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Complex Fluid Models

Landau Equilibrium models: order parameter (Director =
Oseen, Zocher, Frank, Ericksen, Leslie. Tensor = de
Gennes.)

Onsager Equilibrium models: (pdf of state), free energy
derived from physics

Passive Kinetic models: Doi, FENE and variants (pdf of
state) effects of shear on dilute suspensions of rigid or
extensible corpora = linear Fokker-Planck

Tensorial models: (conformation tensors): closure of
certain kinetic models, e.g. Oldroyd B

Active Kinetic Models: (pdf) Onsager-Smoluchowski:
Nonlinear Fokker-Planck, stochastic models
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Nanoscale self-assembly

General Goals
Examples

Microfluidics

Biomaterials

Gels and Foams

Soft Lattices, Jamming

Pattern recognition
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Major Problems

® Derivation of Micro-Macro Effect

@® Dissipation of Energy: Complex Fluids “Onsager”
conjecture

© PDE existence theory for coupled system

O Modeling of interactions in the correct moduli space
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Configuration space: M = compact, separable, metrizable
space. m € M = corpus.

Reference measure: dyu — Borel Probability on M.
Corpora measure f(m)dp(m) — Probabililty, AC w.r. dpu.
Interaction kernel k : M x M — R, symmetric,
by-Lipschitz.

Operator (Kf) ( fM (p)du(p)

Potential U = —ICf = micro-micro interaction

Free Energy

8[f]—/Mrogfd,u,—;/M(ICf) fdu

Minima of Free Energy: Onsager Equation

f =2zt



Goals of Theory:

@ Existence theory for solutions of Onsager's equation
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General Goals M = S”_17 du = area.

Examples

Kf(p) = b / <(p -q)* — 1> f(q)dp

n
§n—1

b = intensity, inverse temperature.
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tempessiiie Dimension Reduction, Maier-Saupe
interacting
SSthe n X n symmetric, traceless matrix S:
Peter
Constantin S - Z(S)
General Goals Z(S) = / eb(SUm,mj)dN.
Examples Sn_l

fs(m) = (2(5)) et mm)
6..
o(8)ij = mimj — # fs(m)dp.

Theorem
Onsager’s equation with Maier-Saupe potential is equivalent to

o(S)=S.



Limit b — oo

6] = / o(m)F(m)d.
S2

Q>
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(6] = / o(m)F(m)dp.
SZ
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Oblate:

Prolate:

Isotropic:

Limit b — o

(6] = / o(m)F(m)dp.
SZ

Jim 6] = o [ o(p)d
SZ

Jim lo] = o5

2T

d(cos ¢, sin p,0)dp

Jim [¢] = ¢(m), me S2.
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k(p17 qi, p2,q2,. .. ) = Z kU(plu q_])

General Goals
Examples Kf = Z’C £, with

f(pi) Z/ kij(pi» g;)f(qu, - - - qn)dp(q)

Onsager Equation f =7 1eK?

Z-MLZ, wihZ = [ Sldu. f—(Z) e

'j

f(p1,...pn) = f(p1)f(p2) ... fu(pn) product measure
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Example of Interacting Corpora
M=S! M=Ss!xS

Kf(p1,p2) =
—b [ |le(p1) A e(p2) — e(a1) A e(q2)[I*f (a1, g2)dgrdgz

with e(p) = (cos p,sin p) if p € [0, 27].
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Kf(p1, p2) =
—b [z lle(pr) A e(p2) — e(q1) A e(q2)|IPf (a1, g2)dg1dae

Bames with e(p) = (cos p, sin p) if p € [0, 27].

le(p1)Ae(p2)—e(qr)Ae(q)]|? = (sin(p1 — p2) — sin(q1 — @2))°
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Kf(p1,p2) =
—b [ |le(p1) A e(p2) — e(a1) A e(q2)[I*f (a1, g2)dgrdgz

with e(p) = (cos p,sin p) if p € [0, 27].

le(p1)Ae(p2)—e(qr)Ae(q)]|? = (sin(p1 — p2) — sin(q1 — @2))°

Dimension reduction: Onsager's equation f = Z 'elf
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Example of Interacting Corpora
M=8' M=s!xs

