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Bertini Is a software package for computing Iin
numerical algebraic geometry.

Numerical algebraic geometry provides
algorithms for computing and manipulating
geometric structures and guantities coming from
algebraic equations (Greg’s talk).

Bertini Is not the first such software — PHC,
PHoM, HomLab, HOM4PS, POLSYS, ...

Bertini is the first with no “hom” and no “P”!
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—

Bertini has been released
- beta version was released on Tuesday
- executables only
- available from all of our websites

- In case you have been following the
development of Bertini, we have met our goal of
releasing by December 1!
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Zero-dimensional systems overview

- May be specified over a product of complex spaces
product of projective spaces

- System may be nonsquare (unless >1 variable groups)
- The user may provide the homotopy (with parameters)
- Finds approximations of all isolated solutions

- The user may choose to use higher than regular
precision (fixed or adaptive)

- Bertini determines the number of real, finite (Vieo
complex space), and nonsingular solutions
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Positive-dimensional systems overview

- May be specified over a single complex or proyexti
space

- System may be nonsquare

- Finds witness sets (via the cascade algorithnk jun
removal, and pure-dimensional breakup)

- Component sampling
- Component membership testing

- Not yet in multiple precision (but soon)
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Ingredients

- Written in C
- Uses hison & flex for parsing

- Uses GMP & MPFR for multiple precision
representation and arithmetic

- None of this should matter to the user — we usaiicst
links for our libraries (for Linux, not Cygwin)

- Will expand to other architectures



ll. Getting Bertini Bertini

—

Bertimi Home Page

Bertini: Software for Numerical Algebraic Geometry
woftware for solving polynomal systems
Facts in brief:

+« Pwmpose: The numencal sclution of systems of polynomial equations

o Approach: Homotopy contimation.

o Anthors: Damel I. Bates, Jonathan D). Hauenstein, Andrew J. Sommese, Charles "W, Wampler

+ Background: Eertint 1z a general-purpose solver, written i O, that was created for research about polynotmial continuation.

o Cost: Bertind 15 distributed free of charge on an ""as 15" basis with no warranties, implied or otherwise, that it 15 suitable for any
purpose. Its mtended usage i3 educational, so that the user may gain a greater understanding of numencal homotopy
contmuation for solnng systems of polynonal equations. Any other use 15 strictly the user's responstbility. Please see the official

license policy.

Keyv Features:

+ Findsisclated solutions using total-degree start systems, multhomogenecus-degree start systems, and also user defined
homotopies.

o Implements parameter continuation for families of systems, such as the mwverse kinematics of spr-revelute senal-link atts, or the
torward knematics of Stewart-Gough parallel-link robots.

o Adaptive multiprecision wmplemented for finding 1solated solutions.

» Treats posttive-dimensional solutions by computing withess sets.

o Has automatic diferentiation which preserves the strayghtline quality of an mput system.

s [Jzes homogenization to accurately compute solutions "at mfinity "

-
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homotopies.

s Implements parameter continuation for families of systems, such as the mverse kinematics of st-revelute senal-link arms, or the
torward linematics of Stewart-Crough parallel-link robots.

o Adaptive multiprecision implemented for finding 1solated solutions.

o Treats positive-dimensional solutions by computing witness sets.

s Has automatic diferentiation which preserves the strawghthne quality of an mput system.

o [Jzes homogenization to accurately compute solutions "at nfiraty "

o Prowvides a fractional power-senies endgame to accurately compute smgular roots

o Allows for subfunctions.

o Allows for withess set manipulation wa both sampling and membershup testing.

o Accepts square or nonsquare systems.

Bertini Links

e License Policy /
o Download Page

« Documentation on mstallation and uze.

