
Polydispersity

Image from T.K. Haxton and A.J. Liu,  Phys. Rev. Lett. 99, 195701 (2007).

Use different disc sizes, some care about 
their ratio required (1.4:1 traditional)

But size distribution is an infinite parameter 
space!

Use a uniformly curved background surface

M. Rubinstein and D. R. Nelson, Phys Rev. B 28, 6377 - 
6386 (1983).
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Separate the kissing number and the number of 
contacts required for isostaticity.

Curvature

One parameter!

Crystallization not even possible for 
most curvatures!
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We examine a simple hard disc fluid with no long range interactions on the two-
dimensional space of constant negative Gaussian curvature, the hyperbolic plane. This 
geometry provides a natural mechanism by which global crystalline order is frustrated, 
allowing us to construct a tractable model of disordered monodisperse hard discs.  We 
extend free area theory and the virial expansion to this regime, deriving the equation of 
state for the system, and compare its predictions with simulation near an isostatic packing 
in the curved space.

R.D. Kamien and A.J. Liu, Phys. Rev. Lett. 99, 155501 (2007).

Carnahan-Starling
free volume theory

free volume theory
Rutgers, et al.
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Many different models, simulations, and experiments of the equation of state for 
hard spheres in three-dimensional flat space all agree with each other over a 
broad range of the packing fraction   .  How can we avoid crystallization in 
numerical experiment?
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The hyperbolic plane has 
uniform negative curvature 
and infinite area.  But it 
doesn’t fit in flat space!  
Moreover, the perimeter 
scales like the area and the 
thermodynamic limit is 
subtle.

Poincaré’s mapping is conformal, so angles and circles are 
preserved.  Geodesics are arcs of circles that begin and 
end normal to the boundary. However, the apparent size 
of circles shrinks and their actual centers shift outwards 
as they move closer to the boundary of the model, as 
seen above.
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No evidence these coefficients turn negative at any curvature.  Note: lack of scale invariance introduces 
extra curvature dependence through a.
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Pressure curves for the close packed crystals (q=3) remain low pressure 
longer and diverge later.  No general “no-crossing” rule.
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MD simulations (shown two boxes up) agree with the disordered 
fluid branches in flat space and avoid crystallization.  Monte Carlo 

simulations on triply-periodic surfaces also concur with the 
analytic theory. 

C.D. Modes and R.D Kamien, Phys. Rev. Lett. 99 (2007) 235701; Phys. Rev. E 77 (2008) 041125.
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Hexagons Three at a 
Vertex

The Schlafli Symbol {p,q} is a classification of regular tilings: p is the number 
of sides in a cell, q is the number of cells meeting at each vertex. 
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