Kf(p1,p2) =
—b [ |le(p1) A e(p2) — e(a1) A e(q2)[I*f (a1, g2)dgrdgz

with e(p) = (cos p,sin p) if p € [0, 27].
le(p1)Ae(p2)—e(qr)Ae(q)]|? = (sin(p1 — p2) — sin(q1 — @2))°

Dimension reduction: Onsager's equation f = Z 'elf
reduces to

a = [sind](a)
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Example of Interacting Corpora
M=8' M=s!xs
Kf(p1,p2) =
—b [1o [le(p1) A e(p2) — e(a1) A e(q2)|1*f (a1, g2)dgrdaz
with e(p) = (cos p,sin p) if p € [0, 27].
le(p1) Ae(p2)—e(ar)Ae(q2) || = (sin(pr — p2) — sin(q1 — 42))?

Dimension reduction: Onsager's equation f = Z 'elf
reduces to

a = [sind](a)
with )
[81(2) = [~ #(0)g(0)d?
g(g) — Zflefb(sin(é’)fa)2
7 = f027r e—b(sin(@)—a)2 do



The solution is f(61,62) = g(61 — 62).
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The solution is f(61,602) = g(61 — 62). Let

u(f,a) =sinf — a,

«O>r «Fr «=>»
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and let

[u](b,a) =

u(f,a) =sinf — a,

J27 u(8, a)e= b ®2) dg

f027f —bu2(0,2) 40
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The solution is f(61,602) = g(61 — 62). Let
u(f,a) =sinf — a,

and let ) bi2(0.9)
f " u(0,a)e b l9:2)dp
[u](b, a) = :

f027f —bu2(0,2) 40

The Onsager equation is equivalent to

[u](b, ) = 0.
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and let ) ,
Jo T u(8,a)e b O dg
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The Onsager equation is equivalent to
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[u](b, ) = 0.

This determines a, which in turn determines g, f.
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f027f e—b2(0.3)dp

The Onsager equation is equivalent to

[u](b,a) =

[u](b, ) = 0.

This determines a, which in turn determines g, f.
a = 0 always a solution. It yields

fo(pr, p2) = Z Le bsin*(pr—p2),
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The solution is f(61,602) = g(61 — 62). Let
u(f,a) =sinf — a,

and let

J27 u(8, a)e= b ®2) dg
f027f e—b2(0.3)dp

The Onsager equation is equivalent to

[u](b,a) =

[u](b, ) = 0.

This determines a, which in turn determines g, f.
a = 0 always a solution. It yields

fo(pr, p2) = Z Le bsin*(pr—p2),

As b — oo this tends to d((p1 — p2)modm).



Consider

with 7 = p—1.

2
A(a,T)zb%/ o—blsin0—a 4
0

(O @ (=»
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temperature

2
L 1 —b(sin O—3)2
‘Itlmlt‘(::.;f )\(a’ 7.) _ b2/ e b(sin 6—a) do
Iinteracting 0

corpora

Peter with 7 = b_l.
Constantin Note
1 0\
[u] = 2 X
and

General Goals 1

Examples 67-)\ — Zag)\




The zero ConSider

temperature ) o - i
limit of )\(a 7.) _ b2/ e—b(5|n9—a) do
interacting s
corpora 0
Peter_ Wlth T = b—l.
Constantin Note
[4] 1 0.
ul = —
2b A
General Goals and
Examples 1 )
a'r)\ = Zﬁa)\
; 1
lim A(a,7) = 2/7——=, 0<a<l

7—0 ma

Increasing.
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A(ayr)::bét/‘ e~blein0=a) gy
0

with 7 = b~ 1.
Note
o] = oy 22
S 2b A
and 1
@Azzﬁx
. 1
lim Ma,7) =2ym1——, 0<a<l.

T—0 V1—2a?’

Increasing. But things are subtle, %2‘(1,7') < 0.
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Consider )
A(ayr)::bét/‘ e~blein0=a) gy
0

with 7 = b~ 1.
Note
o] = = %22
~2b
and 1
ax:zﬁx
Ilm)\(a ) =2yT——— ! 0<a<l1
T)= ) .
V1—a?

