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1
Atomic units: h=1,m.,=1,e=1, — =1
471'8()

Length unit: ag ~ 0.529 x 107!Y m (Bohr radius)
Energy unit: 1 Ha (Hartree) ~ 27.2 eV ~ (627 kcal /mol

Functional spaces
)= {0 B R | ol = [ o < oo
R
H'(RY) ={¢c L(R") | Vo¢e (L}(R"))}

/\L2(R3) ={v e LAR) | W), apw) = @) (@, an) }

}V\H1<R3 HY(R3) N (/\ L3(R?) )
i=1



1.1 - Ab initio interatomic potentials 5

In the absence of nuclear reactions, matter can be described as an
assembly of quantum nuclei and electrons interacting through the
Coulomb potential: No empirical paramaters!

Electrons: mass m, = 1, charge —1,

Nucleus k£ : mass 1836 < my, < 400000, charge z, € N*

mp > m, =1

4

. most often . . . .
nuclei ~  classical point-like particles
electrons = quantum delocalized particles
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Born-Oppenheimer approximation (M nuclei and N electrons)

M + N-body time-dependent Schrodinger equation (nuclei + electrons)

Extremely accurate model - No empirical parameters - Intractable

N
Adiabatic limit || &= ( ‘ ) — 0

M-body time-dependent Schrodinger equation (nuclei only)
Effective potential W (zy,--- T y)

Semiclassical limit I h—0

Classical Hamiltonian dynamics (point-like nuclei)

Same effective potential W (zy, -, Zy)
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Ab initio molecular dynamics

Nuclear positions and momenta: ({Z,(t)}, {p.(t)}) € R** x R*

( @< _ a[_[nuc _ pk(w
dt Opy, my
\
D) = T = VW (0} Ap(0)
Hoywe({Zi}, {pr}) = Z % + W (21, ,Zm)
k=1

W(zy,--- ,xy) effective potential (free of empirical parameters)
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Effective interatomic potential (singlet spin state)

N _ T RER]
Wiane o) = BHED) + Y
|<k<i<p I7E T
- N N M R | N
HUH — N ZA LB L(R?
R B D DD D e LD Dl s BN ACAUY
1=1 1=1 k=1 1<i<y<N 1=1

Spectrum of the electronic Hamiltonian H]{Vj’“} for neutral molecules
and positive ions (Zhislin theorem)

o (1) = { () < By(HTY) < B(u(Y) - b U ), o)

HiMp = B V() Tpvy) = E(p) (T1, -+, 2N)
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Strengths of the model:

e allows to simulate a wide variety of phenomena
e does not contain any parameter specific to the system

e is extremely accurate

Ionization energy of Helium (Korobov & Yelkhovsky PRL 2001)

— calculations: 5 945 262 288 MHz, 5 945 204 223 MHz with RC
—exp.: 5 945 204 238 MHz (1997), 5 945 204 356 MHz (1998)

Weaknesses of the model:

e PDE (spectral problem) set in R*"

e Chemical accuracy is required



1.1 - Ab initio interatomic potentials 10

Chemical accuracy:
energy of a C atom : ~ 100 Ha
energy of a H atom : 0.5 Ha
energy of a covalent bond : ~ 0.15 Ha (100 kcal /mol)
electronic excitation energy : ~ 0.03 Ha (1 eV)
kT at room temperature : ~ 0.001 Ha (1/40 eV)
van der Waals characteristic energy : ~ 0.0003 Ha (0.2 kcal /mol)

spectroscopic accuracy : ~ 0.000005 Ha (1 cm—l)
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Ab 1nitio simulations in 2007
A few atoms (small organic molecules): spectroscopic accuracy
A few dozens of first- or second-row atoms: chemical accuracy
Several hundreds / a few thousands of atoms: qualitative results

W.R.(?): 1.4 million-atom DFT simulation on 1.2 x 10!! grid points
(A. Nakano et al. 2006)
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N—-body
Schrodinger
equation

— Hartree—Fock

— Variational — CI
-~ MCSCF

- MPn
— Non variational cC

Wavefunction methods

-~ Sparse grids

Orbital free
Density functional theory [

(DFT) Kohn—-Sham
VMC
Quantum Monte Carlo [
DMC

Reduced Density Matrix

Density Matrix functional theory
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From now on, the positions {Z;} of the nuclei are considered as fixed.

