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Outline of the talk 2.1 - Modelling

• Ab initio interatomi
 potentials
• Hartree-Fo
k model

• Density Fun
tional Theory (DFT)
• Kohn-Sham model

2 - Numeri
al issues
• Dis
retization in atomi
 orbital basis sets

• Algorithms (prelude to Yousef Saad's le
tures)

• Analyti
al derivatives

3 - A few words about spin



1 - Modelling



1 - Modelling 4.Atomi
 units: ~ = 1, me = 1, e = 1, 1

4πε0
= 1Length unit: a0 ≃ 0.529 × 10−10 m (Bohr radius)Energy unit: 1 Ha (Hartree) ≃ 27.2 eV ≃ 627 k
al/molFun
tional spa
es

L2(IRd) =

{
φ : IRd −→ IR | ‖φ‖2

L2 =

∫

IRd
|φ|2 <∞

}

H1(IRd) =
{
φ ∈ L2(IRd) | ∇φ ∈ (L2(IRd))d

}

N∧

i=1

L2(IR3) =
{
ψ ∈ L2(IR3N) | ψ(xp(1), · · · , xp(N)) = ε(p)ψ(x1, · · · , xN)

}

N∧

i=1

H1(IR3) = H1(IR3N) ∩
(

N∧

i=1

L2(IR3)

)



1.1 - Ab initio interatomi
 potentials 5.In the absen
e of nu
lear rea
tions, matter 
an be des
ribed as anassembly of quantum nu
lei and ele
trons intera
ting through theCoulomb potential: No empiri
al paramaters!Ele
trons: mass me = 1, 
harge −1,Nu
leus k : mass 1836 ≤ mk ≤ 400 000, 
harge zk ∈ IN∗

mk ≫ me = 1

⇓
{ nu
lei most often≃ 
lassi
al point-like parti
lesele
trons = quantum delo
alized parti
les



1.1 - Ab initio interatomi
 potentials 6.Born-Oppenheimer approximation (M nu
lei and N ele
trons)
M +N-body time-dependent S
hrödinger equation (nu
lei + ele
trons)Extremely a

urate model - No empiri
al parameters - Intra
table

Adiabati
 limit ⇓ ε =

(
me

mnuc

)1/2

→ 0

M-body time-dependent S
hrödinger equation (nu
lei only)E�e
tive potential W (x̄1, · · · , x̄M)Semi
lassi
al limit ⇓ ~ → 0Classi
al Hamiltonian dynami
s (point-like nu
lei)Same e�e
tive potential W (x̄1, · · · , x̄M)



1.1 - Ab initio interatomi
 potentials 7.Ab initio mole
ular dynami
sNu
lear positions and momenta: ({x̄k(t)} , {p̄k(t)}) ∈ IR3M × IR3M





dx̄k
dt

(t) =
∂Hnuc

∂p̄k
=
p̄k(t)

mk

dp̄k
dt

(t) = −∂Hnuc

∂x̄k
= −∇x̄kW ({x̄l(t)} , {p̄l(t)})

Hnuc({x̄k} , {p̄k}) =
M∑

k=1

|p̄k|2
2mk

+W (x̄1, · · · , x̄M)

W (x̄1, · · · , x̄M) e�e
tive potential (free of empiri
al parameters)



1.1 - Ab initio interatomi
 potentials 8.E�e
tive interatomi
 potential (singlet spin state)
W (x̄1, · · · , x̄M) = E0(H

{x̄k}
N ) +

∑

1≤k<l≤M

zkzl
|x̄k − x̄l|

H
{x̄k}
N = −

N∑

i=1

1

2
∆xi−

N∑

i=1

M∑

k=1

zk
|xi − x̄k|

+
∑

1≤i<j≤N

1

|xi − xj|

on N∧

i=1

L2(IR3)

Spe
trum of the ele
troni
 Hamiltonian H
{x̄k}
N for neutral mole
ulesand positive ions (Zhislin theorem)

σ(H
{x̄k}
N ) =

{
E0(H

{x̄k}
N ) ≤ E1(H

{x̄k}
N ) ≤ E2(H

{x̄k}
N ) · · ·

}
∪ [Σ(H

{x̄k}
N ),+∞)

H
{x̄k}
N ψ = E ψ ψ(xp(1), · · · , xp(N)) = ε(p)ψ(x1, · · · , xN)



1.1 - Ab initio interatomi
 potentials 9.Strengths of the model:

• allows to simulate a wide variety of phenomena
• does not 
ontain any parameter spe
i�
 to the system
• is extremely a

urateIonization energy of Helium (Korobov & Yelkhovsky PRL 2001)� 
al
ulations: 5 945 262 288 MHz, 5 945 204 223 MHz with RC� exp.: 5 945 204 238 MHz (1997), 5 945 204 356 MHz (1998)

Weaknesses of the model:
• PDE (spe
tral problem) set in IR3N

• Chemi
al a

ura
y is required



1.1 - Ab initio interatomi
 potentials 10.Chemi
al a

ura
y:energy of a C atom : ∼ 100 Haenergy of a H atom : 0.5 Haenergy of a 
ovalent bond : ∼ 0.15 Ha (100 k
al/mol)ele
troni
 ex
itation energy : ∼ 0.03 Ha (1 eV)

kBT at room temperature : ∼ 0.001 Ha (1/40 eV)van der Waals 
hara
teristi
 energy : ∼ 0.0003 Ha (0.2 k
al/mol)spe
tros
opi
 a

ura
y : ∼ 0.000005 Ha (1 
m−1)



1.1 - Ab initio interatomi
 potentials 11.Ab initio simulations in 2007A few atoms (small organi
 mole
ules): spe
tros
opi
 a

ura
yA few dozens of �rst- or se
ond-row atoms: 
hemi
al a

ura
ySeveral hundreds / a few thousands of atoms: qualitative resultsW.R.(?): 1.4 million-atom DFT simulation on 1.2×1011 grid points(A. Nakano et al. 2006)



1.1 - Ab initio interatomi
 potentials 12.

Schrodinger

Density functional theory
(DFT)

VMC 

DMC 

 

Variational

Non variational
MPn

CC

Sparse grids

Kohn−Sham 

Orbital free

CI

MCSCF

Hartree−Fock

N−body 

equation 
       ¨

Reduced Density Matrix 

Density Matrix functional theory

Quantum Monte Carlo 

Wavefunction methods 



1.1 - Ab initio interatomi
 potentials 13.From now on, the positions {x̄k} of the nu
lei are 
onsidered as �xed.In order to simplify the notation, we set
Vnuc(x) = −

M∑

k=1

zk
|x− x̄k|and

HN = −
N∑

i=1

1

2
∆xi +

N∑

i=1

Vnuc(xi) +
∑

1≤i<j≤N

1

|xi − xj|The problem is now to 
ompute the lowest eigenvalue E0 of HN op-erating on N∧

i=1

L2(IR3). The variational 
hara
terization of E0 reads

E0 = inf {〈ψ|HN |ψ〉, ψ ∈ WN} WN =

{
ψ ∈

N∧

i=1

H1(IR3), ‖ψ‖L2 = 1

}



1.2 - Hartree-Fo
k approximation 14.Hartree-Fo
k approximation

E0 = inf {〈ψ|HN |ψ〉, ψ ∈ WN} WN =

{
ψ ∈

N∧

i=1

H1(IR3), ‖ψ‖L2 = 1

}

The HF method is variational: the exa
t energy 〈ψ|HN |ψ〉 is mini-mized on the subset of WN 
onsisting of Slater determinants

{
ψ = φ1 ∧ · · · ∧ φN , φi ∈ H1(IR3),

∫

IR3
φiφj = δij

}

(φ1 ∧ · · · ∧ φN)(x1, · · · , xN)

def
=

1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣

φ1(x1) φ1(x2) · · · φ1(xN)
φ2(x1) φ2(x2) · · · φ2(xN)

· · ·
· · ·
· · ·

φN(x1) φN(x2) · · · φN(xN)

∣∣∣∣∣∣∣∣∣∣∣∣



1.2 - Hartree-Fo
k approximation 15.Rewriting the minimization problem in terms of Φ = {φi}, one obtains

E0 ≤ EHF
0 = inf

{
EHF(Φ), Φ = {φi} ∈ (H1(IR3))N ,

∫

IR3
φiφj = δij

}

EHF(Φ) =
1

2

N∑

i=1

∫

IR3
|∇φi|2 +

∫

IR3
ρΦVnuc

+
1

2

∫

IR3

∫

IR3

ρΦ(x) ρΦ(y)

|x− y| dx dy − 1

2

∫

IR3

∫

IR3

|γΦ(x, y)|2
|x− y| dx dy

Vnuc(x) = −
M∑

k=1

zk
|x− x̄k|

, γΦ(x, y) =
N∑

i=1

φi(x)φi(y), ρΦ(x) =
N∑

i=1

|φi(x)|2Existen
e of a minimizer of the HF problem for neutral systems andpositive ions: Lieb-Simon (1977), see also P.-L. Lions (1987)



