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Operator splitting

| d“ = C(u) t > C
u(O)

Assume that C'(u) = A(u) + B(u),

we wish to Pnd an approximation to w(t)
by solving |

alternately.
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Introduce a time step ! t

t,=nlt, thu,p=t+1t/2, n=0,1,2,...

o
_15 d ZA(V) L' O}On,tn+1/2 1&
V = ZB(V) t! tn+1/2,tn+1

Linear ODEO
% = Cu= Au + Bu, A,B,C m I m matrices

u(tn) = e ug vitn)= € ®e A Tug
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Convergence by the Lie-Trotter-Kato formula:

aln (A+B) = [im :e! B o tA tn/lt
l t—0
Notation
u(t) = C(u ,
(1) (u) X u(t) = ! ¢ (t) #ug
u(0) = ug

V() =[te(" )T A(" )] ! uo

#

i 1T P Y
v(t): | B 2(“ tn+1/2) U tn+1/2 t" $tn+1/2>tnﬁ/’|6
LA (20t tn)) v(ta), ¢ tnytn+1/2 -
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Formal Taylor series...

. .-
Vns1/2 = Vp + 1 tA(Vy) + 5! t°dA(Vh)A(Vy) + O 1 t3

Vhel = Vp+1/2 + AtB (Vn+1/2>

1 !
+ §At2dB(Vn+1/2)B (Vn+1/2) + 0 Atg
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Formal Taylor series...

. .-
Vns1/2 = Vp + 1 tA(Vy) + 5! t°dA(Vh)A(Vy) + O 1 t3
Vh41 = Vn + ATU(A(Vp) + B(vn))
1

+ éAt2 {dA(Vn +1/2)A(Vn+1/2)

+2dB(vy)A(Vv,) + dB(v,)B (Vn)}
+ O (At®)
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(" A" D)V = vy + t(PI\(Vn)Jf B (Vn))

;!
- t* dA(Vn+1/2)A(Vna1/2)

+2dB(Vn)A(Vn) + dB(vq)B(Vn)

#
+Q " t3$

e DTV = V" (A B)(V)+ 57 (A + B)(v,)(A + B)(V,)
HA

+ QO "t3
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(" A" D)V = vy + t('°|~(Vn)+ B (Vn))

;!
+ 2" t% dA(Vns+1/2)A(Vn+1/2)

2
+2dB(Vh)A(Vn) + dB(Vn)B(Vn)
# %
+0 "t
Las ("), = v+ (A + B)(vy) % t“d(A + B)(V,,)(A + B)(V,)
+ O!" i
Local error:
i " " " " i_ 1n 2 "|| 3#
Ty ("D " LA O (M) vyt = 5 t“[A,B](va)+ O "t
" H#
= % t>(dAB " dBA)(vy)+ O " t3 .
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Global error found by summing the local errors.

there are o@/! t) terms.

t_{! t 1 i
Brror = | t°[A,B]! K ! t* =0( t)
n=0 '
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Global error found by summing the local errors.

there are o@/! t) terms.

t_{! t 1 i
Brror = | t°[A,B]! K ! t* =0( t)
n=0 '

Strang splitting
vn+r =[P A /2 (" E/2) o (P s (" /20 A(" £/2))] vn

onsdag 19. august 2009



Global error found by summing the local errors.

there are o@/! t) terms.

!t
S t
Brror = | t°[A,B]! K ! t* =0( t)

n=0

Strang splitting
vn+r =[P A /2 (" E/2) o (P s (" /20 A(" £/2))] vn

| ocal error:

%(! t/ 2)2 ([A,B]+[B,A]) + o1
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Global error found by summing the local errors.

there are o@/! t) terms.

