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The Satis abilit y Problem (SAT)

The satis ability (SAT) problem is a central problem
iIn mathematical logic, computing theay, and arti cial
intelligence. We considerinstancesof SAT speci ed by

a set of boolean variables x1;:::; X, and a propositional

formula © = C;, with eachclauseC; havingthe form
w =

Ci= Xk % wherel;;f; uf1,:::;ng, I;\ | = 5,

k21j  k2f
and X; denotesthe negationof x;. Givensuchan instance,
the SAT problem askswhetherthere is a truth assignment

to the variablessuchthat the formulais satis ed.

This reseach Is concerned with the application of
Semide nite Optimization (SDO) to the SAT problem [4],
particularly for proving unsatis ability. The ultimate goal is
a practical SDO-basedalgaithm for solving SAT.

The Gap Relaxation

In [7, 8], de Klerk, van Maaren, and Warners introduced
an SDO relaxationfor SAT, the Gaprelaxation. This SDO
relaxationis basedon the elliptic approximations of clauses
Introduced in [11]. Let 1 denote TRUE and j 1 denote
FALSE, and for clauseC; andk 2 I; [ [j, let ;% = 1 if
k21; andsjx = 1if k 2 I;. Then clauseC; s satis ed
. SjxXk = lforsomek 2 I;[ I, (1i sixxk) = 0.
k21 [ ]
To illustrate the constructionof the GapRelaxation,consider
the simpleexample® = (X1 X2)™ (X2__%3_ X4). For the rst
clause the satis ability conditionisx;+ X2 X1X2 = 1 which
Involvesthe termsx , X, andx1X,. Similaly, for the second
clausewe havexsj X3+ Xa+ XoX3j XoXa+ X3Xaj XoX3Xgq = 1.
Then the Gaprelaxationfor this exampleis

nd X°0
st. Xi2i Xo1i Xo2+1=0
X2:4i Xzai X23i Xoz2+t Xo3i Xoga- O

where the rows and columns of the matrix variable X

representsx; Xj

Note that the satis ability condition for clausesnvolving
more than two variables must be relaxedto a quadratic
Inequaliyy since there are no entries in X to represent
terms such as xXox3x4. Hencethe Gap relaxationis always
feasiblewhen the SAT instance has no clausesof length
less than three, and is unable to detect unsatis ability
for such instances. Nonethelessthis SDO relaxation fully
chaacterizesunsatis ability for severalinterestingclasseof
SAT problem.

The Higher Liftings Paradigm

As mentionedabove, the rows and columnsof the matrix
variable X in the Gap relaxation are indexedby the binay
variables themselves. We considersemide nite relaxations
with the rows and columnsof the matrix variable indexedby
subsetsof the set of variables Thesehigherliftings:

- have strong thearetical properties (see [6, 9, 10]). In
particular, usingall 2" subsetsptimizesoverthe convexhull
of the § 1 feasiblesolutions;

- but the size of the liftings grows very rapidly with the
number of binary variables. As a consequenceonly second
liftings for max-cut problems with only up to 27 binay
variableswere successfullysolvedin [1]. Simila limitations
are observedor the SOS-basedppoachto SAT In [12].

Goals of This Reseach

2 To nd \partial® liftings that are more amenableto
practicalcomputationthan the completehigherliftings, while
preserving(someof) their thearetical strength.

2 Henceto developimproved SDO relaxationsfor SAT, and
emplg/ them to obtain a practical SDO-basecalgaithm for
solvingthe generalsatis ability problem

Improved SDO Relaxations for SAT

Let P denoteth(bsetof allnonempy setsl p f1;:::;ngsuch

that the term Xj appeas in the instance'ssatis ability
12 |

conditions. Introduce new variables x; := X; for each

the rank-onematrix Y := vv' whoserows and columnsare

indexedby ; [ P. By construction,Y.., = x; foralll 2 P.

