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Models with Hidden Variables
A Concrete Problem:
Consider the variety of4×4×4-tables of tensor rank
at most4. Do the known polynomial invariants of
degreefive andninesuffice to cut out this variety?

[ASCB, Conjecture 3.24, page 102]

The General Problem:
Study the geometry and commutative algebra of
graphical models with hidden random variables.

Construct these varieties by gluing familiar secant
varieties, and by applying representation theory.
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My favorite statistical model
lives in the64-dimensional spaceC4 ⊗ C4 ⊗ C4

of 4×4×4-tables(pijk), wherei, j, k ∈ {A, C, G, T}.

It is the variety with parametric representation

pijk = ρAi · σAj · θAk + ρCi · σCj · θCk+

ρGi · σGj · θGk + ρTi · σTj · θTk

Our problem is to compute its homogeneous prime
idealI in the polynomial ring with64 unknowns,

Q
[

pAAA, pAAC, pAAT, . . . , pTTG, pTTT
]

.
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Why (Pure) Mathematics?
“Mathematics is the Art of Giving the

Same Name to Different Things”(H. Poincaré).

• the set of4×4×4-tables of tensor rank≤ 4

• mixture of independent random variables
• the naive Bayes model
• the CI model[X1 ⊥⊥ X2 ⊥⊥ X3 |Y ].

• third secant variety of Segre varietyP3×P3×P3

• general Markov model for phylogenetic treeK1,3

• entanglement of pure states (mean fields)
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Invariants of Degree Five
Consider any3×4×4-subtable of(pijk) and let
A,B,C be the4×4-slices gotten by fixingi. On our
model, the following identity of4×4-matrices holds:

A · B−1 · C = C · B−1 · A

After clearing the denominatordet(B), this gives
16 quintic polynomials which lie in our prime idealI.

Proposition 1. The space of quintic polynomials inI
has dimension1728. As aGL(C4)3-module, it equals

S311(C
4) ⊗ S2111(C

4) ⊗ S2111(C
4)

⊕ S2111(C
4) ⊗ S311(C

4) ⊗ S2111(C
4)

⊕ S2111(C
4) ⊗ S2111(C

4) ⊗ S311(C
4)
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Invariants of Degree Nine
Consider any3 × 3 × 3-subtable(A,B,C) of (pijk).
On our model, the following3×3-matrix is singular:

A · B−1 · C − C · B−1 · A

The numerator of its determinant is a degree nine
polynomial inI known as theStrassen invariant.

Proposition 2. The GL(C4)3-submoduleof I9

generated by the Strassen invariant is not contained
in 〈I5〉. This module has dimension8000 and it equals

S333(C
4) ⊗ S333(C

4) ⊗ S333(C
4).

References: [Garcia-Stillman-St], [Allman-Rhodes],
[Landsberg-Manivel], [Landsberg-Weyman]
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Maximum Likelihood

A Concrete Problem:
Characterize all projective varieties whose
maximum likelihood degree is equal to one.

[HKS: Solving the Likelihood Equations, Problem 13]

The General Problem:
Study the geometry of maximum likelihood
estimation for algebraic statistical models.

What makes a model nice? Is the ML degree related
to convergence properties of the EM algorithm?
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MLE in Projective Space
Fix projective spacePn with coordinates
(p0 : p1 : · · · : pn). Then-dimensional
probability simplexis identified withPn

≥0.

For any data vector(u0, u1, . . . , un) ∈ Nn+1

we consider the likelihood function

L =
p0

u0 · p1
u1 · p2

u2 · · · pn
un

(p0+p1+ · · ·+pn)u0+u1+···+un

This is a well-defined rational function onPn.

Q: What are the critical points of this function?
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Algebraic Statistical Models
are subvarieties of the projective spacePn.

Themaximum likelihood degreeof a modelM is the
number of critical points of the restriction toM of

L =
p0

u0 · p1
u1 · p2

u2 · · · pn
un

(p0+p1+ · · ·+pn)u0+u1+···+un

Here we only count critical points that are not poles
or zeros, andu0, u1, . . . , un are assumed to be generic.

If M is smoothand thedivisor of L is normal
crossingthen there is a formula for the ML degree.

[Catanese-Hoşten-Khetan-St.]
Otherwise, useresolution of singularities ????
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Determinantal Varieties
are modelsM that are specified by imposing
rank conditions on a matrix of unknowns.

Example. 2×2-matrices

(

p00 p01

p10 p11

)

of rank≤ 1.

Independence for two binary random variables.The
ML degree isone, i.e., the MLE is a rational function
in the data (Take normalized row and column sums)

Example. 3×3-matrices(pij) of rank≤ 2. Mixture of
two ternary random variables.The ML degree isten.