!t
S t

Brror = | t°[A,B]! K ! t* =0( t)
n=0 '

Strang splitting
v =[P A E/2) 8 (" £/2)) o (L (" £/2) A" £/2))] vn
Local error:
%(! t/ 2)2 ([A,B]+[B,A]) + o1

Global error: o1 2
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Bootstrap lemma:

Let v :[0,7]! X, where X Is a normed space. Assume that "! # v(t)# Is
continuous. If we can bnd a constantt such that

¥ #o(0)# $ ! ;
¥ if for somet > 0, #()#$ !, then #u()# $ ! /2;

then
#o()# $ ! /2 for all ¢ %][O0, T7.
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Doubling the time variableVv(t, ! )

V(O, O) = Up,

Vi(t,th) = B(v(t,tn)),
vi (6, 1) = A(v(t, 1)),

At

t € (tn,tn+1],
(t,!) €[th, thea ] X (Tn, thea ],

B

——

T
B——>—

At t
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The error function w(t) = v(t,t) ! u(t)
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The error function w(t) = v(t,t) ! u(t)

A(f +g)= A(f)+ dA(f)[g] + | 1(1! @A + ! g)[g]?d!
!O
B(f + g)= B(f)+ dB(f)[g] + 1(1! 1d@B(f + ! g)[g]?d! .

0
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The error function w(t) = v(t,t) ! u(t)

A(f +g)= A(f)+ dA(f)[g] + | 1(1! @A + ! g)[g]?d!
!O
B(f + g)= B(f)+ dB(f)[g] + 1(1! 1d@B(f + ! g)[g]?d! .

0

w: I dA(W[w]! dB(Ww]=vi+ vi ! u! dA(u[w]! dB(u)[w]
= Vi + A(v) ! {A + B)(u) ! dA(u)[w]! dB(u)[w]
= V; | IB(v)+ A(v)! A(u)! dA(u)w]
+ B;(#v)! B(u)! dB(u)[w]

= F(t) + 1(1! 1)d® A(u + ! w)[w]?d!

0
# 1
+ (1! 1YdPB(u+ ! w)w]?d!
0)
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The error function w(t) = v(t,t) ! u(t)

A(f +g)= A(f)+ dA(f)[g] + | 1(1! @A + ! g)[g]?d!
0
1

B(f + @)= B(f)+ dB(f)[g]+ (1! !)d@B(f + ! g)[g]*d! .

0

wi ! dA(u)[w]! dB(W[w] = vi+ vi ! us! dA(u)[w]! dB(u)[w]
= Vi + A(v) ! {A + B)(u) ! dA(u)[w]! dB(u)[w]

+ (1! 1YdPB(u+ ! w)w]?d!
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The error function w(t) = v(t,t) ! u(t)

A(f +g)= A(f)+ dA(f)[g] + | 1(1! @A + ! g)[g]?d!
0
1

B(f + @)= B(f)+ dB(f)[g]+ (1! !)d@B(f + ! g)[g]*d! .

0

wi ! dA(u)[w]! dB(W[w] = vi+ vi ! us! dA(u)[w]! dB(u)[w]
= Vi £ A(v)! (A+ B)(u)! dA(u)iw]! dB(u)[w]

@ A(U)! dA(U)WD

+ B;(#v)l B (u)! dB(u)?ﬂ

=F@{)+ (@! NHdP A+ ! w)[w]*d!

+ (1! 1Yd@B(u+ ! w)w]?d!
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The error function w(t) = v(t,t) ! u(t)

A(f +g)= A(f)+ dA(f)[g] + | 1(1! @A + ! g)[g]?d!
0
1

B(f +g)= B(f)+ dB(f)[g]+ (1! !)d@B(f + ! g)[g]*d! .
o)
wi ! dA(u)[w]! dB(W[w] = vi+ vi ! us! dA(u)[w]! dB(u)[w]
= Vi + A(v) ! {A + B)(u) ! dA(u)[w]! dB(u)[w]

: A(v)! A(u)! dﬁ\@
@ B(u)! dB(u)
1

=F@{)+ (1! AP AU+ ! w)[w]?d!

