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The Satis¯abilit y Problem (SAT)

The satis¯ability (SAT) problem is a central problem
in mathematical logic, computing theory, and arti¯cial
intelligence. We consider instancesof SAT speci¯ed by
a set of boolean variables x1; : : : ; xn and a propositional

formula © =
mV

j =1
Cj , with each clauseCj having the form
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¹xk whereI j ; ¹I j µ f 1; : : : ; ng, I j \ ¹I j = ; ,

and ¹x i denotesthe negationof x i . Givensuchan instance,
the SAT problem askswhether there is a truth assignment
to the variablessuchthat the formula is satis¯ed.

This research is concerned with the application of
Semide¯nite Optimization (SDO) to the SAT problem [4],
particularly for proving unsatis¯ability. The ultimate goal is
a practical SDO-basedalgorithm for solvingSAT.

The Gap Relaxation

In [7, 8], de Klerk, van Maaren, and Warners introduced
an SDO relaxationfor SAT, the Gap relaxation. This SDO
relaxation is basedon the elliptic approximationsof clauses
introduced in [11]. Let 1 denote TRUE and ¡ 1 denote
FALSE, and for clauseCj and k 2 I j [ ¹I j , let sj ;k = 1 if
k 2 I j and sj ;k = 1 if k 2 ¹I j . Then clauseCj is satis¯ed
, sj ;k xk = 1 for somek 2 I j [ ¹I j ,

Q

k2 I j [ ¹I j

(1¡ sj ;k xk ) = 0.

To illustrate the constructionof the GapRelaxation,consider
the simpleexample© = (x1_ x2)^ (x2_ ¹x3_ x4). For the ¯rst
clause,the satis¯ability conditionis x1+ x2 ¡ x1x2 = 1 which
involvesthe termsx1, x2, andx1x2. Similarly, for the second
clause,wehavex2¡ x3+ x4+ x2x3¡ x2x4+ x3x4¡ x2x3x4 = 1.
Then the Gaprelaxationfor this exampleis

¯nd X º 0
s.t. X 1;2 ¡ X 0;1 ¡ X 0;2 + 1 = 0

X 2;4 ¡ X 3;4 ¡ X 2;3 ¡ X 0;2 + X 0;3 ¡ X 0;4 · 0

where the rows and columns of the matrix variable X
are indexedby f 0; 1; : : : ; ng, X 0;i representsx i , and X i;j

representsx i x j .

Note that the satis¯ability condition for clausesinvolving
more than two variables must be relaxed to a quadratic
inequality since there are no entries in X to represent
terms such as x2x3x4. Hencethe Gap relaxation is always
feasiblewhen the SAT instance has no clausesof length
less than three, and is unable to detect unsatis¯ability
for such instances. Nonetheless,this SDO relaxation fully
characterizesunsatis¯ability for severalinterestingclassesof
SAT problem.

The Higher Liftings Paradigm

As mentionedabove, the rows and columnsof the matrix
variable X in the Gap relaxationare indexedby the binary
variables themselves. We considersemide¯nite relaxations
with the rows and columnsof the matrix variable indexedby
subsetsof the set of variables. Thesehigher liftings:
- have strong theoretical properties (see [6, 9, 10]). In
particular, usingall 2n subsetsoptimizesoverthe convexhull
of the § 1 feasiblesolutions;
- but the size of the liftings grows very rapidly with the
number of binary variables. As a consequence,only second
liftings for max-cut problems with only up to 27 binary
variableswere successfullysolvedin [1]. Similar limitations
are observedfor the SOS-basedapproachto SAT in [12].

Goals of This Research

² To ¯nd \partial" liftings that are more amenable to
practicalcomputationthan the completehigherliftings, while
preserving(someof) their theoretical strength.
² Henceto developimprovedSDO relaxationsfor SAT, and
employ them to obtain a practical SDO-basedalgorithm for
solvingthe generalsatis¯ability problem.

