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*  Fioore 1. The pattern which occurs after the injection of air
into a Hele Shaw cell filled with glycerine.
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BAsic FLow (Filouwer)

Chuoke e¢f al. (1969), Scheideggar (1960a, b) have made studies of the initial
growth of fingers from a linear interface. In particular, Chuoke ef al. have shown that
surface tension prevents fingers from occurring below a certain wavelength, where
wavelength is defined as peak-to-peak separation.

The problem of the instability of an initially circular interface has been examined
elsewhere (Bataille 1968; Wilson 1975). Since the analysis is illustrative and beneficial
to the subsequent analysis, a version of the derivation will be included here.

Darcy's law is the equation governing the velocity of flow v in a porous medium or
a Hele Shaw cell as a function of pressure p,

v=-MVp, (1)
where M is the fluid mobility. Mobility in a Hele Shaw cell is a function of the plate
spacing b and the fluid viscosity p:

M =b/12p. . (@)
In the problem under consideration, the subscripts 1 and 2 will be used to refer to the

inner and outer fluids respectively. For incompressible flow, Darcy’s law in polar
co-ordinates leads to
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where ¢; = M, p; is the velocity pobentis.l.

Part of & circular interface with a sinusoidal perturbation is shown in figure 2. The
source has volume flow rate @b and the circle has radius R, so that, for unperturbed
displacements,

R(t) = (QU~to)/m}, (4)
if R = 0 at ¢ = ¢,. For both inflow and outflow, Q(t —t,) > 0. The velocity potential of
the steady flow can be derived from (3) as

Q r M
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b= 90+~ h(g) " expind) (1)
The condition of continuity at the perturbed interface (to first order at r = R(t)
determines # as
4 d
p-2 (k2 (8)

The pressure drop across the interface depends on the surface tension o through

2 1 a+ dza/dﬁz)

Px‘Pz=0’(g+ﬁ——Rz_ 9

to first order, since r = R +a. Using (5)-(9) gives

11_1‘_f= Qn (M,-M,] @ _on(n?-1) Mle] (10)
fdt  2nRM M +M,| 2nR? R3 M+ M,
If M, » M,, (10) becomes
df n-1 Q_n(n+1)0'Mg)
A T ()
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The interface is given by r = R(t), where the mean radius R(t) satisfies

*R(t)? = nR3 + Qt (injection), =R(t)? = nR2 — gt (withdrawal). (2.7)

The velocity potential satisfies Laplace’s equation and is given by
-_9 QM
dor(r.) = 5 (Log(r) - Log(R(®) — 723 +cu,

bun(rt) = = 52 (Log(r) ~ Log(R(®) ~ 52 + ¢z

The kinematic condition at the interface is given by
oR _ _ ?P_OL) gg__(am)
ot or ). _gp Ot - or J.or’

» poa(rit) = ——%1(4’;’ 23

Then the pressure is given by

por(r,t) = —‘%;é{:’ d

The normal stress balance is given by

(2.8)

(2.9)

¢ =C (%)

(2.10)

(2.11)

por(R, &) + 21 (%)M — poa(R, t) — 23 (mig’r@)mn =0 (% + —1—) (2.12)

which provides the relation of ¢; and c¢j: VP F‘

(] (4] 2 1 Q -
—E*-E—U(E'Fm)“'m(ﬂl—lﬂ)—o'

R(t)

(2.13)

]
The first part is the pressure difference, the second the interface tension, and the third is due to VPF. The

equations for withdrawal are derived if Q is changed only to —g.
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The normal stress balance for the perturbed field at r = R + a(t, 6) is given by

82 8% 02 8%
po1 + 2 af;," - (poz+2uz 8?32) +pn +2m ;2” - <p12+2u2 af;?)
a1 o2
= [Pox ‘g - (Poz + 2/123;2—) n

i) &’ &
+ {E [Pm +2#1——6f§1 - (Poz + 24, szoz)] }r=Ra

Féu ( 12 2
#our 2B = (b2 Z02)| o)
[ 11 15,3 12 25,2 n
2 1 a 1 8% 2 )
= e — — ——— —— 21
’ (b * R " Ro?  Reae T0C)) (221)
which is then arranged, after using (2.12), as '

With gy = 4?/(12M,) and ug = b2/(12M;), VPF equation (2.25) gives

(R*-1)e B [My(n- 1)+M2(n+l)]Q+ Mi(n-1)- Mg(n-i-l)Q
R(t)2 12M1M21FR(t)3 2M1M2n1rR(t)

_ (b2 (M2(n — 1) + Mi(n + 1)] LMt Mz)R(t)) f'(t)

- 6M, MaR(2t) M Mon fle)y” -

(2.26)
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To investigate the effects of VPF terms proportional to b?, consider the case ¢ = 0 when the finger number
n > 1. In this case