+ (1! 1)d®BY{u+ ! w)[w]?d!
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The error function w(t) = v(t,t) ! u(t)

A(f +g)= A(f)+ dA(f)[g] + | 1(1! @A + ! g)[g]?d!
!O
B(f + g)= B(f)+ dB(f)[g] + 1(1! 1d@B(f + ! g)[g]?d! .

0

F(t,!)= vi(t,!)! B(v(t,!))
F 1
we ! dCW)[w]= F@)+ (@ NdP O(u+ ! w)wPd!, t> 0
0
w(0) =0
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The error function w(t) = v(t,t) ! u(t)

A(f +g)= A(f)+ dA(f)[g] + | 1(1! @A + ! g)[g]?d!
!O
B(f + g)= B(f)+ dB(f)[g] + 1(1! 1d@B(f + ! g)[g]?d! .

0

F(t,!)= vi(t,!)! B(v(t,!))
F 1
we! dCW)[w]= F@®)+ (@' 1)d? C(u+ ! w)[w]Pd
0
w(0) =0

F + dA()[F] = [A, Bl(v,v), (') € [tn,tns1],
F(t,ty)=0

t> 0

At
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R"
C(u) = A(u) + B(u), d’°C = constant.
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R" There exists a unigque bounded
C(u) = A(u) + B(u), d?C = constant. solution |u(t)[! K fort™ [O,T].
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R"
C(u) = A(u) + B(u), d’°C = constant.

The bootstrap argument

assume|v(t, )| ! "

There exists a unigue bounded
solution Ju(t)|! K fort" [O, T].
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R" There exists a unigque bounded
C(u) = A(u) + B(u), d?C = constant. solution |u(t)[! K fort™ [O,T].

The bootstrap argument

assume|v(t, )| ! "

w; + C'(u)w = F + %WZ, t>0 w(0)=0
Fil AAWF =[ABI(V), (t")" [tn,tasr1# (tn,thsa], F(ttn) =0
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R" There exists a unigque bounded
C(u) = A(u) + B(u), d?C = constant. solution |u(t)[! K fort™ [O,T].

The bootstrap argument

assume|v(t, )| ! "

w; + C'(u)w = F + %WZ, t>0 w(0)=0
Fil AAWF =[ABI(V), (t")" [tn,tasr1# (tn,thsa], F(ttn) =0

%! F2= A'(V)F2+[A B](V)F

I K"F?+ K"?|F
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R" There exists a unigque bounded
C(u) = A(u) + B(u), d?C = constant. solution |u(t)[! K fort™ [O,T].

The bootstrap argument

assume|v(t, )| ! "

w; + C'(u)w = F + %WZ, t>0 w(0)=0
Fil AAWF =[ABI(V), (t")" [tn,tasr1# (tn,thsa], F(ttn) =0

I
- [FI <K#|F|+ K#%, F(t,,0)=0
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R" There exists a unigque bounded
C(u) = A(u) + B(u), d?C = constant. solution |u(t)[! K fort™ [O,T].

The bootstrap argument

assume|v(t, )| ! "

w; + C'(u)w = F + %WZ, t>0 w(0)=0
Fil AAWF =[ABI(V), (t")" [tn,tasr1# (tn,thsa], F(ttn) =0

IF(t, 1) ! K, !t
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R" There exists a unigque bounded
C(u) = A(u) + B(u), d?C = constant. solution |u(t)[! K fort™ [O,T].

The bootstrap argument

assume|v(t, )| ! "

wi +C'(uw! Ky ! t+ %WZ, w(0) = 0.

IF(t, 1) ! K, !t
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R" There exists a unigque bounded
C(u) = A(u) + B(u), d?C = constant. solution |u(t)[! K fort™ [O,T].

