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w; = fitness of genotype ij



Epistasis
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Why does epistasis matter?

Epistasis is abundant in nature.
Epistasis can point to interesting gene interactions.

Epistasis affects the course of evolution, for example:

Mutation load
Drift and fixation of deleterious mutations
Sympatric speciation (vs. allopatric)
In some models, recombination is advantageous under negative
epistasis, where the advantage can refer to:
population fitness at equilibrium
time to appearance or fixation of an advantageous type
increasing frequency of a modifier allele



Geometric perspective

Two-locus two-alleles: 00 01 10 11
with fitness landscape w,, Wy, W;q Wiy,

u<o u=20 u>0

Three shapes of fithess landscapes!



The genotope
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Fithess landscapes and gene interactions

A fitness landscape is a function w: G — R.

Linear functions have no interactions, so consider the
Interaction space

Ig = (RY/Lg)"

For example: 1{00701’10711} — <“U)()[) + W1 — Wo1 — ’U)10>

Hypercubes have natural interaction coordinates given by
the discrete Fourier transform.

The interaction space is spanned redundantly by the
circuits, i.e., the linear forms with minimal support in RY .



Example: G = {000,001,010,100,111}

111

One circuit:

f = woor + woio + Wi0o — w111 — 2wWooo



Example: G = {000,110,011,100,101,111}

llg =

Four circuits:

f = w100 — W101 — W110 + W111,
g = wooo — Wol1l — w100 + W11,
n = woil + wiol + wito — wWooo — 2w1i11.

s = wooo + w101 + w110 — woi1 — 2W100-



The shape of a fithess landscape

Extend to the genotope: For all

population
fitness

The continuous landscape is convex and piecewise linear.

The domains of linearity are the cells in a regular
polyhedral subdivision of the genotope.

Def: This subdivision is the shape of the fithess landscape.

The circuit sign pattern determines the shape.



Example:

u<o u=20 u>0

Fittest populations with fixed allele frequencies:

{00, 01, 10} {00, 01, 10, 11} {00, 01, 11}
{01, 10, 11} {00, 10, 11}



Example:

111

111 111

000
f<O f=0 f>0

000

Fittest populations with fixed allele frequencies:

{000, 010, 100, 111} {000, 001, 010, 001, 111} {000, 001, 010, 001}
{000, 001, 100, 111} {001, 010, 001, 111}
{000, 001, 010, 111}
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The secondary polytope

For a given genotype space, what fitness shapes are
there?

The answer to this parametric fitness shape problem is
encoded in the secondary polytope.

For example, the 2-cube has 2 triangulations:

~ ~ =



The 74 shapes of the biallelic 3-locus system
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A biallelic three-locus system in HIV

HIV protease: L90M; RT: M184V and T215Y.

Fitness measured in single replication cycle, 288 data
points (Segal et al., 2004; Bonhoeffer et al., 2004).

Conditional epistasis:



HIV random fithess landscape
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HIV random fithess landscape
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In these five shapes, both 001
and 010 are “sliced off” by the
triangulations, i.e., the fittest
populations avoid the single
mutants {M184V} and
{T215Y}.

Hence we consider
000, 011, 100, 101, 110, 111;



HIV secondary polytope

Shape of the HIV random
fitness landscape on
PRO 90/ RT 184 / RT 215



Example: E. coli fitness landscape

9 mutations in 3 groups: (a, b, c), (r, s, 1), (X, v, 2),
37 genotypes



Three locus subsystems
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Secondary polytope

Connected shapes differ by
the sign of exactly one gene
Interaction, e.qg.,

36 and 37 by r ax—x ar.



Markov basis

The experimental design
suggests considering the
minimal Markov basis of the
Interaction space. It contains
27 “standard” interactions,
plus 216 additional “non-
standard” interactions:

W Xar — a xr (27)
ar xbs—asxbr  (108)
a xbr —b xar (108) I . DG ® PG

In all tests, allele
frequencies are fixed.



Standard and non-standard tests




Some non-standard tests reveal mixing abllity

test the relative
mixing ability of
mutation a versus b



Compensatory mutations




More shapes: diploids

|. Hallgrimsdottir, Debbie Yuster:
A complete classification of epistatic
two-locus models



More shapes: human SNPs

Peter Huggins, L. Pachter, B. Sturmfels:
Towards the human genotope



References

Beerenwinkel N, Pachter L, Sturmfels B
Epistasis and shapes of fithess landscapes
Statistica Sinica

Beerenwinkel N, Pachter L, Sturmfels B, Elena SF, Lenski RE
Analysis of epistatic interactions and fithess lands capes
using a new geometric approach

BMC Evolutionary Biology