In order to simplify the notation, we set

HUC Z
|z — xk|

and

Nl N
HN:_Z;§A¢+2 nucwz =+ Z z_$j|

1<i<y<N

The problem is now to compute the lowest eigenvalue E, of Hy op-
N

erating on /\LQ(RP’). The variational characterization of Ej reads
i=1

= inf {(WIHY), o €Wn} Wy = {w e NH'(RY), (|92 = 1}

1=1
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Hartree-Fock approximation

N
Ey = mf{([HN|), v € Wy} Wy = {@b e NH'(RY), ¢l = 1}
1=1

The HF method is variational: the exact energy (¢|Hy|¢) is mini-
mized on the subset of VVy consisting of Slater determinants

{¢:¢1/\~-/\¢N, ¢; € H'(R?), Lg¢i¢j:5ij}
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Rewriting the minimization problem in terms of & = {¢;}, one obtains

By < B = inf {EHF(@), ® = {¢;} € (H'(R*)" / Pipj = 5@3}

N
1
EHF<(I)) = —Z/S‘V¢i|2+/3p®‘/nuc
1 2
//pcp v . 2 __/ Yo (2, y)| do dy
R3 JR3 \f—y\ 2 Jys Jrs | —y

nuc Z ‘CE’ _ $k| /Y Z ¢z IO@(I‘) — Z |¢z($> ’

Existence of a minimizer of the HF problem for neutral systems and
positive ions: Lieb-Simon (1977), see also P.-L. Lions (1987)
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kinetic energy nuclear-electron interaction

l !
N
EHF((D) - %Z/ ‘v¢i|2+/3p®vnuc

1 2
R3 JR3 \f—y\ 2 Jr3 Jrz |T—y
T

Coulomb electronlc energy (exact) exchange

N N
Z;/RS ‘V¢i|2 _ Z;/Rg(—ﬁqbi)gbi = — /3 A;{Y@([E,yﬂy:x dr = Tr (—A~vgp)

R

ET (@) = £ (1e)
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Hartree-Fock equations (Euler-Lagrange + invariance + loc. min.)

’

1
—§A¢z‘ + Wa i = €,9; 1 <1< N
</¢i¢j=5ij 1 <4,) <N
R3
g1 <e9g < ---gny are the lowest N eigenvalues of —§A + Ws
\

Nonlinear eigenvalue problem

o i - ’Y@(';ZJ)
W(IDQS — (Vnuc + Po * |ZC|) ¢ /R3 | . _yl §b<y) dy

No unfilled shell property (Bach, Lieb, Loss, Solovej): ey < ey
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Limitations of the Hartree-Fock method

. pHF
Ecorrelation - E() - EO Z 0.
Three situations may occur :

1. Hartree-Fock is accurate enough for the purpose of the study

2. Hartree-Fock is not accurate enough but the N-body ground state
can be correctly approximated by a “small” number of Slater de-
terminants

Non dynamical correlation =- Multiconfigurations or DFT

3. The ground state cannot be correctly approximated by a “small”
number of Slater determinants

Dynamical correlation = DFT or Quantum Monte Carlo
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Hohenberg-Kohn splitting of the electronic Hamiltonian

N
Ey =mf{(Y|Hn|), & eWxy,  Wy= {¢ c NH'R®),  [[]2 = 1}
1=1

N
Hy = Hy+ Y Viuelz:)
1=1

N M
1 1 2k
HO - _Ax + ; Vnu —
Yeolgtat X = m LTy
1=1 1<i<y<N k=1
Electronic density
v eWy +—  pylz)=N [W(x, 29, -+, an)|Pdas - - day
R3(N—1)
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20

Levy-Lieb constrained search approach

Ey

inf (| )

nf <<wﬂw w (Z Vel ) )
ot ({68100 + [ Ve

. 0

I%fw\lgbf:p ((MHN\ZM + /R3 P‘/;luc)

inf (Fﬁ(p) + / anuc)
p R3
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Levy-Lieb functional

Ey=inf {FI{\IKIO) + /Bﬂ%uc, p < RivL}
R
Fiy(p mf{ (W[HY[¥), e Wy st Py = ,0}

Riy ={p, e Wy st pzp:p}:{pZO, Vp € H'(R?), /Rgp:N}

FA (p) is a “universal” functional of the density

Problem: no easy-to-compute expression of I} (p) is known.



