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Basis sets for electronic structure?

Plane waves:

Operator approach: no need to set up Hamiltonian matrix
FFT allows for quasi linear Mlog(M) scaling where M is number of plane waves

Localization in Fourier space allows for efficient preconditioning techniques. Hence
number of iterations independent of M

Systematic convergence properties
No localization in real space. Empty regions have to be filled with plane waves
O(N) scaling hard to achieve

Resolution cannot adaptively be refined around the nucleus. All electron calcula-
tions impossible, hard pseudopotentials difficult.



Gaussians:
e Small number of basis functions necessary for moderate accuracy

e Real space localization makes them well suited for molecules and other open struc-
tures.

e Kinetic and overlap matrix elements can be calculated analytically.
e Good description of core electrons.

e No systematic convergence. Over-completeness before convergence. This leads
also to problems with O(N).

e Many different recipes for generating basis sets.

e Problematic for nanostructure.



Haar wavelet v and scaling function ¢

Scaling function representaﬁon
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1mensions

Wavelet basis sets in three d

I scaling function

7 wavelets

all are products of 1-dim scaling functions and wavelets
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Wavelet basis sets

Properties of wavelet basis sets:

e localized both 1n real and in Fourier space

e allow for adaptivity
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e are a systematic basis set

e A lot of obstacles had to be overcome




Basic choices in the BIGDFT code

e Only 2 resolution levels are used: simple adaptivity




High order Daubechies wavelets are used to represent wavefunctions

— orthogonality is very helpful (orthogonalization, nonlocal pseudopotential)

— high convergence rate

LEAST ASYMMETRIC DAUBECHIES-16
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e Pseudopotentials are used

— Pseudopotentials eliminate the chemically inactive core electrons and reduce
thus the number of electron orbitals

— Pseudopotentials are the simplest way to introduce relativistic effects into a
non-relativistic calculation

— The pseudopotential approximation is less severe than the approximate nature
of the exchange correlation functional



Gaussian type separable Pseudopotentials Local part:
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Basic types of operations

e Application of the Hamiltonian on the wavefunctions

— Kinetic energy
— Separable pseudopotential energy

— Potential energy
e Orthogonalization and orthogonality constraints

e Calculation of Hartree potential



Kinetic energy matrix elements between scaling functions

4= / o(x 8x2 ¢ —i)dx
Can be calculated exactly (Beylkin):

2
= [0 20—

— ZZhvh /q> (2x—V) 2¢(2x 2i — u)dx
= ZZhvh221/¢y Vazd)y 2i —p)dy

= L, 22/¢ O(y — 2i — -+ v)dy

2
- Z hyh,2° azi—yiy
v.u

We thus have to find the eigenvector a associated with the eigenvalue of 272,
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where the matrix A; ; 1s given by

Aij =) Ivhy 8 iviy
v.u

Operator approach: Applying the kinetic energy operator results in a convolution with the
filter a

(K“P)l — Z‘I’ja,—_j
J

In the 3-dim case applying the kinetic energy operator requires a 3-dim convolution with
a filter that 1s a product of 3 1-dim filters. The operation count i1s 3 N{N,N3L where L is
the lenght of the filter.



The nonlocal part of the pseudopotential

H*PY = |P>< P|¥ >

where P 1s essentially a Gaussian in our case.
If the expansion coefficients c¢; of P in a Daubechies wavelet/scaling function basis are
known then

<P¥> = /(ch(b(x—l)) (ZLI’J(I)(X—])) dx

Because a Gaussian is separable and a 3-dim scaling function/wavelet basis is also a prod-
uct of 1-dim scaling functions/wavelets the expansion coefficients c; ;x can easily be cal-
culated with machine precision.
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The potential energy
Problem: Daubechies are not smooth enough for conventional integration schemes.

The calculation of the potential energy matrix elements U;;

Uy = [ dvo(x—)V (x)o(x—J)

can 1n principle be done by the following methods
e Triple product method (Beylkin)
e The collocation method

e The “magic filter” method



The triple product method (variational)

We assume that the grid spacing h=1. If
Vix) = Y Vi (e
i
where for interpolating scaling functions
Vi=V(i)

and

P(x) = Y W00~ i)

with Daubechies scaling functions ¢ then

Epor = / WOV () ()dx = Y WV
I,J,k

where [; ; 1s a short array

I = / 0(x— D)0 (x)0(x — k)dx



Problem: the amount of computation per grid point scales
like Z* in 3 dimensions.

(L 1s the dimension of the matrix /;;). In particular, for 2m = 8, L = 20 and L*=1.6%10°
On the other hand, the triple product method is very precise: the only source of error is
the approximation of the potential.



The collocation method (non-variational)

U— / PV () ®(x) ~ Y B0 VAE()

where

W(i) = Z‘PJ¢(i —J)

The amount of computation per grid point in three dimensions

1s o< 6m. For 2m = 8, this gives only 24.

Unfortunately, the scaling functions are not very smooth, so the collocation method 1s not
sufficiently precise



The ’magic filter’’ method
A. Neelov and S. Goedecker, J. of. Comp. Phys. 217, 312-339 (2006)

We do not calculate the values of ¥ on grid points, but we calculate the values ¥; that
represent best W in a neighborhood around the grid point

q’i = ZLPj(Di—j
J

Epot — Z q’zvquz
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Figure 1: The magic filter values for the least asymmetric Daubechies-8 scaling function.
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Figure 2: The result of energy minimization with the magic filter for the least asymmetric
Daubechies-16 scaling functions.



Overall convergence rate in BIGDFT

e energy convergence rate: h'4

e convergence rate for error in wavefunctions: A®

Electronic charge density also obtained by magic filter

Preconditioning

The preconditioning equation

1 S o
§(V2+C)p:g

is solved iteratively by a multilevel preconditioned conjugate gradient method. 5 iterations
are usually done.