Improved SDO Relaxations for SAT

Let P denotethe setof all nonempty setsI µ f 1; : : : ; ng such
that the term

Q

i 2 I
x i appears in the instance'ssatis¯ability

conditions. Introduce new variables x I :=
Q

i 2 I
x i for each

I 2 P, de¯ne the vector v := (1; x I 1; : : : ; x I jP j
)T , and de¯ne

the rank-onematrix Y := vvT whoserows and columnsare
indexedby ; [ P. By construction,Y; ;I = x I for all I 2 P.
Furthermore, YI 1;I 2 = YI 3;I 4 wheneverI 1¢ I 2 = I 3¢ I 4,
where I i ¢ I j denotes the symmetric di®erenceof I i and
I j . The tradeo® involved in adding such constraints to
the SDO is that as the number of constraints increases,
the SDO problems become increasinglymore demanding
computationally. We add the smallerset of constraints:

Y; ;I 1 = YI 2;I 3; Y; ;I 2 = YI 1;I 3; and Y; ;I 3 = YI 1;I 2 (1)

for all the triples f I 1; I 2; I 3g µ P suchthat (I 1 [ I 2 [ I 3) µ
(I j [ ¹I j ) for some clause j and satisfying the symmetric
di®erencecondition above. For our example,the improved
SDO relaxation,denotedR3, is

¯nd Y º 0
s.t. Y; ;x 1 + Y; ;x 2 ¡ Y; ;x 12 = 1

Y; ;x 2 ¡ Y; ;x 3 + Y; ;x 4 + Y; ;x 23 ¡ Y; ;x 24 + Y; ;x 34 ¡ Y; ;x 234 = 1

and with the matrix variable Y havingthe form:
0
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The asteriskelementsare not involved in any of the linear
equality constraints (but they are constrainedby positive
semide¯niteness).The motivation for the particular choice
of constraintsin (1) is that they su±ce to prove

Theorem 1. Given any propositional formula in CNF,
considerthe relaxationR3 above. Then
² If R3 is infeasible,then the formula is unsatis¯able.
² If R3 is feasible, and Y is a feasiblematrix such that
rank Y · 3, then a truth assignmentsatisfyingthe formula
can be obtainedfrom Y.

We canconstructa more compactrelaxationusingexactly
the sameidea,by de¯ning the columnsof the matrix variable
using only the setsof odd cardinality. This yields the SDO
relaxationR2 [2], an intermediaterelaxationbetweenthe Gap
relaxation(call it R1) and R3. The namesof the relaxations
re°ect their increasingstrength in the following sense:
For k = 1; 2; 3, any feasiblesolution to the relaxation Rk

with rank at most k provessatis¯ability of the corresponding
SAT instance. Furthermore, the increasingvaluesof k also
re°ect an improving ability to detect unsatis¯ability, and an
increasingcomputationaltime for solvingthe relaxation.

Due to the e®ort involved in solving the improved SDO
relaxations,we canonly tackle relativelysmallSAT instances
(regardlessof the choiceof relaxation)if branchingis needed.
However, when it does not require branching, the SDO
approachis competitive. This motivatesfurther study of the
relationshipsbetween the structuresof the SDO relaxation
and of the SAT instance.Resultsfor speci¯c classesof hard
SAT instancesinclude:
² hgen8instances: The SDOapproachcansuccessfullyprove
(without branching) the unsatis¯ability of these instances,
one of which was the smallest unsatis¯able instance that
remainedunsolvedduring the SAT competitions 2003 and
2004[3].
² Tseitin instances: The SDO approach can explicitly
characterize unsatis¯ability for the well-known Tseitin
instances[5].

The Tseitin Instances on Toroidal Grid Graphs

Considera toroidal grid graphof the form
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and for eachnode (i; j ), set the parameter t(i; j ) = 0 or 1.
Then, for each(i; j ), de¯ne 8 clauseson the four variables
vl (i; j ), vr (i; j ), vu (i; j ), and vd(i; j ) as follows:
If t(i; j ) = 0, add all clauseswith an odd number of
negations;and if t(i; j ) = 1, add all clauseswith an even
number of negations. It is clear that the SAT instance is
unsatis¯ableif and only if

P
( i;j ) t(i; j ) is odd.

Theorem 2. Given a Tseitin instance as above, we can
extend the SDO relaxationdescribed above to a relaxation
with matrix variable of dimension14pq and with 23pq ¡ 1
linear equality constraints such that the SDO problem is
infeasibleif and only if the Tseitin instanceis unsatis¯able.

Therefore, for theseinstances,the SDO-basedapproach:
² provides, in theory, an explicit certi¯cate of
(un)satis¯ability; and therefore
² allows us, in practice, to numerically compute such a
certi¯cate to within a givenprecision² in polynomial-time.

What's Next?

Ongoingresearch is considering:
² extensionsto other well-known classesof hard instances,
suchas graph-colouringinstances;and
² extraction of explicit combinatorial proofs of
(un)satis¯ability from the numericalSDO solutions.
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