Furthermae, Y,, Y1, Whenever 1€ 1, = [3€ 14,

where [;¢ |; denotesthe symmetric di®erenceof |; and

;. The tradeo® involved in adding such constraints to

the SDO is that as the number of constraints increases,
the SDO problems become increasingly more demanding
computationally We add the smallerset of constraints:

Y; 1y = Y|2;|3; Y; P Y|1;|3; and Y; 13~ Y|1;|2 (1)
for all the triplesflq;15;13gu P suchthat (1, 12[ I3) 1
(I [ Ilj) for some clause] and satisfying the symmetric
di®erencecondition above. For our example,the improved
SDO relaxation,denotedR3, Is

nd Y°O
st Yo+ Yis,i Yox,=1

» X 12
YJ Xo | Y; ;X3+ Y; ;X4+ Y; X3 | Y. +Y

;X 24 ;i X3q |

Y 1

;X234 T

and with the matrix variable Y havingthe form:

0 1
1 X1 X2 Xi2 Xz X4 X3 X2a X34 X2z
1 X120 Xo o] o} o} o] o] o]
1 X1 X233 X2a X3 X4 X234 Xas
1 o] o] o] o] o] o]

1 Xzs Xo Xo3za Xa X
1 Xoza X2 X3 X23

1 Xzs Xo4 Xg

1 Xz X3

1 X2

The asteriskelementsare not involvedin any of the linea
equality constraints (but they are constrainedby positive
semide niteness). The motivation for the particular choice
of constraintsin (1) is that they suxce to prove

Theorem 1. Given any propositional formula in CNF,
considerthe relaxationR3; above. Then

2 If Rs is infeasible then the formula is unsatis able.

2 If Rz Is feasible,and Y Is a feasible matrix such that
rankY - 3, then a truth assignmentsatisfyingthe formula
can be obtainedfrom Y .

We canconstructa mare compactrelaxationusingexactly

the sameidea, by de ning the columnsof the matrix variable
using only the setsof odd cardinality. This yieldsthe SDO
relaxationR; [2], anintermediaterelaxationbetweenthe Gap
relaxation(call it R1) and R3. The namesof the relaxations
re°ect their increasingstrengthin the following sense:
For k = 1;2;3, any feasiblesolution to the relaxation Ry
with rank at most k provessatis ability of the corresppnding
SAT instance. Furthermae, the increasingvaluesof k also
re°ect an improving ability to detect unsatis ability, and an
Increasingcomputationaltime for solvingthe relaxation.

Due to the e®at involvedin solvingthe improved SDO
relaxations we canonly tackle relativelysmall SAT instances
(regadlessof the choiceof relaxation)if branchingis needed.
However, when it does not require branching, the SDO
approachis competitive. This motivatesfurther study of the
relationshipsbetween the structuresof the SDO relaxation
and of the SAT instance. Resultsfor speci ¢ classef hard
SAT instancesinclude:

2 hgen8instances The SDOappoachcansuccessfullyprove
(without branching) the unsatis ability of these instances,
one of which was the smallest unsatis able instance that
remainedunsolvedduring the SAT competitions 2003 and
2004 [3].

2 Tseitin instances The SDO appoach can explicitly
characterize unsatis ability for the well-knovn Tseitin
Instanceg5].

The Tseitin Instances on Toroidal Grid Graphs

Considera toroidal grid graph of the form
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and for eachnode (i; | ), setthe parametert(i;j) = 0 or 1.
Then, for each(i; j), de ne 8 clauseson the four variables
Vi@ j), vi@i;j), vi(i;j), andvi(i; j) asfollows:

If t(i;j)) = 0, add all clauseswith an odd number of
negations;and if t(i; jJ) = 1, add all clauseswith an even
number of negations. It ilg clea that the SAT Iinstanceis
unsatis ableif and only if i) t(1; 1) 1s odd.

Theorem 2. Given a Tseitin instance as above, we can
extendthe SDO relaxation descriled above to a relaxation
with matrix variable of dimensionl4pg and with 23pq; 1
linea equality constraints such that the SDO problem is
iInfeasibleif and only if the Tseitin instanceis unsatis able.

Therefae, for theseinstancesthe SDO-basedapproach:

2 provides, in theay, an explicit certi cate of
(un)satis ability; and therefae

2 allows us, In practice, to numerically compute such a
certi cate to within a givenprecision? in polynomial-time.

What's Next?

Ongoingreseach is considering:

2 extensionsto other well-knowvn classesof hard instances,
suchas graph-colouringnstances;and

2 extraction of explicit combinataial proofs of
(un)satis ability from the numericalSDO solutions.
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