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Motiv ation

The ellipsis, “* 7, Is an element of the working vocabulary of
every serious user of mathematics

Very little or no support for the ellipsis in software at the semantic
level as

m a conceptual tool

® an input element (beyond a simple iterator)

m a search term

Groups involved in the area
m Fateman's group at Berkeley
m Suzuki's group at Kyushu
m Qurselves at Birmingham, UK
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Applications

m Shorthand input notation
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Applications

m Shorthand input notation

= Abstraction
® This problem too hard, let's generalise ...
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Applications

Shorthand input notation
Abstraction

Re nement

® | have a general starting point, let's throw in the extra speci c
Information | have about it and see what happens ...
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Applications

m Shorthand input notation
m Abstraction
® Re nement

= Type checking
m Is “this” an example of “that™?
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Applications

m Shorthand input notation
m Abstraction

® Re nement

= Type checking

m Classi cation
= What “that”s Is “this” an example of?
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Applications

m Shorthand input notation
m Abstraction

® Re nement

= Type checking

m Classi cation

® Formalisation
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Applications

m Shorthand input notation
m Abstraction

® Re nement

= Type checking

m Classi cation

= Formalisation

= Theorem proving
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Examples:Matrices

Most sophisticated use of ellipses is probably in matrices:

/ ar a2 ... Qip \ 1 x; xi xi Xt
: 1 x, x5 x3 x5
An—-11 QGp—=12 ... an-—ln) : :
2 3 n—1
0 0 0 1 X, x; x; Xn
0 1 (A1 Oty 0%ty 8" 1)
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Examples:Systems of Equations

= Horizontally between operators, vertically between equations ...

a11T1 + a12r2 + ...+ A1, n—-1Tp—1 T ATy = b]7

@22Z2 + ..+ G2.0—-1Tn—1 + G2nTy = b2,

An—-1,n—1Tn-1 + An—1,nln = bn—la

AnnTn — bn .

Assuming that none of the a;; are zero, we see that

bn
In = ’
Unn
%3 bn—l — Ap—-1,nTn
In—-1 = y
Ap—1,n—1
by —a1222 — ... — G1nTy
1 = h

aii
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Examples:Systems of Equations

= Horizontally between operators, vertically between equations ...

¥ ...but can be messier
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Examples: Diagrams

m Category diagrams: between arrows

ay Xdag X -+ X ayg

P1 P Pn

l

al “ o a' o an
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Examples: Diagrams

m Category diagrams: between arrows

m Category diagrams: compositionality of arrows
TR B N S =1 i

n—2 n—1
o/ o
2 J
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Iy 7 slg—>co— lp o DR Im—1
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Examples: Diagrams

Category diagrams: between arrows
Category diagrams: compositionality of arrows

Combinatorics
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Our approach on matrices

Abstract Matrices de ne classes of Concrete Matrices

2 3
al b b
O ': '..
o n
0 0 an
5 2 2 3
a b b
o2 b3 as b b 01 )
a a
ai 4% S go az bz ’
0O az as b
0 0 a3
0 as
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Our approach on matrices

Abstract Matrices de ne classes of Concrete Matrices

2 3
al b b
O ': '..
T p
0 0 an
2 3 2 3
as, b b . 2 3 as b b
n 1: n=1;: ' ap b
0 ag b ai 4 ° O a1 b
0 al

0 0O a1 0 0 a
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Our approach on matrices

Abstract Matrices de ne classes of Concrete Matrices

Representation as composition of ellipsis Regions
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Our approach on matrices

Abstract Matrices de ne classes of Concrete Matrices
Representation as composition of ellipsis Regions

Each region has a Generalised Term, with Uni cation Variables,
to describe content elements

aj:1 A1:m [1;1] [1; m]

a-n;l [n; 1]
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Our approach on matrices

Abstract Matrices de ne classes of Concrete Matrices
Representation as composition of ellipsis Regions

Each region has a Generalised Term, with Uni cation Variables,
to describe content elements

Constraints on relative ellipsis lengths and terms on the boundary
points of regions control the region

ay am Generalised term a; y,
ellipsis length e,

and 7! [1;m].