1.4 - Kohn-Sham model 22

. For N non interacting electrons, the density functional is (approx-
imatively) given by

N N
Tys(p) = 5 R (R’ i9j = 0ij i|> =
2(0) {;Q/RBW oer®) [oo-a, Yo p}

. For a classical charge distribution of density p, the Coulomb in-
teraction reads

o

. Kohn and Sham proposed the following decomposition of Fﬁ\ﬂ

FY (0) = TR(0) + J(p) + Euelp)  where  Eyo(p) € BY (0)~T(p)—J ()

FE,. 1s called the exchange-correlation functional
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Exchange-correlation functional

|Exe(p)] << J(p) and Tys(p)

A possible approximation of E,.(p) is

EXPNp) = [ eulpl)) da

where e,.(p) is the exchange-correlation energy density in a homoge-
neous electron gas of density p

—  Local Density Approximation (LDA)

The function ¢, : R, — R is obtained by interpolation of benchmark
Quantum Monte Carlo calculations on the homogeneous electron gas
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Rewriting the minimization problem in terms of & = {¢;}, one obtains

Ey ~ inf {EKS(@), b = {¢@} 6 / ¢2¢] — 5@]}

EKS((I)> — li/ |V¢i|2-l—/ Vo
/R/R Pl dzdy + [ eupolo)) de

M N
with  Vie=—> = o)’
1=1

k=1
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Although obtained by totally different approaches, Hartree-Fock and
Kohn-Sham LDA models have similar mathematical structures

Hartree-Fock Kohn-Sham LDA

Ey ~ inf {E"F(D), D€ S} Ey~inf {E*(®), €S}

IZ I/\

N
1 1 2
EHF<(I)) — 5 § / ‘v¢2|2+/ IO<I>Vnuc+J<pCI>) __/ |7¢($)y>‘ d[lﬁdy
2, 3 3 2 Jr3 JR3

|z —y|

E5S(0) —Z [ 190+ [ oavi+ Tu)+ [ eulpole)ds

S = {CD {¢;} € (HY(R?))Y /qﬁzqs]_aw}
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LDA can be improved (on average) by taking into account

e the local inhomogeneities of p through the gradient of p

GGA = € o\T), P\ T X
ESN®) = [ eulpola). Voulo) d

—  Generalized Gradient Approximation (GGA)

e the nonlocality of the exact functional through the kinetic energy
density of the Kohn-Sham orbitals

1N

B CN®) = [ elpa(o). Voulo) mla)) dr,  mola) = 53 Vool

—  meta-GGA
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e some exact-exchange contribution

ER0) = [ (o), Tpala) mla)) o= [ [ DD

R \f—y‘

‘ 2

dx dy

——  Hybrid functionals

Self interaction in DFT

For one electron systems (p,(x) = |d(x)|?)
5 V6 [ Vi
ES(g) = / Vol + [ poVine+ T+ [ | exclpola). Vpola). i) da

E™(¢) =

For one-electron systems, the Hartree-Fock energy coincide with the
exact (Schrodinger) energy, while the Kohn-Sham energy does not
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Jacob’s ladder (Perdew)

Heaven Exact exchange—correlation functional

Rung 5 . : : : :
explicit functionals of the Kohn-Sham occupied and unoccupied orbitals
SAOP, ...

Rung 4 y : . . : :

ung explicit functionals of the density matrix (ex: hybrid functionals)

1/2 & 1/2, B3P, B3LYP, PBEO, O3LYP, X3LYP, mPW1PW91, BMK, PWB6K, B1B95, PW6B95, TPSSh

Rung 3 meta-GGA (explicit in p(z), Vp(x) and 7(z Z Vi
BR89, tauPBE, VSXC, BB95, TPSS, PBS00, LAP,

Rung 2 L

g GGA (explicit in p(x) and Vp(zx))

sIC, PW91, BLYP, mMPWPW91, PBE, revPBE, G96LYP, HCTH, OPTX, EDF1, ...