Increasing. But things are subtle, g(l,T) < 0.
In fact, phase transition at positive 7

d.2((a(7),7) =0

and limit lim;_0 a(7) = 1, and consequently

Jim f(p1 —p2) =6 ((Pl —p2— g) modw)
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More degrees of freedom

M = 1[0, L] x [0, L] x [0, 7], du = —}»dxydx2d6.
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Constantin M = [07 L] X [0’ L] X [077'('], du = #dX]_dXQde-

Ulf](x1, x2,0) = /M(Xlxz sin(6) — y1y2sin())*f(y1, y2, ¢)dp

General Goals

Examples

The solutions of Onsager's equation are of the form

g(Xla X2, 9) = Z_le_b(X1X2 sin 9—3)2

with Z determined by the requirement of normalization
Jiy&d =1, adetermined by

a:/(x1X2sin 0)g(x1,x2,0)du
M



Let

U(XlaX2707 a) = X1X2 <inf — 3

<O <Fr o«

it
v

Q>



Let

U(XlaX2707 a) = X1X2 <inf — 3

[u] = /M e

(O @ (=»

«E»
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a is determined by [u] = 0.
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M
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1
@Azzﬁx

with 7 = b1,
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corpora
(] = / ugdy:
M

a is determined by [u] = 0.

Ma,7) = 7'_1/2/ e_”Q/Td,u
M
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obeys the heat equation
1
O-X = ZaE,A

u 63|0 .

a— 0, as b— oo.
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V(r) nonnegative, nonincreasing, compactly supported.
p= (Xl,...XN), x; € Q C R".
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Even More Degrees of Freedom...

V(r) nonnegative, nonincreasing, compactly supported.
p=(x1,...xn), x; € Q2 C R". Packing energy:

F(p) = V(Ix —xl)-
i<j

M=Qx---xQnN{F < F}.
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Even More Degrees of Freedom...

V(r) nonnegative, nonincreasing, compactly supported.
p=(x1,...xn), x; € Q2 C R". Packing energy:

=D V(x —xl)-

i<j

<
I

Qx---xQN{F < F}.

~~ [ IF(e) - F(@PFla)da
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Even More Degrees of Freedom...

V(r) nonnegative, nonincreasing, compactly supported.
p=(x1,...xn), x; € Q2 C R". Packing energy:

=D V(x —xl)-

i<j

M=Qx---xQN{F < Fy}.

/ IF(p) — F(q)2F(q)dg

Connection to the example of freely articulated 2n corpora,
jamming, perhaps...
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M compact metric space, d distance, u Borel probability

measure on M. Let
—k=u:-MxM-—-=R

e symmetric u(m, p) = u(p, m)
e bounded below u(m,n) >0
e uniformly bi-Lipschitz:

[u(m, n) = u(p, n)| < Ld(m, p)

If f >0, [, fdu =1, define
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M compact metric space, d distance, u Borel probability
measure on M. Let

—k=u:-MxM-—-=R

e symmetric u(m, p) = u(p, m)
e bounded below u(m,n) >0

e uniformly bi-Lipschitz:

[u(m, n) = u(p, n)| < Ld(m, p)

If f >0, [, fdu =1, define

el = [ fogidn 3 [ [ ulp.a)f(p)du(p)(@)duta)



Theorem

For any b > Q there exists a solution g that minimizes the
energy:

«O>r «Fr <

it
-

DA



The zero
temperature
limit of
interacting
corpora

Peter
Constantin

Introduction

Onsager
Equation
General Goals
Examples

Onsager
equation for
general
corpora

Kinetics

Physical space
connections

Embedding in
Fluid

Outlook

Theorem
For any b > Q there exists a solution g that minimizes the

energy:

Elg] = i Elf
61= 1o Py 1)

The function g solves the Onsager equation
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Introduction [g] >0, fM fd,u:1 [ ]
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Equation The function g solves the Onsager equation

General Goals
Examples

Onsager g(x) = (Z(b))"te P™

equation for
general

corpora wit h

Kinetics Z(b) :/ eibU(X)d,LL(X)
M

Physical space
connections

Embedding in and

Fluid U(X):/Mu(x,y)g()/)dﬂ()/).