1.2 - Hartree-Fo
k approximation 16. kineti
 energy nu
lear-ele
tron intera
tion
↓ ↓

EHF(Φ) =
1

2

N∑

i=1

∫

IR3
|∇φi|2 +

∫

IR3
ρΦVnuc

+
1

2

∫

IR3

∫

IR3

ρΦ(x) ρΦ(y)

|x− y| dx dy − 1

2

∫

IR3

∫

IR3

|γΦ(x, y)|2
|x− y| dx dy

↑ ↑Coulomb ele
troni
 energy (exa
t) ex
hange

N∑

i=1

∫

IR3
|∇φi|2 =

N∑

i=1

∫

IR3
(−∆φi)φi = −

∫

IR3
∆xγΦ(x, y)|y=x dx = Tr (−∆γΦ)

EHF(Φ) = EHF(γΦ)



1.2 - Hartree-Fo
k approximation 17.Hartree-Fo
k equations (Euler-Lagrange + invarian
e + lo
. min.)




−1

2
∆φi + WΦφi = εiφi 1 ≤ i ≤ N

∫

IR3
φiφj = δij 1 ≤ i, j ≤ N

ε1 ≤ ε2 ≤ · · · εN are the lowest N eigenvalues of −1

2
∆ + WΦNonlinear eigenvalue problem

WΦφ =

(
Vnuc + ρΦ ⋆

1

|x|

)
φ−

∫

IR3

γΦ(·, y)
| · −y| φ(y) dyNo un�lled shell property (Ba
h, Lieb, Loss, Solovej): εN < εN+1



1.2 - Hartree-Fo
k approximation 18.Limitations of the Hartree-Fo
k method
Ecorrelation := EHF

0 − E0 ≥ 0.Three situations may o

ur :1. Hartree-Fo
k is a

urate enough for the purpose of the study2. Hartree-Fo
k is not a

urate enough but the N-body ground state
an be 
orre
tly approximated by a �small� number of Slater de-terminantsNon dynami
al 
orrelation ⇒ Multi
on�gurations or DFT3. The ground state 
annot be 
orre
tly approximated by a �small�number of Slater determinantsDynami
al 
orrelation ⇒ DFT or Quantum Monte Carlo



1.3 - Density Fun
tional Theory 19.Hohenberg-Kohn splitting of the ele
troni
 Hamiltonian
E0 = inf {〈ψ|HN |ψ〉, ψ ∈ WN} , WN =

{
ψ ∈

N∧

i=1

H1(IR3), ‖ψ‖L2 = 1

}

HN = H0
N +

N∑

i=1

Vnuc(xi)

H0
N = −

N∑

i=1

1

2
∆xi +

∑

1≤i<j≤N

1

|xi − xj|
, Vnuc(x) = −

M∑

k=1

zk
|x− x̄k|

Ele
troni
 density
ψ ∈ WN 7→ ρψ(x) = N

∫

IR3(N−1)
|ψ(x, x2, · · · , xN)|2 dx2 · · · dxN



1.3 - Density Fun
tional Theory 20.Levy-Lieb 
onstrained sear
h approa
h
E0 = inf

ψ
〈ψ|HN |ψ〉

= inf
ψ

(
〈ψ|H0

N |ψ〉 + 〈ψ|
(

N∑

i=1

Vnuc(xi)

)
|ψ〉
)

= inf
ψ

(
〈ψ|H0

N |ψ〉 +

∫

IR3
ρψVnuc

)

= inf
ρ

inf
ψ | ρψ=ρ

(
〈ψ|H0

N |ψ〉 +

∫

IR3
ρVnuc

)

= inf
ρ

(
FN

LL(ρ) +

∫

IR3
ρVnuc

)



1.3 - Density Fun
tional Theory 21.Levy-Lieb fun
tional

E0 = inf

{
FN

LL(ρ) +

∫

IR3
ρVnuc, ρ ∈ RN

LL

}

FN
LL(ρ) = inf

{
〈ψ|H0

N |ψ〉, ψ ∈ WN s.t. ρψ = ρ
}

RN
LL = {ρ, ∃ψ ∈ WN s.t. ρψ = ρ} =

{
ρ ≥ 0,

√
ρ ∈ H1(IR3),

∫

IR3
ρ = N

}

FN
LL(ρ) is a �universal� fun
tional of the densityProblem: no easy-to-
ompute expression of FN

LL(ρ) is known.