» Feedback Form
Tze this hink to repotrt bugs or tell us what you likce/dishke about Bertint,
If vou use Bettind in a publication, we would lowe to hear about it

Y ou are wisttor mumber

000052

since October 24, 2006,

Mainfained by Andrew J. Sommeses sommesefind edu frevised Ocfober 24, 2006
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Tou have found the download page for Bertim: below 13 the beta version released October 24, 2006
If vou hawve not done so before, please read the license policy now.

Fleaze fill out the following brief questionnatre to help us get to know the user base of Bertini

FPrivacy poficy: You may retnain anonymous, although we always ke to hear from our fiiends and make new acquamntances. MName,
affiliation, TTEL, or email entries wall never be used publicly or released to anyone outside our research group. If vou give vour email
address, we will use it only to adwise you of major new developments, such as a new release to fix significant bugs (f any are found)
or a new version that extends the capabilities of Bertirn,

User questionnaire
The following describes me (check one):

1. Universtty Staff
o O Faculty member.
o O Post-doc.
o (O Eesearcher at university-affiliated lab or mstitute.
(] I'm teaching (or planning to teach) a course using Bertini )
2. Student:
o O Graduate.
o O Undergraduate.
(] I'm taking a course that uses Bertim )
O Industnial B&D,

() Other:

O Tust curious.

Al

bho b
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Iy mterest in polynotmal systems 18 related manly to (check all that apply):

[ Applied Math.

[ Chemistry.

[ Graphics/CAD/CAGD.
[ EinematicsFobotics.
[] Finance of Ecototmics.

] Other:

A o

Optional:

1. Your Narme:
2. Affihation:
3 Your UEL:
4. Your Email:

[] Flease email us if there 15 a major new release or bug-fix. (If wou check this box, please be sure your e-mail address 15 correct

above.)

[ Subrmit and continue to download ] [ Feget ]

'\

You are wisitor number 000027 since October 23, 2006,

Eeturn to the Eertin tnam page.
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Bertim Dowvmnload

Thanl: you for completing the questionnaire|
(If wou artved here wathout answenng the questionnaire, please click here to do so now. There are only 2 questions!)

Before downloading, please read the license policy.

Click here to download the beta version of Bertind for 32 bit Linuz Machines (tay/gz format, approx. 0,75 ME)

i_lick here to download the beta version of Bertirn for 4 bat Linug Machines (tar gz format, approx 0.97 ME)

i_lick here to download the beta version of Bertirn for 32 bat Windows XP Machines (using Cyowin) (tar gz format, approz. 0.4
B

To unzip and untar the file vou dewnload (say Bertimlinuz=2 beta tar gz) type tar -zxvf BertimLimux32 beta.tar.gz followed by a
return. The hnux binaries are statically compiled and should run even f vou do not have GIME or MPFE. on wour system. The cygwin
binaries are not true statically compiled binaries. So you will need to run the cygwnn setup to download these packages. The zpped
download contains the mmanual, but vou may download it separately:

iZlick here to download the Bertinn Manual (PDF format, approz 200ER)

Bertim hnl:s:

» Feedback Form (positive comments, bug repotts, etc.)
o Documentation on mstallation and use.
» Eeturn to the Bertind main page.
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= ~fbertini_dir

$ tar -zxvf BertiniHindows3Z_beta.tar.gz
BertiniHindows32_beta/

Bertinilindows32_betas/bertini.exe
Bertinillindows32_beta/BertinilUsersManual.pdf
Bertinilindows32_beta/examples/
Bertinillindows32_beta/examples/pos_dim/
BertiniHindows32_beta/examples/pos_dims/basic_pos_dim/”
Bertinilindows32_ beta/examples/pos_dims/basic_pos_dim/Zinput
Bertinilindows32_beta/examples/pos_dim/membership/
Bertinilindows32_betas/examples/pos_dim/membership/input
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertiniHindows32
BertinilHindows32

