pTMp—ghksgT
dt P P — 8KB

@ Invariant Distribution

o ex b lTM_1 + U( )+§



Error Analysis

o First Order System
z=F(2)

@ Forward Error:
Is the numerical trajectory close to the exact trajectory?

1Zae (t) —z(t)[| < CAL?

@ Backward Error:

Is the numerical trajectory actually an exact trajectory, but for a
different problem?

IFae(z) = F(2)|| < CA?

“Method of Modified Equations”
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e Ergodicity:

Exact trajectories are sensitive (chaotic) to perturbations in the initial
conditions
— Large Forward Error.

@ Statistics:

Thermodynamic properties (averages) are not a function of the
details of the initial conditions
— Small Backward Error.

«O>» 4F» «=)» «=) = oA



Backward Error Analysis: Modified Equations

o Given a pth-order numerical method, W, we can always construct a
modified vector field, Fa¢, such that the numerical method provides a
gth-order approximation to the flow of the modified system.

@ If the numerical method and vector field are time-reversible
(symplectic/Hamiltonian), the modified vector field will be

time-reversible (symplectic/Hamiltonian).

@ Unfortunately, even if the vector field is analytic, the modified vector
field does not converge as g — oc.

@ Fortunately, it is still useful as a truncated series.
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@ Hamiltonian

1 _
H(q.p) = 5p"M~'p+ U(q)
o Verlet
At
n+1/2 n__ =2°% n
p > VU(d")
qn+1 — qn+AtM_lpn+l/2
At
n+1 nt+l1/2 _ =* n+1
p 5 VU (a™)
@ Splitting
1
Hi=p"M~p,

H> = U (q)
«O>» «F>» «E» «E>» = A
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Example: Verlet

e Strang Splitting
exp (AtL) = exp <A2t£2) exp (AtLy) exp <A2t£2> +0 (A%

L=L1+Ls
Li=M1p.V, La=-V,U(q)- -V,
o Modified Equations

—Ir A A
exp (AtC[A]t> = exp <2t£2> exp (AtL1) exp <2t£2> +0 [At”’l]

Solve for Z[Ar]t using Baker-Campbell-Hausdorff formula
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@ Original Hamiltonian:

1
H(q,p) =
@ Modified Hamiltonian:

szM‘lp +U(q)

t? 1
Hane(9,P) = H(a:p) + 05 (pTM‘lU”M‘lp — —VUTM_lVU)
Verlet conserves Ho a; to 4th order accuracy!



Example: Generalized Leapfrog

o Generalized Leapfrog

pn+1/2 - p— %VqH <qn’ pn+1/2>
gl = gng %V H <qn,pn+1/2)
prtl = prtl/2 Atv H ( +1 pn+1/2>
gl = grtl2 4 %V,,H (qn+ 7pn+1/2)

o Generalized Leapfrog Modified Hamiltonian:

At2
HAt H+ —- (2ququ/3, HPk + 2qupk Hpj qu HPij ququ)
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Liouville Equation for Modified Vector Field

o Modified Equations
dz

E = FAI‘ (?) where FAt F+ AtPG

o Modified Liouville Equation

ﬁ = —parV -Far

D\‘ ol

o Weighting factor

WAt i= Pp¢/p, assuming  p,pa; >0
implies

DDtIn(wAt):AtP(V'G+G~VInp)
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@ Truncation Error Estimate

<A> Num

- <A>Exa.ct

/rA(q,p)pAtdF—/rA(q,p)de
@ Reweighted Averages

<A>Num<1/WAt>Num - <A/wAt>Num
<1/wAt>Num

<A> Exact —

<A/wAt>Num
<1/wAt>Num

+ O[At"]



7 . 7

@ Nosé-Poincaré Hamiltonian

- 1 2
H(q,p,s,7rs)=5(2 T

+U(q)+E+ng Ins — Eg
2u
@ Nosé-Poincaré Modified Hamiltonian

— A
Hae = HNP+—tS E"TM_IVU
12 ws
1
— vy’
2V

_ 1 7., 1
M 1VU+S—2pTM WW'Mtp
_ L(l

2 2
20kT
BTM 15 ng> L 80T

e s
Pz
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Example:

@ Modified marginal distribution:

_ 1 - =1 1n
pnat(q,p)dpdg = C/J 0[Hat(q, s, B, ps) — Eo] dbdqdps ds,

= é/f 5[5<HN—H§+ARGHd,adqdpsds.
Ps

@ Change of variables, integrating
-1

1 0
p= / Mo\ gkg T + h°—G(q,€", p, ps) dps.
C s 877 =m0
= ———(H(g p)+é+h2 G(g.€™, p, ps) — HY
ng T ) 2” ) M ) )]

@ More mathematical manipulations

2 2 2
N At? 2pjpi Uquk UQj 1 pj
== - E —_— — —gkg T
P eXp{ § mjmy — m; Z . 8B

C 24kg T T Y P

b
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Example:

o Weighting Factor:

~ _Atz 2 TM—lul/ M—l
War A expy o |2P (@)M~"p

VU@ M@~ (T gy 7)1 }

o Reweighted Averages:

<A/wAt> Num

A Xac ~
(A e (1/wat)Num

@ Hybrid Monte Carlo:
J. lzaguirre and S. Hampton, J. Comput. Phys. 200, 2004.
E. Akhmatskaya and S. Reich, LNCSE 49, 2006.

@ Time correlation functions:
R. D. Skeel, Preprint, 2007.
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Numerical Experiment:

@ System:
e 256 Particle Gas

o Lennard-Jones Potential
o T =15¢/k, p=0.95r3, t =20r\/m/e

@ Method:
o Nosé-Poincaré (Symplectic, Time-Reversible)

o At =0.012r5\/m/e to 0.0001ryy/m/e

@ Reference:
e Bond, Laird, and Leimkuhler J. Comput. Phys. 151 1999.

o S. Bond and B. Leimkuhler Acta Numerica 16, 2007.
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e “Extended” Energy Conservation:

01 Nose-Hoover—Ex Nose-Poincare

relative energy error
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@ Improved Estimator
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@ Improved Estimator Error
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o Further testing with more systems and averages

@ Extensions to reduce computational cost

@ Other ensembles and numerical methods
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