1.4 - Kohn-Sham model 22.1. For N non intera
ting ele
trons, the density fun
tional is (approx-imatively) given by

TNKS(ρ) =

{
N∑

i=1

1

2

∫

IR3
|∇φi|2, φi ∈ H1(IR3)

∫

IR3
φiφj = δij

N∑

i=1

|φi|2 = ρ

}

2. For a 
lassi
al 
harge distribution of density ρ, the Coulomb in-tera
tion reads

J(ρ)

def
=

1

2

∫

IR3

∫

IR3

ρ(x) ρ(y)

|x− y| dx dy3. Kohn and Sham proposed the following de
omposition of FN
LL

FN
LL(ρ) = TNKS(ρ) + J(ρ) + Exc(ρ) where Exc(ρ)

def

= FN
LL(ρ)−TNKS(ρ)−J(ρ)

Exc is 
alled the ex
hange-
orrelation fun
tional



1.4 - Kohn-Sham model 23.Ex
hange-
orrelation fun
tional

|Exc(ρ)| << J(ρ) and TNKS(ρ)A possible approximation of Exc(ρ) is
ELDA

xc (ρ) =

∫

IR3
exc(ρ(x)) dxwhere exc(ρ̄) is the ex
hange-
orrelation energy density in a homoge-neous ele
tron gas of density ρ̄

−→ Lo
al Density Approximation (LDA)The fun
tion exc : IR+ → IR is obtained by interpolation of ben
hmarkQuantum Monte Carlo 
al
ulations on the homogeneous ele
tron gas



1.4 - Kohn-Sham model 24.Rewriting the minimization problem in terms of Φ = {φi}, one obtains

E0 ≃ inf

{
EKS(Φ), Φ = {φi} ∈ (H1(IR3))N ,

∫

IR3
φiφj = δij

}

EKS(Φ) =
1

2

N∑

i=1

∫

IR3
|∇φi|2 +

∫

IR3
ρΦVnuc

+
1

2

∫

IR3

∫

IR3

ρΦ(x) ρΦ(y)

|x− y| dx dy +

∫

IR3
exc(ρΦ(x)) dx

with Vnuc = −
M∑

k=1

zk
| · −x̄k|

ρΦ(x) =
N∑

i=1

|φi(x)|2



1.4 - Kohn-Sham model 25.Although obtained by totally di�erent approa
hes, Hartree-Fo
k andKohn-Sham LDA models have similar mathemati
al stru
turesHartree-Fo
k Kohn-Sham LDA
E0

≤
≃ inf

{
EHF(Φ), Φ ∈ S

}
E0 ≃ inf

{
EKS(Φ), Φ ∈ S

}

EHF(Φ) =
1

2

N∑

i=1

∫

IR3
|∇φi|2 +

∫

IR3
ρΦVnuc + J(ρΦ) − 1

2

∫

IR3

∫

IR3

|γΦ(x, y)|2
|x− y| dx dy

EKS(Φ) =
1

2

N∑

i=1

∫

IR3
|∇φi|2 +

∫

IR3
ρΦVnuc + J(ρΦ) +

∫

IR3
εxc(ρΦ(x)) dx

S =

{
Φ = {φi} ∈ (H1(IR3))N ,

∫

IR3
φiφj = δij

}



1.4 - Kohn-Sham model 26.LDA 
an be improved (on average) by taking into a

ount
• the lo
al inhomogeneities of ρ through the gradient of ρ

EGGA
xc (Φ) =

∫

IR3
exc(ρΦ(x),∇ρΦ(x)) dx

−→ Generalized Gradient Approximation (GGA)

• the nonlo
ality of the exa
t fun
tional through the kineti
 energydensity of the Kohn-Sham orbitals
Emeta−GGA

xc (Φ) =

∫

IR3
exc(ρΦ(x),∇ρΦ(x), τΦ(x)) dx, τΦ(x) =

1

2

N∑

i=1

|∇φi(x)|2

−→ meta-GGA



1.4 - Kohn-Sham model 27.

• some exa
t-ex
hange 
ontribution
Ehybrid

xc (Φ) =

∫

IR3
elocal

xc (ρΦ(x),∇ρΦ(x), τΦ(x)) dx−λ
2

∫

IR3

∫

IR3

|γΦ(x, y)|2
|x− y| dx dy

−→ Hybrid fun
tionalsSelf intera
tion in DFTFor one ele
tron systems (ρφ(x) = |φ(x)|2)
EHF(φ) =

1

2

∫

IR3
|∇φ|2 +

∫

IR3
ρφVnuc

EKS(φ) =
1

2

∫

IR3
|∇φ|2 +

∫

IR3
ρφVnuc + J(ρφ) +

∫

IR3
exc(ρφ(x),∇ρΦ(x), τΦ(x)) dxFor one-ele
tron systems, the Hartree-Fo
k energy 
oin
ide with theexa
t (S
hrödinger) energy, while the Kohn-Sham energy does not



1.4 - Kohn-Sham model 28.Ja
ob's ladder (Perdew)
Rung 1

Rung 2

Rung 3

Rung 4

Rung 5

Heaven Exact exchange−correlation functional

BR89, tauPBE, VSXC, BB95, TPSS, PBS00, LAP, ...