The bootstrap argument

assume|v(t, )| ! "

1

d 9 ! 2 K g
——wW*' = —C(uw+K;!'tw+ —w

2
<Kw2+ K, ! t|w]+(|ul+ |v|)gw2

<Kw?+ K, ! t|w|+ K, w?.
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R"

C(u) = A(u) + B(u), d’°C = constant.

The bootstrap argument

d
dt

assume|v(t, )| ! "

—|W’I K, ‘W|+ Ky !t

w(0)=0.

w(t)|! UK, Tt Kyt

There exists a unigue bounded
solution Ju(t)|! K fort" [O, T].
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R"

C(u) = A(u) + B(u), d’°C = constant.

The bootstrap argument

d
dt

assume|v(t, )| ! "

—|W’I K, ‘W|+ Ky !t

w(0)=0.

w(t)|! UK, Tt Kyt

There exists a unigue bounded
solution Ju(t)|! K fort" [O, T].

(@, DI Tu()]+ [w(@®)]+ vz, )" o@D K+ K At
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R"

C(u) = A(u) + B(u), d’°C = constant.

The bootstrap argument

d
dt

assume|v(t, )| ! "

—|W’I K, ‘W|+ Ky !t

w(0)=0.

w(t)|! UK, Tt Kyt

There exists a unigue bounded
solution Ju(t)|! K fort" [O, T].

o, DI [u@)] + Jw(@]+ ot ) " o) K+ K At.
Choose! such that! /4> K, then! t such that K,! t <! /4
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R" There exists a unigque bounded
C(u) = A(u) + B(u), d?C = constant. solution |u(t)[! K fort™ [O,T].

The bootstrap argument

assumel|v(t, )| ! ". ! v(t, )] < =+

d
a|W" K, ‘W|+ Ky !t W(O):O

w(t)|! UK, Tt Kyt

o, DI [u@)] + Jw(@]+ ot ) " o) K+ K At.
Choose! such that! /4> K, then! t such that K,! t <! /4
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Ordinary differential equations

| ur = C(u), t >0, u(0) = ug! R" There exists a unigque bounded
C(u) = A(u) + B(u), d?C = constant. solution |u(t)[! K fort™ [O,T].

The bootstrap argument

+

[

assumel|v(t, )| ! ". ! v(t, )] <

4 42

AS a consequence(tt)! u(t)|" Ki,!t
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The logistic equation u: = u(u! 1), u()= up" (0,1)

Uo
u(t) =
) Up+ €(1! up)

A(u)= u® B(u)="!u

Uo
1" upt

L a(t) ! ug = g (t)! ug = upe'

U()(l' e t)
(1! e Detn + ug! ¢(1! etn)

V(th,tn) =

upl® (e 1 1) (1) Lt et !

 J(ug et (T t)! T €Y ug))(ug +€en (1! ug))]
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The logistic equation u: = u(u! 1), u()= up" (0,1)

Error

upl® (e 1 1) (1) Lt et !

 J(ug et (T t)! T €Y ug))(ug +€en (1! ug))]
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The KdV equation

John Scott Russell, 1834

"l was observing the motion of a boat which was rapidly drawn along a narrow channel by a pair
of horses, when the boat suddenly stoppedNnot so the mass of water in the channel which it

had put in motion; it accumulated round the prow of the vessel in a state of violent agitation,

then suddenly leaving it behind, rolled forward with great velocity, assuming the form of
solitary elevation, aqgunded, smooth and well-dePned heap of watél which continued its course
along the channel apparently without change of form or diminution of speed. | followed it on
horseback, and overtook it still rolling on at a rate of some eight or@:_(nlik@
preserving its original Pgure some thirty feet long and a foot to a foot and a halfin height. Its
height gradually diminished, and after a chase of one or two miles (3 km) I lost it in the windings

of the channel. Such, in the month of August 1834, was my brst chance interview with that
@Iar and beautiful pheno@hich | have called the Wave of Translation".