beta/examples/pos_dim/membership/witness_data
beta/examples/pos_dim/sampl ing/
betasexamples/pos_dim/sampl ing/input
betasexamples/pos_dim/sampling/witness_data
betas/examples/zero_dim/
betasexamples/zero_dim/adapt ive_prec/
beta/examples/zero_dim/adapt ive_prec/input
betasexamples/zero_dims/basic_example/
beta/examples/zero_dim/basic_example/input
betasexamples/zero_dim/f ixed_higher_prec/

betasexamples/zero_dim/multi_homog/

betasexamples/zero_dim/multi _homog/input

beta/examples/zero_dim/user_homog/
betasexamples/zero_dim/user_homog/input
betasexamples/zero_dim/user_homotopy/
beta/examples/zero_dim/user_homotopy/Zinput
beta/examples/zero_dim/user_homotopy/start

beta/README

beta/examples/pos_dim/membership/member_points

betas/examples/zero_dim/f ixed_higher_prec/input

Bertini
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= ~fbertini_dir

$ ls
Bertinilindows32_beta Bertinilindows3Z_beta.tar.gz

-
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= ~fbertini_dirfBertiniWindows32_beta

$ ls
Bertinilindows32_beta Bertinilindows3Z_beta.tar.gz

$ cd Bertinilindows3Z_beta

$ ls
BertinilUsersManual.pdf README bertini.exe examples

-




Ill. Running Bertini Bertini

= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

$ cd examples/

zero_dim

$ cd zero_dim/

$ 1s
adaptive_prec fixed_higher_prec user_homog
basic_example multi_homog user_homotopy

$ cd basic_example/

Getting to an example....




Ill. Running Bertini Bertini

= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

CONFIG
END;
INPUT

variable_group x, v;
function +, g;

x™Z2 - 1;
x¥y - 1;

"input" 14 lines, 91 characters
ﬂ_
The Input file
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One of two tables of configuration tables in therissmanual:

Table A.1: Configuration settings of particular interest

NAME ACCEPTABLE VALUES | DEFAULT VALUE
TRACKTYPE 0.1, 23 0
MPTYPE 0. 1.2 0
PRECISION >64 96 :
TRACKTOLBEFOREEG =0 le-4 What if these
TRACKTOLDURINGEG >0 Te-6 > ,
FINALTOL >0 Te 11 arent gOOd
MAXNORM >0 leh enough for you?
MINS TEPSIZEBEFOREEG | >0 and <MAXSTEPSIZE Te12
MINSTEPSIZEDURINGEG | >0 and <MAXSTEPSIZE Te-16
IMAGTHRESHOLD 0.1 Te-8
COEFFBOUND =0 1000
DEGREEBOUND =0 5
TARGETTOLMULTIPLIER >1 10
AMPMAXPREC >64 1024
CONDNUMTHRESHOLD >0 1e8
PRINTPATHMODULUS >0 20
RANDOMSEED >0 0
SINGVALZEROTOL >0 Te12
USERHOMOTOPY 0.1 0

We also provide descriptions of each one.



Ill. Running Bertini Bertini

= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

CONFIG
END;
INPUT

variable_group x, v;
function +, g;

"input" 14 lines, 91 characters
IIliillllllllllllI.lllllllllllllllllllllllllllll
Our original input file
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= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

variable_group x, v;
function +, g;

x™Z2 - 1;
x¥y - 1;

;IinEUt " 18 linesi 157 characters —

The modified input file




Ill. Running Bertini Bertini

= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

hom_wvariable_group x, v, zZ;
function f, g;

x™NZ - z™Z;
x¥y - z"2Z;

;IinEUt " 18 linesi 168 characters —




Ill. Running Bertini Bertini

= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

hom_variable_group x, =z;
hom_variable_group v, w;
function f, g;

f x™NZ - z™Z;

9 XKy — Z¥w;

END;

;IinEUt " 19 linesi 190 characters —




Ill. Running Bertini Bertini

= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

CONFIG
END;
INPUT

variable_?rcup X, Y3
function +, g;

x™Z2 - 1;
x¥y - 1;