SIC, PW91, BLYP, mPWPW91, PBE, revPBE, G96LYP, HCTH, OPTX, EDF1, ...  

1/2 & 1/2, B3P, B3LYP, PBE0, O3LYP, X3LYP, mPW1PW91, BMK, PWB6K, B1B95, PW6B95, TPSSh, M05, ...

SAOP, ...

Earth
GGA (expli
it in ρ(x) and ∇ρ(x))

LDA (expli
it in ρ(x))

meta-GGA (expli
it in ρ(x), ∇ρ(x) and τ (x) =
N∑

i=1

|∇φi(x)|2)

expli
it fun
tionals of the Kohn-Sham o

upied and uno

upied orbitals

expli
it fun
tionals of the density matrix (ex: hybrid fun
tionals)



1.4 - Kohn-Sham model 29.Ex
hange-
orrelation fun
tionals are usually split as follows
Exc = Ex + Ec

Ex: ex
hange fun
tional, lo
al approximation of the Hartree-Fo
kex
hange energy

ELDA
x (Φ) = −Cx

∫

IR3
ρΦ(x)4/3 dx

EGGA,PBE
x (Φ) = −Cx

∫

IR3
ρΦ(x)4/3

(
1 +

b sΦ(x)2

1 + a sΦ(x)2

)
dx, sΦ(x) =

|∇ρΦ(x)|
ρΦ(x)4/3

Ec: 
orrelation fun
tionalugly multiline analyti
al formulas ...



2 - Numeri
al issues



2.1 - Dis
retization in atomi
 orbital basis sets 31.Dis
retization of the Hartree-Fo
k and Kohn-Sham models

Mole
ules, 
lusters Crystalline materialsImpli
it solvent Periodi
 systemsAtomi
 orbitals Gaussian, Gamess, Molpro, Dalton, Crystal, Gaussian,(variational) QChem, Jaguar, ADF (Slater AO), ... Siesta (numeri
al AO)Planewaves irrelevent PWSCF (Quantum espresso), Abinit,(variational) Castep, CPMD, Onetep, Vasp, ...Grid methods Parse
 (Talk by Y. Saad), Parse
(non variational) Talk by J.-L FattebertWavelets Bigdft (Talk by S. Goede
ker) Bigdft(variational)



2.1 - Dis
retization in atomi
 orbital basis sets 32.Galerkin variational approximation

χ = {χµ}1≤µ≤Nb basis of a �nite dimensional subset of H1(IR3).

EHF
0

≤
≃ EHF,χ

0 = inf
{
EHF(Φ), Φ ∈ Sχ

}

Sχ =



Φ = {φi} ∈ (H1(IR3))N , φi(x) =

Nb∑

µ=1

Cµi χµ(x),

∫

IR3
φiφj = δij





γΦ(x, y) =
N∑

i=1

φi(x)φi(y) =
N∑

i,j=1

[
CCT

]
µν
χµ(x)χν(y)



2.1 - Dis
retization in atomi
 orbital basis sets 33.Dis
retized formulation of the HF problem
EHF,χ

0 = inf
{
EHF (CCT ), C ∈ M(Nb, N), CTSC = IN

}

EHF (D) = Tr(hD)+
1

2

Tr(G(D)D), [G(D)]µν =
∑

κλ

[(µν|κλ) − (µλ|κν)] Dκλ

Ele
troni
 integrals
• Overlap integrals: Sµν =

∫

IR3
χµχν

• Monole
troni
 integrals : hµν =
1

2

∫

IR3
∇χµ · ∇χν +

∫

IR3
Vnucχµχν

• Biele
troni
 integrals: (µν|κλ) =

∫

IR3

∫

IR3

χµ(x)χν(x)χκ(x
′)χλ(x′)

|x− x′| dx dx′



2.1 - Dis
retization in atomi
 orbital basis sets 34.Fundamental remark (Boys 1950): if the χµ are gaussian-polynomials