')

Joseph Boussinesq, 1871, Lord Rayleigh, ¥8r;weg and de Vried895

Zabusky and Kruskal, 1965. Numerical evidence of Owaves of translationO.
Gardner, Greene, Kruskal and Miura, 1967. Inverse scattering.

SjsSberg, 1970. Existence via semi-discrete numerical method.
Bona and Smith, 1975.Well-posedness of initial value problem.

Christ, Colliander and Tao, 2001. More general well-posedness.
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The KdV equation

John Scott Russell, 1834

"l was observing the motion of a boat which was rapidly drawn along a narrow channel by a pair
of horses, when the boat suddenly stoppedNnot so the mass of water in the channel which it

had put in motion; it accumulated round the prow of the vessel in a state of violent agitation,

then suddenly leaving it behind, rolled forward with great velocity, assuming the form of
solitary elevation, a«gunded, smooth and well-debned heap of water; which continued its course
along the channel apparently without change of form or diminution of speed. | followed it on
horseback, and overtook it still rolling on at a rate of some eight or@:_(nlél_kﬁri)_a’@
preserving its original Pgure some thirty feet long and a foot to a foot and a halfin height. Its
height gradually diminished, and after a chase of one or two miles (3 km) I lost it in the windings

of the channel. Such, in the month of August 1834, was my brst chance interview with that
@Iar and beautiful pheno@hich | have called the Wave of Translation".

Joseph Boussinesq, 1871, Lord Rayleigh, ¥8r;weg and de Vried895

Zabusky and Kruskal, 1965. Numerical evidence of Owaves of translationO.
Gardner, Greene, Kruskal and Miura, 1967. Inverse scattering.

SjsSberg, 1970. Existence via semi-discrete numerical method.
Bona and Smith, 1975.Well-posedness of initial value problem.

Christ, Colliander and Tao, 2001. More general well-posedness.
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Solitons
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Solitons

2a°

One soliton  u(z, )= > (a(z! 4a2t))
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Solitons

2a°
costf (a(z! 4da?t))

One soliton u(x, 1) =

N soliton solution

+1,05---5:N,0; P1,-.-3PN
n() = 1h o€t n=1,... N
Ca(®)m(t)
C X, t) = n e (pn"'pm)x,
o OO
0?
u(x,t) = 2@ log [det{In + C(X,t)}]

onsdag 19. august 2009



Solitons

2a°
costf (a(z! 4da?t))

One soliton u(x, 1) =

N soliton solution

+1,05---5:N,0; P1,-.-3PN
!n(t):!n,oeSF’ﬁ’t, n=1,...,N
(1! m (1) -
C X, 1) = 'n (pn+pm)x
o OO
2!
u(x,t) = ! 2— log[det{ly + C(x,1)}]

OX?
Rational solutions

3 | 2 | !
Ox(x 240) u(x,t)= ! 2—log x°+60x3t! 7202

u(x,t) = :
(x.0) (x3 +12t)° | x2
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The KdV equation

Ut = UUyx ! Ugyx, t> 0 u(x, 0) = ug(x)
oo f 7
Hs= f " &f 1 L% j=0,...,S (f,0) s = 0’f &’ g dx
j=0

s! 3, there exists a unique solution such the

lWofly. <C1 = [u@y)fly. <Ca tel0,T]
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The KdV equation

Ut = UUyx ! Ugyx, t> 0 u(x, 0) = ug(x)
oo f 7
Hs= f " &f 1 L% j=0,...,S (f,0) s = 0’f &’ g dx
j=0

s! 3, there exists a unique solution such the

lWofly. <C1 = [u@y)fly. <Ca tel0,T]