Outlook
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Theorem
For any b > Q there exists a solution g that minimizes the

energy:
Elg] = in  &[f
1= g iy, ]

The function g solves the Onsager equation
g(x) = (Z(b))"te P™

with
Z(b) = / & BUC) ()
M

and

U(X)Z/MU(X,y)g(y)du(y)-

The function g is normalized [ gdp = 1, strictly positive and
Lipschitz continuous.
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The ur-corpus

Let M be a compact metrizable space and let u(x, y) be
symmetric, bi-Lipschitz and bounded below. In addition,
assume:

u(x,x) = 0.

Theorem

(C-Zlatos) Let v be a weak limit of a sequence f,dy of
minima of the free energy £ corresponding to b, — oo. Then
there exists m € M such that v is concentrated on the level set

x(m) ={p| u(m,p) =0}.
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[/ D) (a)dn(a) < 26l

if €= 2E[f], 0 < e, — 0,

and
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Idea of proof:

1
lim = min Elflp =0
b—oo b | £>0, [, fdu=1

and

[ [ e @duta) < 21
u(p,q)>e
if €2 = b%é’[f,,], 0<ep,—0, and
Q(p.€) =A{alu(p,q) < €},

then

/ fa(p) [/ fn(q)du(q)] du(p) >1—¢,
M Q(p,en)

3 P fQ(pmen) fo(q)du(q) > 1 — 2¢,.
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Idea of proof:

1
lim = min Elflp =0
b—oo b | >0, [,, fdu=1

and

[ [ e @duta) < 21
u(p,q)>e
if €2 = b%é’[f,,], 0<ep,—0, and
Q(p.€) =A{alu(p,q) < €},

then

/ fa(p) [/ fn(q)du(q)] du(p) >1—¢,
M Q(p,en)

3 pn, fQ(pme") fa(g)du(q) > 1 — 2¢,. Pass to subsequence
Pn — p.
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Principle: if a ;1 measure-preserving transformation T
exists such that locally around p = py,

u(Tp, Tq) < cu(p, q) with ¢ < 1, then py cannot be an
ur-corpus.
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Principle: if a ;- measure-preserving transformation T
exists such that locally around p = py,

u(Tp, Tq) < cu(p, q) with ¢ < 1, then py cannot be an
ur-corpus.

If a local u-preserving transformation around p = pg has
the property that p(T(B)) > Cu(B) for small balls around
po, with C > 1, then py cannot be an ur-corpus.

Example: Rhombi centered at the origin. The ur-rhombus is
the square.
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Mo Kinetics
Peter_
Constantin M compact connected Riemannian manifold with metric g.
o0&
Of =di Vgl —
General Goall ' Ivg < ¢ <6f>>
o0&
— =logf — Kf
of ~ 8
Kinetics dg B

e = | fIVellogf KNP du(p)
M

Gradient system, steady solutions = Onsager equation.

Ouf = Dgf — divg(FV4(KF))
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f:R"x M x[0,00) — (0,00):
Ocf = Dy f + divg (FV (log f — KF))
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Embedding in Physical Space
f:R"x M x[0,00) — (0,00):
Otf = Axf +divg (fVg (log f — Kf))
Example: n =1, M = S!, Maier-Saupe potential:

F(x,0,8) = 2 + L 5557, yj(x, £) cos(20)
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Boundary conditions
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'm'r;fg Embedding in Physical Space
corpora
copoter f:R"x M x[0,00) — (0,00):
Otf = Axf +divg (fVg (log f — Kf))
e Example: n =1, M = S!, Maier-Saupe potential:

F.0.1) = &+ L 352, yj(x. ) cos(2)0)
Oryj = 02y — 4%y + biya(yj—1 — yj+1)

Boundary conditions

Physical space
connections

lim f(x,6,t) = g+ ()

x—+0o0

g+(0) steady solutions.
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Embedding in Physical Space

f:R"x M x[0,00) — (0,00):
Otf = Axf +divg (fVg (log f — Kf))
Example: n =1, M = S!, Maier-Saupe potential:

F(x,0,8) = 2 + L 5557, yj(x, £) cos(20)
Oryj = 03yj — 4%y; + bjyi(yj—1 — yj+1)
Boundary conditions

lim f(x,6,t) = g+ ()

x—+0o0

g+(0) steady solutions.