χµ(x) = pµ(x) exp(−αµ|x− xµ|2) pµ polynomialthen the monoele
troni
 integrals
Sµν =

∫

IR3
χµχν, hµν =

1

2

∫

IR3
∇χµ · ∇χν −

M∑

k=1

zk

∫

IR3

χµ(x)χν(x)

|x− x̄k|and the biele
troni
 integrals
(µν|κλ) =

∫

IR3

∫

IR3

χµ(x)χν(x)χκ(x
′)χλ(x′)

|x− x′| dx dx′
an be 
omputed analyti
ally



2.1 - Dis
retization in atomi
 orbital basis sets 35.Gaussian atomi
 orbital basis sets1. A 
olle
tion {ξAµ}1≤µ≤nA

of nA linearly independent 
ontra
ted gaus-sian polynomials are asso
iated with ea
h 
hemi
al element A ofthe periodi
 table: these are the atomi
 orbitals of A2. To perform a 
al
ulation on a given 
hemi
al system, one buildsa basis {χµ} by putting together all the atomi
 orbitals related toall the atoms of the systemExample of the water mole
ule H2O
{χµ} =

{
ξH1 (x− x̄H1), · · · , ξHnH(x− x̄H1); ξ

H
1 (x− x̄H2), · · · , ξHnH(x− x̄H2);

ξO1 (x− x̄O), · · · , ξOnO(x− x̄O)
}
,where x̄H1, x̄H2 and x̄O denote the positions in IR3 of the Hydrogennu
lei and of the Oxygen nu
leus respe
tively



2.1 - Dis
retization in atomi
 orbital basis sets 36.

EHF
0 ≤ EHF disc

0 = inf
{
EHF (CCT ), C ∈ CN

}

= inf
{
EHF (D), D ∈ PN

}

(Lieb)
= inf

{
EHF (D), D ∈ P̃N

}

EHF (D) = Tr(hD) +
1

2
Tr(G(D)D)

↑ ↑linear quadrati


CN =
{
C ∈ IRNb×N , CTSC = IN

}

PN =
{
D ∈ IRNb×Nb, DT = D, DSD = D, Tr(SD) = N

}

P̃N =
{
D ∈ IRNb×Nb, DT = D, DSD ≤ D, Tr(SD) = N

}



2.1 - Dis
retization in atomi
 orbital basis sets 37.We denote by F (D) = h +G(D) the Fo
k matrix, i.e. the gradient of
EHF (D) = Tr(hD) + 1

2Tr(G(D)D) for the Frobenius inner produ
t.Ne
essary 
onditions for D being a lo
al minimum of the HF problem





F (D)Φi = εi S Φi

ΦT
i SΦj = δij

ε1 ≤ ε2 ≤ · · · ≤ εN are the lowest N eigenvalues of F (D)φ = εSφ

D =
N∑

i=1

ΦiΦ
T
i

Nonlinear generalized eigenvalue problemDis
rete no un�lled shell property: εN < εN+1



2.2 - Algorithms (prelude to Yousef Saad's le
tures) 38.Roothaan algorithm






F (Dk)Φk+1
i = εk+1

i S Φk+1
i

Φk+1 T
i SΦk+1

j = δij

εk+1
1 ≤ εk+1

2 ≤ · · · ≤ εk+1
N are the lowest N eigenvalues of F (Dk)φ = εSφ

Dk+1 =

N∑

i=1

Φk+1
i Φk+1 T

i

Theorem. (E. C. and C. Le Bris, M2AN 2000) The sequen
e (DRth
k )generated by the Roothaan algorithm satis�es one of the following two properties

• either (DRth
k ) 
onverges toward a solution to the HF equations

• or (DRth
k ) os
illates between two states, none of them being solution to theHF equations



2.2 - Algorithms (prelude to Yousef Saad's le
tures) 39.Optimal damping algorithm (E.C. and C. Le Bris, IJQC 2000)
Din = D0, D̃in = D0Initial guess D0

D̃in = (1 − α)D̃in + αDout

Din ≃ Dout ?
Dout

D̃in

F (D̃in)
Din = Dout

SCF loop

Convergen
e testNo
Computation of the Fo
k matrix

Dopt = Dout

Yes
Diagonalization + Aufbau

α = arginf {EHF(D̃in + λ(Dout − D̃in)), λ ∈ [0, 1]
}

Minimization of a se
ond degree polynomial

Theorem. The sequen
e (EHF(D̃k)) generated by the ODA algorithm mono-toni
ally de
reases to a 
riti
al value I of the HF problem. Both (Dk) and (D̃k)�numeri
ally� 
onverge to a 
riti
al point of the HF problem with energy I