Rung 1 LDA (explicit in p(z))

Earth
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Exchange-correlation functionals are usually split as follows

Exc — EX + Ec

FEy: exchange functional, local approximation of the Hartree-Fock
exchange energy

ELPA (D) = —C’X/ po(2)*3 da
R3

GGAPBE/f) _ _ )4/3 bsg(r)” . o (1) — Vo ()|
k. (@) CX/R?)%( ) (1—|—1—|—CL8¢<ZC)2) dx, o(7)

E.: correlation functional

ugly multiline analytical formulas ...
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Discretization of the Hartree-Fock and Kohn-Sham models

Mbolecules, clusters
Implicit solvent

Crystalline materials
Periodic systems

Atomic orbitals

Gaussian, Gamess, Molpro, Dalton,

Crystal, Gaussian,

(variational) QChem, Jaguar, ADF (Slater AO), ... Siesta (numerical AO)
Planewaves irrelevent PWSCF (Quantum espresso), Abinit,
(variational) Castep, CPMD, Onetep, Vasp, ...

Grid methods Parsec (Talk by Y. Saad), Parsec
(non variational) Talk by J.-L Fattebert
Wavelets Bigdft (Talk by S. Goedecker) Bigdft

(variational)
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Galerkin variational approximation

X = {Xput1<,< v, basis of a finite dimensional subset of 7 LRY).

<
B = B =inf {ET (D), ®e S}

SX =4 b= {¢z} S (Hl(R?)))N? ¢Z(x> - Z CM XM($)7 ¢Z¢J — 5ij
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Discretized formulation of the HF problem

By Y =if {EFF(CCT), C € M(N,N), CTSC =1y}

E"(D) = Tr(hD>+%Tr(G(D>D>, (G(D)w = Y [(pw|KA) = (pAlrv)] Dy
Electronic integrals

e Overlap integrals: S, = / XuXv
R3

1
e Monolectronic integrals : 1, = - [ Vx, - Vx, + / ViueX X

2 R3 R3

/ /
e Bielectronic integrals: (uv|x\) :/ / X)X (@)Xl 2 >Xk<x)dx da’
R3 JR3 |x — x/‘
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Fundamental remark (Boys 1950): if the x, are gaussian-polynomials

Xu(x) = pu(z) exp(—ay |z — 37M|2) p,, polynomial

then the monoelectronic integrals

S,LW — ,/}{3 XuXvs h / vX,LL VXV Z / ZC — CU]{;‘

and the bielectronic integrals

/ !/
/LV‘/{/)\ / / X,u XV ( )X)\<x>d$d$/
R3 R3 ‘CU — CUll

can be computed analytically
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(Gaussian atomic orbital basis sets

1. A collection {fﬁl}K
SUST A
sian polynomials are associated with each chemical element A of
the periodic table: these are the atomic orbitals of A

of n 4 linearly independent contracted gaus-

2. To perform a calculation on a given chemical system, one builds
a basis {x,} by putting together all the atomic orbitals related to
all the atoms of the system

Example of the water molecule H,O

I =& @ —2m), &y (o —2m): &' (@ = Zmy), -, &y (@ — Tay);

510(55 - ‘fO)) T afgo(f - iO)} )

where Ty, Ty, and Tp denote the positions in R® of the Hydrogen
nuclei and of the Oxygen nucleus respectively
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Ey" < B = if {E"F(CCT), C ey}
= wf{E"(D), D e Py}

" it {BF(D), D e Py}

EHF(D) = Te(hD) + %Tr(G(D)D)

1 1

linear quadratic

Cv = {CeR™WY, CTSC = Iy}
Py = {DeRWM D'=D  DSD=D, Tr(SD)=N}
Py = {DeRWN, DI'=D  DSD<D, Tr(SD)=N}
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We denote by F'(D) = h+ G(D) the Fock matrix, i.e. the gradient of

EMF(D) = Tr(hD) + 5Tr(G(D)D) for the Frobenius inner product.