S(t)  PnP(Mi+ M)+ 6n(My — M) R()? Q

f(t) T 2 (M2 + M) + 6(M, + M2)R(t)? 27 R(¢)? (2.27)
When n — 00
f'(t) - Q '
f(t) 2rR(t)? (2.28)
The VPF terms are stabilizing. On the other hand, when 2 =0
Sy n(M2-M)Q o)

0 = O + MR

so that large finger numbers are unstable and since f'/f & n they are Hadamard unstable; large finger number
" fingers grow without limit for any time no matter how small, as n — 00.
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2.3 Explicit formula for the perturbed interface
We may transform ¢ to R:
df(t) _ dRAf(R) _ Q df(R)
dt ~ dt dR  2rR dR
thus 0 <t < 0o is converted to Ry < R < 0o. Equation (2.26) can be written with (2.27) and is integrated as
f(R) ) EF(R)

fRy) = I, TR

_ 2ra My Ma (n® — n) [ AreTan [ V(M + Ma)R
T b0/ 1 M) (Ma(nE — 1) £ Mi(n2 £1)) /6 by/Ma(nZ —n) + Ma(n® £ 1)
V(M + Mz)Ry ”

~ArcTen [b\/Mg(n2 —n)+ Mi(n? +n)

Ma(n+1) + Mi(n ~ 1)
T Ma(n-1)+Mn+ 1)L°glR/R°]

MZ(n+2)(n—1)-2M Man - M (n—2)(n+1)

2(M + M2)((n — 1)M2 + (n + 1)M,)
6(M; + M;)R? + M, (n2 - n) + M, (n2 + n)

X108 | 6, + M) G + My (7 )+ My (2 ) |

(2.31)

o

(2.32)
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Fig.4b Finger pattern for datal = (g, 0, My, My, P;) = 0.001,0.00109649, 0.0000208333, 0 and n = 10.
ry = 0.026 (red), ry = 0.0267 (green), r; = 0.028 (blue).

Table xx Lower cut-off (n = 1) and the first instability at n = 2.

£ R VPF Paterson
T Qm Tic Qe Mm Qm T (e
50 0.025 1 —0.0000149156 1 —0.0000149166
100 0.05 1 —3.72909 x 10°° 1 —3.72015 x 106
200 0.1 2  0.0000109956 3 —1.35492x107°| 2 0.0000109961 3 —1.35435 x 10~
f
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Fig.5 f(R) versus R for n = 2 (red), n = 3 (green), n = 4 (blue}), n = 5 (magenta). VPF with
datal = (ug,a, My, My, Pr) = (0.001,0.063,0.00109649, 0.0000208333, 16.4934).
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Fig.2b Growth rate a versus n for (Pr,m,¢, R) = (0.00164934,1.9 x 107¢,70.,0.035).

Table 1 Maximum growth rate a,,, given at n = n,, and cut-off n. at which a. becomes negative, for various
values £. (SO10000-air)

& R VPF Paterson .
N am ng a; Tien m n. Q.

50 0.025| 75 0.017309 173  —0.000103003 | 101 0.0264067 174 —0.000307776

60 0.03 | 85 0013816 190 —0.000124814 | 110 0.0201153 191 —0.000426242

70 0.035 | 94 0.0114481 205 —0.0000341013 | 119 0.0159789 206 —0.000197903

20 0.01 | 37 0.049297 108 —0.000715806 | 64 0.103467 110 —0.00188615

40 002 | 64 0.0225756 154 —7.8159x107%| 90 0.0368402 156 —0.000958135
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Fig.3 f(R) versus R for n = 30 (red), n = 100 (green), n = 180 (blue), n = 190 (magenta), n = 200 (black).
VPF with datal = (ug, 0, My, My, Pr) = (10,0.063,0.00109649, 2.08333 + 1079, 0.00164934).
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5 The case M, < M;
When M; > My, (2.26) reduces to

b*nQ + 12Mymo R(t) (n* +n) —6QR(t)*  f'(1)

-(n-1) 2n R(t)2 (b2 (n2 + n) + 6R(t)2) BVION

(5.1)
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Fig.1a n,, versus £ = R/b for P; = 0.01 (Paterson’s case given by (3.16)).
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Fig.1b n., versus £ = R/b for P; = 0.01 (VPF). Present case given by n,, of (3.14).
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4 Numerical results comparing Paterson and VPF

The maximum growth rate of VPF is different, from that of Paterson’s case, for SO1000-air.
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Fig.2a Growth rate a versus n for (P;,m = p1/p2,€ = R/b, R) = (0.00164934, 1.9 x 1076, 50.,0.025).
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