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Assume that the loading
at the cavitation point is

equal triaxial tension.

Is the shape of the hole

(asymptotically) spherical?



u:Q 00° - O0° - Deformation
< Fij := (Lu); = 0u;/0x; — Deformation Gradient
u
W(F) - Stored Energy

detF(x)= 1 - Incompressible



W(F) = W(IFP°, |adjF [*, detF)
WY >0 ... convex, monotone increasing in each of its first 2 arguments
Cavitation Requires: d4p<3, 1g<3/2

In particular, the stored energy iIs homogeneous, isotropic, and polycon

min  EQ) = [ W([Ou(x))dx
u(x)=d(x) Q
X[10Q

Deformations § u O WY Q;0°): detdu >0a.e., uis 1-1 a.e}

If iIncompressiblethen detllu =1 a.e.



Q = B:=By(0) ... unitballinO®
W(F) = a |F|P + h(detF)

a >0, Ikp<3

T - +00
h-convex, ) - +o as .
150

Radial Deformations

r(jx|)

ur(x) = x| X

\J



Cavitation: r(0) >0

©

Ur(X) = K%P X

r(1) =\

Theorem John Ball). 0O Ay = 6 suchthat,d A >Ag, v(X) =AX

does not minimize E on W*P. Moreover, the minimizeru, ( 0 A)

of E among radial deformations exists and satisfig6) > O.
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(Simplified) Open Question:

Is the radial minimizer the global minimizer among those

deformations that open a single cavity at the center of the ba



Let u satisfy u(x) =Ax for x [I0dB.

Then theradial symmetrization, u,, of u Is given by:

uI’(X) — |X| X
Tr(R)® = S mA° - J (detlu)dx
Then ATrér = é(detDu)dS(

and hence fa(detDur)dS( = i; = fFS(detDu)d&



ueS)

Equal
Volumes

Ur(3)

Isoperimetric Inequality: Araa(Sr)) = Areal(SR))



Incompressible Materials

Theorem. Let A>1 and W(F) = W(|F]P,|adjF|"), where

P = 0 is monotone increasing in each of its arguments and convex

Suppose tha? < p<3 and 1 <g< 3/2. Then there exists a

minimizer of E that is radial, among those deformations in the clas
{fuOW"Y(B; 0% : detdu =1a.e., uis 1-1 a.e.,u = \i ondB}

that open a single hole at the origin. MoreoveWifis strictly convex

X_

then this minimizer is unique. Ur(X) = ( X[+ A% =1 )" IX]



Compressible Materials

A - Annulus
- S

u=pionS, u=Aiong

Theorem. Let W(F) = W(|F]P, |adjF|", detF), whereW >0 is
monotone increasing in each of its first 2 arguments and convex. Sup
that 3<p and 3/2<g. Let u>A and pa <A. Then there exists a
minimizer of E that is radial, among those deformations in the class

{uOW*YA:0°% :detOu >0a.e,uisl-la.e.,u=pionS, u=AionS}



An idea from the Proof. Let n be a unit vector. Then

| detOu | = | detdu | |n P = (adj0u)'n-(Qu)n < |(adjdu)'n| | Qu)n |
and hence I0u)n | = | detTdu [* / |(adjOu)'n |?

Let tq, to, N be an orthonormal basis. Then

[Duf= |(Out P+ |(QutP +  (Ounf

> 2(0ut|((@Outz] +  [Qunf

IV

2 (Ou)ty x (Ou)t,|  +  |(@u)n
| détu [°

= 2|(adjdu)'n| + [(Ouwnf = |(adj0u)'n| + @di D0 P



[|Ou Pdx =
B

1 , 1 ; | deflu [ |
[ 1] 0ul d&dRzJé( @diou)n| + TR dS.dR

Incompressible: detdu =1

1 1
It ?dS, dR > H;( (adj Cu)"n| ) dSdR

I(adj Cu) 'n|
h(t) = t + ¥t° isconvex (p=2)
g(s,t) = t + ¥t° is not convex (p =2)

k(s, 1) = (17° + £/11*3)*2 s convex (p = 3)



(DetOu)(9) := -3 | D¢ Madjou)udx

DiNi(adj Ou)u] = (adjCu)':0u + ulDiv[adjCu]’

u'(x)

ul] C*(B)

Det u

T x

3(detu) + 0

0 @etOu)(@) = [ ¢(detlu)dx

(detTu)dx

Detlu" = (detOu")dx + 27r(0)* 3,
3



Two Scales

Macroscale: The apparently void-free material will
undergo a classical, smooth deformation in respons

to compression and sufficiently small tensions.

Microscale:Material will undergo a singular, Sobolev

deformation in response to a sufficiently large tensio

Today (only) 1. No additional energy associated wit|

cavitation (e.g., no surface energy).

2. Single hole at the center of a ball.