"input" 14 lines, 91 characters
ﬂ_
Now, let’s run this example




Ill. Running Bertini Bertini

= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

$ ../../../bertini.exe input _

Alternatives:

1. Could put the executable in the same folder &s
iInput file.

2. Could put the input file elsewhere also.

Output always goes to the current working diredto




Ill. Running Bertini Bertini

= ~fbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

Finite Solution Summary

Number of real solns Number non-real

Singular

Finite Multiplicity Summary

Multiplicity Number of real solns

Infinite Solution Summary

Number of real solns

Singular

Infinite Multiplicity Summary

Multiplicity Number of real solns

Elease see ’real_so}ution§’, ’Finit?_scluticns’, 'nonsingular_solutions’,
singular_solutions’ and 'main_data’ for more information.

Paths Tracked: 4
4




Ill. Running Bertini Bertini

= ~fbertini_dirfBertiniWindows32_betalexamplesfzero_dim/basic_example

$ vi main_data_

Do you want some more data?




Ill. Running Bertini Bertini

= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

Number of variables: 2
Variables: x ¥

Solution @ (path number @)

Estimated condition number: 8.4664225513476126e+00
Function residual: 3.6564718267/073637e-17

Latest Newton residual: 1.3893449075703261e-17

T value at final sample point: @.200000000RRDRRREDDe+20
Accuracy estimate (error between two most recent extrapolations to t=0:
PR EGEBEE+BE

Cvecle number: 1

1 QDDRPDODDDDVRD00e+00 + 0. GRDPDPREDDYDVRD0e + 00X I

1. PREPREPRPRERREPRDe+0P + O, PPPEPRPRERRRPREPDe +DDx I

Paths with the same endpoint, to the prescribed tolerance:
Multiplicity:

Solution 1 (path number 1)

Estimated condition number: 5.41526237477512379%e+11

Function residual: 5.3532914483064541e-12

Latest Newton residual: 8.8200640310567786e-12

T value at final sample point: @.200000000RRDRRREDDe+20

Accuracy estimate (error between two most recent extrapolations to t=0:
6662708 596?2& 12

Cvecle number: 1

1 QDDRPDODDDDVID00e +00 + 0. BDDPDPVRDOYDVRD0e + 00X I

2. 1005989496235 77e+10 + 1.9127279566524106e+11x1

Paths with the same endpoint, to the prescribed tolerance: 2
Multiplicity:

Solution 2 (path number 3)

Estimated condition number: 1.0973771047680124e+01
Function residual: 6.5865281978494394e-18

I
Inside the main output file, main_data




Ill. Running Bertini Bertini

= ~Jbertini_dir/BertiniWindows32_betafexamples/zero_dim/basic_example

Estimated condition number: 1.09/73//104/680124e+1
Function residual: 6.5865281978494394e-18

Latest Newton residual: 4.8588455159769376e-18

T value at final sample point: @.200000000RRDRRREDDe+20
Accuracy estimate (error between two most recent extrapolations to t=0: 0,000
PR + DD

Cvycle number: 1

—1 00RO +00 + O, YDDLERDERDDVEDDEDe + D% 1

-1. 2PDPREPDDRDDDDDRDe +00 + 0. PDPDERPRPDEDDDDDe + D% I

Paths with the same endpoint, to the prescribed tolerance:
Multiplicity:

At tol=1.0000000000RKe-10, there appear to be 3 solutions.

KXEXXEXXXXXXX%X input file needed to reproduce this run XEEEEEKEEKXEKEKKKEEX
CONFIG

RANDOMSEED: 1161896858

END;

INPUT

variable_group x, v;
function +, g;

X2 -

x¥y -

Now let’s run this In

The body of the main output file, main_data
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This time, Bertini makes no assumptions about ityfini
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One of the strengths of continuation lies in the o
parameter homotopies.

The idea Is to solve one problem of a class oflprab
and then move around within the class as needed.

