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Free energy calculations

Generic setup and notation:

continuous family of Hamiltonian
H. ( ) H( ) functions on phase space

peq(z) ie#ﬂ"(zf') equilibrium (canonical) distribution
7. at inverse temperature !

F. =#%"InZ. (Helmholtz) free energy

We wish to estimate the free energy difference
"F=F#F,



Switching simulations

equations of motion for microscopic dynamics:

Y= V(Z, ”) (e.g. Langevin, NosZ-Hoover, Metropolis E )

physical dynamics

run a simulation during which " is switched from O to 1

A7
— U 7
W = OZOH o (z“ t) work performed on the system
reversible: W="F

irreversible: (W)>"F

(average over repeated simulations)



Nonequilibrium free energy estimates

distribution of work values

$(W)

W
#F <W>
T upper bound on #F

AN\ A ABF er :
<e > =e nonequilibrium work relation
C.J., PRL 1997

In principle, we can determine #F from nonequilibrium simulations E
In practice, the exponential average typically converges poorly.

Gore et al, PNAS 2003 ; Kofke, Mol Phys 2006 ; C.J., PRE 2006



The source of poor convergence: dynamical laq”

p
"=1/2 .":1
N

<~

\

equilibrium distributions

1 :O

* Pearlman & Kollman, JCP 1989; Wood, JPC 1991; Hermans, JPC 1991



The source of poor convergence: dynamical lag

phase space densities
att=0, %2 , %

equilibrium distributions

"=0 lag & dissipation
& poor convergence

* Pearlman & Kollman, JCP 1989; Wood, JPC 1991; Hermans, JPC 1991



The source of poor convergence: dynamical lag

phase space densities
att=0, %2 , %

equilibrium distributions

"=0 lag & dissipation
& poor convergence

Improve convergence by reducing lag how ?7?




Our approach E

Modify the equations of motion so as to @scortO
the system along a near-equilibrium path,
then estimate #F using the modified dynamics.

physical dynamics: ¥l= V(Z, ")

%, = characteristic relaxation time scale

modified dynamics: ¥= V(Z, ") + ﬂu(z ")

f

arbitrary, well-behaved flow field



Implementation
P

"=1/2

u(z,0)

1. construct a flow field u(z,")
that MudgesOthe system along
the direction of the changing

= equilibrium distribution




Implementation

1. construct flow field u(z,")

2. run simulations under the modified dynamics
B=v+ Yy | 6z=6z,, +6A uU(z2) |

phys

3. compute a Cgeneralized workOvalue for each trajectory

W= th#ﬁ+u0/&H' (& 1 Qdi#K(z,. %)

<e #vv$> _ e Py =
u

If u effectively guides the system along a near-equilibrium path,
then convergence improves substantially.

see also Miller & Reinhardt, JCP 2000 (linear flow field)



<e" #W$> —e M Derivation®
u

f (Z,t) = time-dependent phase space density

Important assumption: L. &) =0

" generalization of Hummer & Szabo, PNAS 2001



<e" #W$> —e "F Derivation®
u

f(z, t) = time-dependent phase space density

A
, g ?@
physical dynamics, = V(Z, ) — o =L,f -
) , "f ,
modified dynamics, B=w+ Yy —» o =L, f $Mo&uf)" L(,f

Important assumption: L. &*(z") =

" generalization of Hummer & Szabo, PNAS 2001



Derivation sink term

now consider the sink equation, ? = L#$ 98K g (W"= $dt#K)

\ modified
dynamics
two solutions E
(1) by inspection , g(z,t) = ZieXF{—ﬁH(Z’)%)]

0

(2) Feynman-Kac , g(z,t) = <"(Z# z[)exp(#ﬁp‘ ' ;dto/céK)>

u

equate, evaluate at t=% < (z# z$) #WV&> = Zie#%*(z,l)
u
0
- ews\ _ L _ e
integrate over phase space : e A e
0

Q.E.D.



@erfectOflow fields

Suppose we construct a flow field o 3
u’(z,") that eliminates lag. 7 23 i

What is the distribution of work values? >

"{? i ? fat)=p(2.4)

$%1)
a7 > o’

dF #H

()3

#{u - H$ " ul p*

+u P& %% =K(z,")

W= &dr#l( &dr# for every trajectory !!

reduce lag & improve convergence



Example”

P2 300
H(g,pi2) =L+ ¢* —16(1- 1)¢? | 4
(9.72) = —+4" ~16(1-A)q
200 |\,
minima at  *q,,;,(A) =£4/8(1- A) N u(@0)
take ! =1 3100
>
"F=F#F,=62.94-. ’

-100

od .
u(g A) = %tanh[m (1= )0l

*S.X. Sun, JCP 2003
Oberhofer et al, JPC 2005



Results

' <b ' ph)égfipz?jl gynam?cs o} I
. . 9| modified dynamics e |
#F .. from 10° trajectories generated ; d § b AF=62.94 ----
using Hamilton® equations © 0 '
80}
E and from 106 trajectories generated ° 70: 5
using the modified dynamics @ ®
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Switching time (t)
8t e 7 =0.01
distributions of work values PO
6t
W =1275%+11.3
" | hysical dynamics
W"=63.64 = 0.68 ‘ By
2t
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Potential applications

¥®* by particle insertion
¥solvation free energies (cavity formation or expansion)

¥free energy of charging a solute, #G

coul

¥steered molecular dynamics
¥well-characterized conformational changes

& others

Could be used in combination with:

¥Crooks@® fluctuation theorem / Bennett® method Crooks, PRE 2000

¥Hummer-Szabo formalism for PMF calculations  PNAS 2001

¥large time steps  Lechner et al, JCP 2006
& others
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