Necessary conditions for D being a local minimum of the HF problem
(DZTS(DJ = 52']'

{ €1 < ey <--- < ey are the lowest N eigenvalues of F(D)¢ = eS¢

N
D=> o]
\ 1=1

Nonlinear generalized eigenvalue problem

Discrete no unfilled shell property: sy < ey
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Roothaan algorithm

( F(Dk:)q)k‘+1 _ 8/§:+1 S(I)]-H_l
(Di-ﬁLl TS®§+1 _ 5ij

{ il <l <. < ehl are the lowest N eigenvalues of F(D")¢ = eS¢

N
k+1 __ k+1xk+1T
D= o)

\ 1=1

Theorem. (E. C. and C. Le Bris, M2AN 2000) The sequence (D&
generated by the Roothaan algorithm satisfies one of the following two properties

e cither (D) converges toward a solution to the HF equations

e or (D) oscillates between two states, none of them being solution to the
HFE equations
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Optimal damping algorithm (E.C. and C. Le Bris, IJQC 2000)

Initial guess Dy ——>  Dj, = Dy, Dy = Dy —¢

SCF loop Din
L Computation of the Fock matrix
n)

Minimization of a second degree polynomial D, = D4

F(D
T Din = (1 — @)Dy + aDyys L Diagonalization + Aufbau
o = arginf { B (Dyy + X(Dow — D)), A€ 0,11} D,

[:
ut

Convergence test

Yes

No L Din = Dout ? Dopt - Dout

Theorem. The sequence (EWF(Dy)) generated by the ODA algorithm mono-

tonically decreases to a critical value I of the HF problem. Both (Dy) and (Dy)
“numerically” converge to a critical point of the HF problem with energy I
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Extension to KS and improvements of ODA (joint work with K. Kudin,
G. Scuseria and G. Turinici, JCP 2001-2002-2003)

Comparison between DIIS (Gaussian 98) and EDIIS (Gaussian 03)

System EYY(Dy) | DIIS (Ha) | EDIIS (Ha) | AE (kcal/mol)
CH3-NH-CH=CH-NO, | -374.0038 | -375.3869 | -375.3869 0
6-31G -322.2373 | Do not CV | -375.3869 -
Cr, -2069.5400 | -2085.5449 | -2085.8060 163.71
6-31G -2051.4339 | -2085.4042 | -2085.8060 251.93
[Fe(H,0)¢]*" -1700.7596 | -1717.8928 | -1718.0151 76.68
178 AO -1538.7283 | -1717.7355 | -1718.0151 175.31
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Computational bottlenecks

Initial guess Dy

Dy, = Do, Din = Dy ﬁv

SCF loop .

Computation of the Fock matrix

O(N4) — O(N2'7) — O(N)

Minimization of a second degree polynomial D, = D4

D;

D
N - Dlagonahzatlon + Aufbau
-Din = (1 - a)Dzn + aDout N3 — O( )
L o = arginf { E"(Dyy + A(Dow — Din)), A€ 0,11} Do

Convergence test

No Yes
| zn = Dout . Dopt = Dout
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e For quantum nuclear dynamics, the quantity of interest is the
potential W/

e For classical nuclear dynamics, the quantities of interest are the

forces —V; W

e For semi-classical nuclear dynamics and for computing some prop-
erties as well, higher derivatives of IV are also needed

Often, and in particular for HF et KS models, W is defined by an
equality constrained minimization problem and analytical derivatives

are available
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Functions defined by equality constrained optimization problems
W(z) =inf{E(z,¢), ¢€eH, @ ¢) =0} (1)
Assume (1) has a unique minimizer ¢(z) and = — ¢(7) is regular

aw d OF do

o (@) = g (B o@)| - 520, 0(20)) + (Vo E(20, 6(20)), (7))

Euler-Lagrange: V,E(Zo, ¢(Zo)) + Vec(To, d(To))" - A(Zo) = 0,

(EO@) =0 > (@, 6(E0) + Vel oT0) - So(E) =0
dW OF dc

Therefore %(f 0) = o —(Zo, ¢(Tg)) + (A (To), %(«To, P(0)))
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One-electron systems