(simple) example Suppose you need to find the
iIntersection of two circles of varying centers aadii
many times.

solution: Choose the coordinates of the centers and the
radil to be your (six) parameters. Fix them angeso
Then vary them.
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<
),

A
‘ ?S ‘
- I I g

Begin by solving the problem with two circles, eadth
radius 3, centered at (-1,0) and (1,0).

NOTE: To use parameter homotopies correctly, one
really should use random complex choices for all
parameters at the beginning. The values for ttasple
were chosen so we could see the situation.
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The input file to solve this



Ill. Running Bertini Bertini
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The real_solutions file from this run



Ill. Running Bertini Bertini

YA
NP,

Then move via a parameter homotopy to some
other pair of circles, say both of radius 2,
centered at (0,0) and (0,2).



The input file — the path should be random, butaswot (for simplicity)
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The start file for this run



Ill. Running Bertini Bertini
—

The output from this run



Ill. Running Bertini Bertini
—

The main_data file from this run



Ill. Running Bertini Bertini
—

Bertini can also be told to use multiple precision |
two ways:

Fixed (MPTYPE: 1):Bertini will simply use the
number of digits specified by the “PRECISION: B”
configuration setting, where B is In bits.

Adaptive (MPTYPE: 2):Using this setting, Bertini
will increase precision when it becomes necessary.
There are a few other settings that must be set up
correctly in this case, namely COEFFBOUND and
DEGBOUND (as well as safety digit settings).
Please see the manual for details....
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Now for a positive-dimensional sample:



Ill. Running Bertini Bertini
—

The irreducible decomposition consists of:

n dimension 2: a sphere
n dimension 1: 3 lines and a cubic curve
n dimension O: a point

Before we look at the run, note that there Is
another tool available when specifying input
flles: subfunctions.
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A subfunction

An input file using a subfunction
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The sphere
The three lines
The cubic curve

The point




Ill. Running Bertini Bertini
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Inside main_cascade_ data



Ill. Running Bertini Bertini
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Now for component sampling (TRACKTYPE: 2)



Ill. Running Bertini Bertini
—




V. A few results Bertini
—




Ill. Running Bertini Bertini
—

(I asked for 5 points)



Ill. Running Bertini Bertini
—

Finally, here is membership testing (TRACKTYPE: 3):

This Is the file named member_points



Ill. Running Bertini Bertini
—

The output Is very simple!



V. A fun set of examples Bertini

—

Consider the class of adjacent minor problems

Fix an N and form the 2 N matrix

X; Xp een Xy

Y1 Y2 o YN
Then the polynomial system is given by the adjacent
2 X 2 minors of the matrix, I.e., a system of N-1

equations in 2N variables.

The solutions are known:

The solutions are equidimensional. In fact, they
consist of FIR irreducible components in dimension
N+1 (where FiR is the Nth Fibonacci number).
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R R RRRRRRRRRATADAARDEDDDDDDRDRDRRRRR

N [# components | Paths tracked | Time (sec)
4 3 24 0.1

5 5 64 0.4

6 8 160 1

7 13 384 3

8 21 896 12

9 34 2048 36

10 55 4608 82

11 89 10240 267

12 144 22528 683
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R R RRRRRRRRRATADAARDEDDDDDDRDRDRRRRR

Snapshot of 2x12 adjacent minor problem results
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R R RRRRRRRRRATADAARDEDDDDDDRDRDRRRRR




(one other quick example) Bertini
R R EEEEEEEEEEEEEEEEETTEEEETDDTIDIIIIIIRR=,

This input file:

produces this output:



V. Coming attractions Bertini
—

- Multiprecision positive-dimensional solving

- Deflation

- Better start systems (e.g., polyhedral start sys}e
- Optimized function evaluation, linear algebra

- Parallelization

- C++ eventually....

We will be making frequent small revisions between
major version releases, so please let us know gd bu
and desirable extensions via the form on the websit




Eugenio Bertinl
(1846-1933)