8
3 m=1 ) e=e

IW ©

1< m e=m
> ) 3
1> m ) e= m+ 2"’
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Our approach on matrices

Contents of region found by Interpolation on uni cation variables
of generalised terms

di-1 di:m

— in i nte.Jjm |j m+e
_) a e 1 ! e 1 )

Gn;1 i; j index variables

e ellipses length variable
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Our approach on matrices

Contents of region found by Interpolation on uni cation variables

of generalised terms

Concretisation: Iteratively x constraint variables

Afld constraint: n =

2 2

1
1
1
2

N N N DN

2

1
0
1
2

N P R RPN

32

2

N N N DN

3
n

n

2 Add constraint: n = 03
0 0

0 0
Still need to specify the width
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Our approach on matrices

Contents of region found by Interpolation on uni cation variables
of generalised terms

Concretisation: Iteratively x constraint variables

Formal semantics: Lambda Expressions from generalised terms,
boundary half-planes, constraints and interpolation functions

2
ai:1 adi:m
Eaml

ij . if (j 171 1hi+) 2 e 1)
then a( ™ —

3

n+e.jm |j rn+e)
1 ! e 1
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Our approach on matrices

Contents of region found by Interpolation on uni cation variables
of generalised terms

Concretisation: Iteratively x constraint variables

Formal semantics: Lambda Expressions from generalised terms,
boundary half-planes, constraints and interpolation functions

Semantic Validation for Mathematical Formula Recognition
m Joint work with Kanahori & Suzuki

c Sexton & Sorge, 8.12.2006, IMA EMCADL Workshop — p.8



Our approach on matrices

Contents of region found by Interpolation on uni cation variables
of generalised terms

Concretisation: Iteratively x constraint variables

Formal semantics: Lambda Expressions from generalised terms,
boundary half-planes, constraints and interpolation functions

Semantic Validation for Mathematical Formula Recognition
m Joint work with Kanahori & Suzuki

MKM'05, ICDAR'05, MKM'06, ISSAC'06
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Current Limitations

Input has to be grammatically correct

c Sexton & Sorge, 8.12.2006, IMA EMCADL Workshop — p.9



Current Limitations
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Signi cant cases not covered by our grammar
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Current Limitations

Input has to be grammatically correct
Signi cant cases not covered by our grammar

Index sequences other than arithmeticon -1, 0 or 1
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Current Limitations
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Signi cant cases not covered by our grammar
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Current Limitations

Input has to be grammatically correct

Signi cant cases not covered by our grammar
Index sequences other than arithmeticon -1, 0 or 1
Open ended ellipses

Implicit ellipsis length constraints
m Sylvester Matrix
2

3 2 3
Pn Do 0 P4 p3 p2 pr O
L L O ps p3 p2 pr O
0 O ps p3 p2 m
0 Pn Po |
- B ® g O
Cm Jo 0
. 0O B @
0 B G 0
0 Gm %o 0 0 B ® o
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Current Limitations

Only matrices, not ellipsis expressions in general
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Conclusions

Generalised Terms with Uni cation Variables have provided a
solution to a large class of ellipsis issues in matrices
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We believe they provide plenty of mileage for further work on
ellipsis expressions in general
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Conclusions

Generalised Terms with Uni cation Variables have provided a
solution to a large class of ellipsis issues in matrices

We believe they provide plenty of mileage for further work on
ellipsis expressions in general

Inconsistencies in common practice in mathematical literature
Impose a limit on how we can far we can automate ellipsis
analysis and processing on mathematical documents ...
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Conclusions

Generalised Terms with Uni cation Variables have provided a
solution to a large class of ellipsis issues in matrices

We believe they provide plenty of mileage for further work on
ellipsis expressions in general

Inconsistencies in common practice in mathematical literature
Impose a limit on how we can far we can automate ellipsis
analysis and processing on mathematical documents ...

... but we don't have to work very hard to do considerably more
and better than we currently do.
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