The wavefunction of a one-electron system is not a function of ¥(z) €
L*(R?) but a function

V(x,0) € L(R* > {[1),]1)},C)
oed{lT),l 1)} o: spin variable

As |
Hl — _§A + V;luc

is real and spin-independent, the eigenvalues of H; on L>(R*x{| 1),] [)},C)
and on L?(R’) are the same
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Two-electron systems

Two-electron systems are described by wavefunctions
2
U(zy,00;m9,09) € \ L*(R* < {| 1),| 1)}, C)
i=1
i.e. satisfying the Pauli principle

U(zg, 09; 21, 01) = =V (21, 01; 2, 09)

As
1 1
Hy=—=A,, — =A, + Ve Viue
2 2 1 2 2 —|_ (’I1> —|_ ($2> —|_ ‘ml o $2|

i1s real, the eigenvalues of Hy; on /\22:1 LAR* < {| 1),] 1)},C) and on
N (R < {] 1), 1)} R) are the same
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Electronic Hamiltonians commute with the spin operators S. and S?

It is possible to search eigenfunctions of H, that also are eigenfunc-
tions of S. and S”

The eigenfunctions of both S, and S? are known:
e singlet states
U(xq,01; 79, 09) = Ve(w1, x9) fulor, 09), U, symmetric, f, antisymmetric
e triplet states

U(xzq,01;T9,09) = Vy(x1, 22) fs(071,09), U, antisymmetric, f, symmetric

To get the eigenvalues of Hy on A\”_, LA (R® x {| 1),| 1)}, R), it suffices
to compute the eigenvalues of H,

o first on L% (R*) ®yumm LA(R?) (singlet states)
e then on L?(R*) A L?(R?) (triplet states)
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N-electron systems

N-electron wavefunctions are of the form
N

blaron--sav,on) € N LR x | 1),] 1)}, €)

i=1
As Hy is real, the eigenvalues of Hy on A\, L*(R® x {| 1),] |)},C)
and on A\, L*(R® x {| 1),] |)},R) are the same.

Hartree-Fock and Kohn-Sham one-electron functions are spinorbitals

di(z,0) € H R {|1),] )}, R)
Let o and [ defined by

aff ) =1 o ))=0 B(1H)=0 B =1

One can associate with any orbital ¢; € H'(R") the o and 3-spinorbitals

(i @ )(x,0) = ¢i(z)alo)  and (¢ @ f)(z,0) = di(z) B(o)
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Restricted HF and KS models (for closed shell systems, N = 2N,)
RHF and RKS states are points of the manifold

{®=(¢z)1<z‘<Np | g€ H(RY), /33@@:5”}

The related spinorbitals are

¢1®@7¢1®67'” 7¢Np®@7¢]\]p®/8

Np
Denoting by vg(z,y) = 2 Z oi(x = 2 Z |¢;(x)|*, one has
1=1
& L Ye(z, y)|°
ERHF<(I)) — |V§b@‘2 + / IO(PVnuC + J<l0(1>> o _/ ’ dx dy
ZZ:; R? R? 4 e Jrs o=yl
Np

RKS _ 12 e (po(z)) dz
Es@) = 3 [ 90+ [ Vit Tiow) + [ enlpataa
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Unrestricted HF and KS models
UHF and UKS states are of the form

{(@a D7) = (60 )12iznes (0 N1=izn,) | o7 € H(RY), . ¢ ¢ = 5¢j}

The related spinorbitals are

¢(11®C¥,'°° 7¢?\7a®@7¢f®/87'” 7¢]ﬁvﬁ®6

No

Denoting by vgo(z, ) Z o7 (x y Poo = Z |¢z’0|27 Pd = Poo T Py,
i=1

EUHF (I)cv (I)ﬁ ZZ/ |v¢ | +/ pCIDVnuC+J/O(I) __Z/ "V(IDUCUy| dr d

R3 |x—y|

U@, ) = 530 [ 1V6rP [ oVt T+ [ esalpn(a),paota) do

R R3

o 1=1