Standing Waves, Traveling Waves.
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Passive

Oef + v - Vi + divg(WF) = divg (FV, (log f — KFf))
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Of + v - Vif +divg(WF) = divg (fVg (log f — Kf))
e with
W(x, m,t) =
= (X7 d(m)35 (1))
¢/(m) € Tm(M).
Example, rods in 3D:

Embedding in

Fluid W(x,m,t) = (Vxv(x,t))m— ((Vxu(x, t))m- m)m.
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Passive

Of + v - Vif +divg(WF) = divg (fVg (log f — Kf))
with
W(x, m,t) =

= (X7 d(m)35 (1))
ci(m) € T(M).

Example, rods in 3D:
W(x, m,t) = (Vyev(x, t))m — ((Viu(x, t))m- m)m.

Macro-Micro Effect: from first principles, in principle...
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ol(x)

Active: Navier-Stokes

Ohv+v-Vv+Vp=vAv+V - 0o
V-v=0

o= O'JI:(X, t)

added stress tensor.

Micro-Macro Effect

- /M (divgcj + cj - VgKf(x, m)) f(x, m)du(m)
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Theorem
3DNS + Fokker-Planck eqns with *. Then

E(t) = 1f|v\2dx+
+ [{flog f — 3(KCf)f} dxdp.

is nondecreasing on solutions.If (v, f) is a smooth solution then

9E — v [|Viv|2dx—

— [ [ f|Vg (log f — Kf)[* dmdx.
M

If the smooth solution is time independent, then v =0 and f
solves the Onsager equation

f=2ztel
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Peter
Constantin atf + v va + d|Vg(Wf) = d|Vg(fvg(|Og f — ICf)),
Ov — VA + Vyp=divio + F, V,-v=0.
i Theorem
Let vy divergence-free, in W' (T3), r > 3, fy positive,
Sy fo(x, m)dp =1,
fo € L(dx; C(M)) N Vify € L7(dx; H=5(M)), s < 4 + 1.
Then the solution exists for all time and
Elr::ibdedding in ||V||Lp[(0’T);W2,r(dX)] < 00,

[Vl Loo g0, Ty Lr (dx; H—5 ()] < 00

foranyp>r2_—’3, T > 0.
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o (C-Masmoudi) Let vo € (W™ N L?) (R?), divergence-free,
fo € WH(H=S(M)), withr > 2, a>1,s< 9 +1 and f, >0,
fM fodp € (L1 N LOO)(]RQ).
Embedding in

Fluid



The zero
temperature
limit of
interacting
corpora

Peter
Constantin

Embedding in
Fluid

NFP + 2D time dependent Navier-Stokes

Theorem

(C-Masmoudi) Let vo € (W™ N L?) (R?), divergence-free,

fo € WH(H=S(M)), withr > 2, a>1,s< 9 +1 and f, >0,
[iy fodp € (LY N L°)(R?). Then the coupled NS and nonlinear
Fokker-Planck system in 2D has a global solution
veLS(Wh)yn L2 (W2 and f € L5 (WL (H™9)).

loc loc loc
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NFP + 2D time dependent Navier-Stokes

Theorem

(C-Masmoudi) Let vo € (W™ N L?) (R?), divergence-free,

fo € WH(H=S(M)), withr > 2, a>1,s< 9 +1 and f, >0,
[iy fodp € (LY N L°)(R?). Then the coupled NS and nonlinear
Fokker-Planck system in 2D has a global solution
veLS(Wh)NLE (W?) and f € L2 (WLT(H™#)).

Moreover, for T > Ty > 0, we have v € L=((To, T); W270,r)'
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® n-gons, Hausdorff-Gromov distance
@ soft sphere packing, jamming
© kinetics w/o Riemannian structure
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