2.2 - Algorithms (prelude to Yousef Saad's le
tures) 40.Extension to KS and improvements of ODA (joint work with K. Kudin,G. S
useria and G. Turini
i, JCP 2001-2002-2003)Comparison between DIIS (Gaussian 98) and EDIIS (Gaussian 03)

System EHF(D0) DIIS (Ha) EDIIS (Ha) ∆E (k
al/mol)

CH3-NH-CH=CH-NO2 -374.0038 -375.3869 -375.3869 06-31G -322.2373 Do not CV -375.3869 -

Cr2 -2069.5400 -2085.5449 -2085.8060 163.716-31G -2051.4339 -2085.4042 -2085.8060 251.93

[Fe(H2O)6]2+ -1700.7596 -1717.8928 -1718.0151 76.68178 AO -1538.7283 -1717.7355 -1718.0151 175.31



2.2 - Algorithms (prelude to Yousef Saad's le
tures) 41.Computational bottlene
ks

Din = D0, D̃in = D0Initial guess D0

D̃in = (1 − α)D̃in + αDout

Din ≃ Dout ?
Dout

D̃in

F (D̃in)
Din = Dout

SCF loop

Convergen
e testNo
Dopt = Dout

Yes
Computation of the Fo
k matrixDiagonalization + Aufbau

O(N3) → O(N)

O(N4) → O(N2.7) → O(N)

α = arginf {EHF(D̃in + λ(Dout − D̃in)), λ ∈ [0, 1]
}

Minimization of a se
ond degree polynomial



2.3 - Analyti
al derivatives 42.

• For quantum nu
lear dynami
s, the quantity of interest is thepotential W
• For 
lassi
al nu
lear dynami
s, the quantities of interest are thefor
es −∇x̄kW

• For semi-
lassi
al nu
lear dynami
s and for 
omputing some prop-erties as well, higher derivatives of W are also needed

Often, and in parti
ular for HF et KS models, W is de�ned by anequality 
onstrained minimization problem and analyti
al derivativesare available



2.3 - Analyti
al derivatives 43.Fun
tions de�ned by equality 
onstrained optimization problems
W (x̄) = inf {E(x̄, φ), φ ∈ H, c(x̄, φ) = 0} (1)Assume (1) has a unique minimizer φ(x̄) and x̄ 7→ φ(x̄) is regular

dW

dx̄
(x̄0) =

d

dx̄
(E(x̄, φ(x̄)))

∣∣∣∣
x̄=x̄0

=
∂E

∂x̄
(x̄0, φ(x̄0)) + 〈∇φE(x̄0, φ(x̄0)),

dφ

dx̄
(x̄0)〉

Euler-Lagrange: ∇φE(x̄0, φ(x̄0)) + ∇φc(x̄0, φ(x̄0))
T · λ(x̄0) = 0,

c(x̄, φ(x̄)) = 0 ⇒ ∂c

∂x̄
(x̄0, φ(x̄0)) + ∇φc(x̄0, φ(x̄0)) ·

dφ

dx̄
(x̄0) = 0.

Therefore dW

dx̄
(x̄0) =

∂E

∂x̄
(x̄0, φ(x̄0)) + 〈λ(x̄0),

∂c

∂x̄
(x̄0, φ(x̄0))〉
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3 - A few words about spin 45.One-ele
tron systemsThe wavefun
tion of a one-ele
tron system is not a fun
tion of ψ(x) ∈
L2(IR3) but a fun
tion

Ψ(x, σ) ∈ L2(IR3 × {| ↑〉, | ↓〉} ,C| )

σ ∈ {| ↑〉, | ↓〉} σ: spin variableAs

H1 = −1

2
∆ + Vnucis real and spin-independent, the eigenvalues ofH1 on L2(IR3×{| ↑〉, | ↓〉} ,C| )and on L2(IR3) are the same



3 - A few words about spin 46.Two-ele
tron systemsTwo-ele
tron systems are des
ribed by wavefun
tions
Ψ(x1, σ1; x2, σ2) ∈

2∧

i=1

L2(IR3 × {| ↑〉, | ↓〉} ,C| )i.e. satisfying the Pauli prin
iple
Ψ(x2, σ2; x1, σ1) = −Ψ(x1, σ1; x2, σ2)