Open Problem. Determine the ML degree of the
variety ofm×n-matrices of rank≤ r.
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The 100 Swiss Francs Problem
“Our data are two aligned DNA sequences ...
ATCACCAAACATTGGGATGCCTGTGCATTTGCAAGCGGCT

ATGAGTCTTAAACGCTGGCCATGTGCCATCTTAGACAGCG

... test the hypothesis that these two sequences were
generated byDiaNA using one biased coin and four
tetrahedral dice.... ” [ASCB, Example 1.16]
Model: Positive4×4-matrices(pij) of rank≤ 2.

True or False: The matrix
(

p̂ij

)

= 1

40









3 3 2 2

3 3 2 2

2 2 3 3

2 2 3 3









maximizes L = (
∏

i

pii)
4(

∏

i6=j

pij)
2(

∑

i,j

pij)
−40.
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Gaussian CI Models

A Concrete Problem:

Which sets of almost-principal minors can be zero
for a positive definite symmetric5×5-matrix?

[Matùš, Studený, Drton, Sullivant, Parrilo, ...]

The General Problem:

Study the geometry of conditional independence
models for multivariate Gaussian random variables.

Which semigraphoids can be realized by Gaussians?
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Almost-Principal Minors

A multivariate Gaussianwith mean zero is specified
by its covariance matrixΣ = (σij). This is apositive
definiten×n-matrix: all principal minors are positive.

An almost-principal minorof Σ has row indices
{i} ∪ K and column indices{j} ∪ K for some
K ⊂ [n] andi, j ∈ [n]\K. It is denoted[ i⊥⊥j |K ].

Lemma. The determinant[ i⊥⊥ j |K ] is zero if and
only if the random variablei is independent of the
random variablej given the joint random variableK.
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Subvarieties of the PSD cone

Let PSDn denote the
(

n+1

2

)

-dimensional cone
of positive semidefinite symmetricn×n-matrices.

A Gaussian conditional independence model
is a subvariety ofPSDn defined by equations

[ i⊥⊥ j |K ] = 0.

In algebraic geometry, we would study these varieties
over thecomplex numbers. Here we are interested in
their real locus, and how it intersects the conePSDn .
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A Cyclic Example
Let n = 5 and consider the CI model given by
[ 1⊥⊥ 2 | {3} ] = σ12σ33 − σ13σ23

[ 2⊥⊥ 3 | {4} ] = σ23σ44 − σ24σ34

[ 3⊥⊥ 4 | {5} ] = σ34σ55 − σ35σ45

[ 4⊥⊥ 5 | {1} ] = σ45σ11 − σ14σ15

[ 5⊥⊥ 1 | {2} ] = σ15σ22 − σ25σ12

This variety has two irreducible components
• 〈σ12, σ23, σ34, σ45, σ15〉

• a toric varietyof degree31, which intersects
PSD5 only in the set ofrank one matrices.

Corollary: For Gaussians, the five given statements
imply [ 1⊥⊥2 ], [ 2⊥⊥3 ], [ 3⊥⊥4 ], [ 4⊥⊥5 ], [ 5⊥⊥1 ].
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The Entropy Map
Thesubmodular coneSubModn is solution set of
the following system of linear inequalities inR2n

:

H{i}∪K + H{j}∪K ≤ H{i,j}∪K + HK

Taking the logarithms of all2n principal minors of
any positive definite matrix defines theentropy map

H : SDPn → SubModn

Proposition. The Gaussian CI models are the inverse
images of thefacesof the polyhedral coneSubModn.

Problem: Characterize the image ofH.
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Conclusion

This talk presentedthree concrete open problems:

1. Consider the variety of4×4×4-tables of tensor
rank at most4. Do the known polynomial invariants
of degree five and nine suffice to cut out this variety?

2. Characterize all projective varieties whose
maximum likelihood degree is equal to one.

3. Which sets of almost-principal minors can be
zero for a positive definite symmetric5×5-matrix?
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Bonus Problem: Rational Points
Considern discrete random variables
X1, X2, . . . , Xn with d1, d2, . . . , dn states.

Any collection of CI statements defines a
determinantal variety in the space of tables,

Cd1 ⊗ Cd2 ⊗ · · · ⊗ Cdn.

The correspondingstrict CI varietyis the
set of tables for which the given CI statements
hold but all other CI statement do not hold.

Problem: Does every strict CI variety have a
Q-rational point? What ifd1, d2, . . . , dn ≫ 0?

[Matúš: “Final Conclusions”, CPC8 (1999) p. 275]
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