Performance Tests: Cinconidine
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Performance Comparison with plane waves
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Accuracy comparison with a Gaussian program

Quickstep program by J. Hutters group (same pseudopotential):
With DZVP basis

e crrors of a few hundreds of a Hartree (.5¢V, 10 kcal) in total energy

e Errors in quantities related to charge densities are presumably larger



Outlook: O(N)

e Very small overhead compared to cubic version

e Adaptivity in localization regions



Discrete charge distributions

E= ’
3 ri — )]

i=1,N j<i
e Free boundary conditions:

— Fast Multipole Method (FMM): O( N )
— Barnes Hut: O( N log(N) )

e Periodic boundary conditions:

— Ewald method: O( N3/2)
— Fast Fourier Poisson: O( N log(N) )
— Particle-Particle Particle-Mesh methods: O( N ) or O( N log(N) )

e Surface boundary conditions:

— 2-dim Ewald Method: O( N?)

— Ordinary 3-dim Method with approximate correction terms for surface bound-
ary conditions: O( N log(N) )

— MMM2D: O( N5/3)



Continuous charge distributions

Differential equation:
V2V (r) = —4np(r)

d
/ r\r r’\

Charge 1s given on a regular grid of N grid points. The potential has to be calculated on
the same grid.

Integral equation:

e Free boundary conditions:

— Generalizations of FMM
— Periodic methods with approximate corrections for free boundary conditions

e Periodic boundary conditions:

— Fourier methods: O( N log(N) )
— Multigrid methods: O( N )

e Surface boundary conditions:

— Periodic methods with approximate corrections for surface boundary condi-
tions



A new set of methods that have O( N log(N) ) scaling for

e continuous charge densities and free boundary conditions
e continuous charge densities and surface boundary conditions
e point particles (discrete charge densities) and free boundary conditions

e point particles (discrete charge densities) and surface boundary conditions

These methods can be used for
e clectronic structure calculations

e classical force fields (MD simulations etc)



Interpolating scaling functions
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1) Solution of Poisson’s equation for free boundary conditions
L. Genovese, T. Deutsch, A. Neelov, S. Goedecker, G. Beylkin, J. Chem. Phys. 125 (2006)

Given the values of the charge density on a regular grid, p; ;«, the continuous charge
distribution is represented in terms of interpolating scaling functions

sz,]kq) _l ( )(b(z k)
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The moments of the discrete and continuous charge distributions p; j x and p(r) are iden-
tical

Y ik gy = [ drahyi2p(r) ()
i,j .k

if [1, 1>, 13 < m, where m is the order of the scaling functions. The potential at a grid point
i1,17,13 1S given by
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The above convolution can be calculated rapidly with Fourier methods



The integral K;_;;, i, k—kp becomes a sum of separable terms if 1 /ris expanded in a sum

of Gaussians
1 &9
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We need to evaluate 89 x max ({n,n,n3}) integrals of the type
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The efficiency in calculating the integrals can be improved using the refinement relation
Kit4p) = [ o(e 4t dx
1 .
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1 .
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In this way all the integrals can easily be calculated up to machine precision



Comparison of methods (as implemented in CPMD)
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2) Point Particles with free boundary conditions
A. Neelov, S.A. Ghasemi, S. Goedecker, J. Chem. Phys. 127 (2007)
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Adding and subtracting the term corresponding to the electrostatic energy of smooth Gaus-
sian charges p;(r)

pi(r) = 0;(G*/m)**exp[—G?|r — ;]

we get:




Then
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Performance results
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3) Continuous charge distributions with surface boundary conditions
L. Genovese, T. Deutsch, S. Goedecker, accepted by J. Chem. Phys. 2007

Charge is represented as:

Z p z .
pr=—"% Py:_% Jz=0 ’ y

Generalized continuous and discrete multipoles are again identical:

27l 27l
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for [; < Ny, I <Ny and I3 < m, where m is the order of the scaling function.
The expansion coefficients of the potential are related to those of the charge density by
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with the kernel .

K(pj)= |  duG(uh(j—u))d(u)



The Green function G is given by
Gu:z) = —5—e p>0

= 5l pn=0

For an efficient numerical calculation of the kernel we use the refinement relations for the
scaling functions and relations due to the simplicity of the Green function

As 1n the case of free boundary conditions, very high convergence rates for high order
scaling functions



4) Point Particles with surface boundary conditions
S.A. Ghasemi, A. Neelov, S. Goedecker, submitted to J. Chem. Phys. 2007
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Along the z direction we solve now the differential equation

= kx ly
— Yim( == 4 2
V(X,y,Z) kjl_ZooCkl(Z) eXp [ Uc(Lx -+ Ly )]
= Nwl(z) C kx 1y
_ Dim(~ 4 -
d2
(5~ cutd) = nu
K [2
Vit = 2T 174‘[7
X Y

Using a hierarchical basis based on Legendre polynomials the differential equation can be
solved for the correct boundary conditions with linear scaling and with a small prefactor



Performance results

100 000 particles: 1 to several single CPU seconds (same as with free BC)
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Summary

Electronic structure programs using a wavelet basis
e require less memory and are faster than plane wave programs for molecular systems.
e are more accurate than Gaussian programs

e lead in a straightforward way to O(N) scaling

We have developed Poisson solvers for continuous charge densities and point particles
that

e intrinsically fulfill the correct boundary conditions (free or surface)
e have a Nlog(N) scaling with a small prefactor
e have high convergence rates and allow for high accuracy

e where the forces are the exact derivative of the approximate energy