As

H2 = −1

2
∆x1 −

1

2
∆x2 + Vnuc(x1) + Vnuc(x2) +

1

|x1 − x2|is real, the eigenvalues of H2 on ∧2
i=1L

2(IR3 × {| ↑〉, | ↓〉} ,C| ) and on∧2
i=1L

2(IR3 × {| ↑〉, | ↓〉} , IR) are the same



3 - A few words about spin 47.Ele
troni
 Hamiltonians 
ommute with the spin operators Sz and S2It is possible to sear
h eigenfun
tions of H2 that also are eigenfun
-tions of Sz and S2The eigenfun
tions of both Sz and S2 are known:
• singlet states

Ψ(x1, σ1; x2, σ2) = Ψs(x1, x2) fa(σ1, σ2), Ψs symmetri
, fa antisymmetri


• triplet states

Ψ(x1, σ1; x2, σ2) = Ψa(x1, x2) fs(σ1, σ2), Ψa antisymmetri
, fs symmetri
To get the eigenvalues of H2 on ∧2
i=1L

2(IR3 ×{| ↑〉, | ↓〉} , IR), it su�
esto 
ompute the eigenvalues of H2

• �rst on L2(IR3) ⊗symm L
2(IR3) (singlet states)

• then on L2(IR3) ∧ L2(IR3) (triplet states)



3 - A few words about spin 48.

N-ele
tron systems

N-ele
tron wavefun
tions are of the form
ψ(x1, σ1; · · · ; xN , σN) ∈

N∧

i=1

L2(IR3 ××{| ↑〉, | ↓〉} ,C| )

As HN is real, the eigenvalues of HN on ∧N
i=1L

2(IR3 × {| ↑〉, | ↓〉} ,C| )and on ∧N
i=1L

2(IR3 × {| ↑〉, | ↓〉} , IR) are the same.Hartree-Fo
k and Kohn-Sham one-ele
tron fun
tions are spinorbitals

φi(x, σ) ∈ H1(IR3 × {| ↑〉, | ↓〉} , IR)Let α and β de�ned by
α(| ↑〉) = 1 α(| ↓〉) = 0 β(| ↑〉) = 0 β(| ↓〉) = 1One 
an asso
iate with any orbital φi ∈ H1(IR3) the α and β-spinorbitals

(φi ⊗ α)(x, σ) = φi(x)α(σ) and (φi ⊗ β)(x, σ) = φi(x) β(σ)



3 - A few words about spin 49.Restri
ted HF and KS models (for 
losed shell systems, N = 2Np)RHF and RKS states are points of the manifold
{

Φ = (φi)1≤i≤Np | φi ∈ H1(IR3),

∫

IR3
φiφj = δij

}

The related spinorbitals are
φ1 ⊗ α, φ1 ⊗ β, · · · , φNp ⊗ α, φNp ⊗ β

Denoting by γΦ(x, y) = 2

Np∑

i=1

φi(x)φi(y), ρΦ(x) = 2

Np∑

i=1

|φi(x)|2, one has

ERHF(Φ) =

Np∑

i=1

∫

IR3
|∇φi|2 +

∫

IR3
ρΦVnuc + J(ρΦ) − 1

4

∫

IR3

∫

IR3

|γΦ(x, y)|2
|x− y| dx dy

ERKS(Φ) =

Np∑

i=1

∫

IR3
|∇φi|2 +

∫

IR3
ρΦVnuc + J(ρΦ) +

∫

IR3
εxc(ρΦ(x)) dx



3 - A few words about spin 50.Unrestri
ted HF and KS modelsUHF and UKS states are of the form{
(Φα,Φβ) = ((φαi )1≤i≤Nα, (φ

β
i )1≤i≤Nβ) | φσi ∈ H1(IR3),

∫

IR3
φσi φ

σ
j = δij

}

The related spinorbitals are
φα1 ⊗ α, · · · , φαNα ⊗ α, φβ1 ⊗ β, · · · , φβNβ ⊗ β

Denoting by γΦσ(x, y) =

Nσ∑

i=1

φσi (x)φσi (y), ρΦσ =

Nσ∑

i=1

|φσi |2, ρΦ = ρΦα + ρΦβ,

EUHF(Φα,Φβ) =
1

2

∑

σ

Nσ∑

i=1

∫

IR3
|∇φσi |2+

∫

IR3
ρΦVnuc+J(ρΦ)−1

2

∑

σ

∫

IR3

∫

IR3

|γΦσ(x, y)|2
|x− y| dx dy

EUKS(Φα,Φβ) =
1

2

∑

σ

Nσ∑

i=1

∫

IR3
|∇φσi |2+

∫

IR3
ρΦVnuc+J(ρΦ)+

∫

IR3
εxc(ρΦα(x), ρΦβ(x)) dx