I /\ < Solitons
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BurgersO equation: = uux, x! R, t> 0, u(x 0)= uo(x)
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BurgersO equation: = uux, x! R, t> 0, u(x 0)= uo(x)

characteristics

d —_—
ax(t) = 1 u(x(?),1)
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BurgersO equation: = uux, x! R, t> 0, u(x 0)= uo(x)

characteristics

Ca(t)= 1 u(a(). 1) S UX(),1) = Uy + Uy = Uy | uU, =0
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BurgersO equation: = uux, x! R, t> 0, u(x 0)= uo(x)

characteristics

Ca(t)= 1 u(a(). 1) S UX(),1) = Uy + Uy = Uy | uU, =0

t
u(x, T)
characteristics
u(x, 0)
[ I — g

onsdag 19. august 2009



BurgersO equation: = uux, x! R, t> 0, u(x 0)= uo(x)

characteristics

d d dx
dt:c(t) U u(x(),t) dtu(x(t),t) Us; + Uy, T u;! uu, =0

A weak solution:
t . T .
u(x, T) N o Ru! ¢ dxdt
characteristics | |
1 . T . 2
= Z u<! , dxdt
2 9 R
u(x, 0)
[ 1— "
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BurgersO equation: = uux, x! R, t> 0, u(x 0)= uo(x)

characteristics

d d dx
dtaz(t) U u(x(),t) dtu(x(t),t) Us; + Uy, T u;! uu, =0

A weak solutions
t . T .
u(x, T) . o Ru! ¢ dxdt
characteristics | |
1 . T . 2
= — u<! , dxdt
2 0 R
Well posedness theory
u(x, 0) entropy solutions in L1! B.V.
[ I — >
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The Airy equation
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The Airy equationu: = ! te,  t> 0, x" R, u(x, 0) = Uo(x)
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The Airy equationu: = ! te,  t> 0, x" R, u(x, 0) = Uo(x)

. -
u(x,t) =t 3  Aj Xt' Y Uo(y) dy

| 3
Ai(y) = %/ cos(% + ys) ds
: 0
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The Airy equationu: = ! U ,

u(x,t) =t 3  Aj

Ai(y) = %/O cos<3

t> 0 x" R,

u(x, 0) = uo(x)

L
10
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The Airy equationu: = ! te,  t> 0, x" R, u(x, 0) = Uo(x)

mn Mﬂ
1 [ s3
Ai(y) = T/ cos(§+ ys) ds 4ol 11T s
’ EM I
1d
— 1! =
YA qut dx
= UUyyy dX
! . #
= Ul " éu)z( dx =0
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The Airy equationu: = ! te,  t> 0, x" R, u(x, 0) = Uo(x)

. -
u(x,t) =t 3  Aj Xt' Y Uo(y) dy

VY| e

! 3
Al(y) = IE/ COS(% + yS> ds !Eo 0 T w20 T Jl()\j\/ \/ : T o
- 0 U i

0.4~

1dlul =  Uu{ dx lu(4t)!  Un!
_ — | L2 — t £ LI a. . S — . uO S
2 dt | u H
= UUyxx dX Well posedness theory inH S.
| #
_ ' 1 2 —_
= U Uy éux dx =0
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Solutions of u: =B(u) =uux — andu: = A(u) = ! Use,
live In different spaces...
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Solutions of u: =B(u) =uux — andu: = A(u) = ! Use,
live In different spaces...

Solutions tou: = A(w+ B(u) are inH*
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Solutions of u: =B(u) =uux — andu: = A(u) = ! Use,
live In different spaces...

Solutions tou: = A(w+ B(u) are inH*

u(x, T)

characteristics

u(x, 0)

[ X
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Splitting for KdV

Airy
A(T)
dA(T)lg.

d® A(f)g, h

! fXXX ’

! gXXX )

0,

Burgers

B (f)
dB(f)[g]
d“ B (f)[g, h

d¥B(f)lg,h,K
3

A BT, 1) =" z!f(fx)2

= ff «,
= fgx + fxQ,
= hgy + hyg,
=0.
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Splitting for KdV

Airy Burgers
A(f) =T fyx, B(f)= ff 4,
dA(f)[d] = ! Oxxx » dB(f)[g] = fgx + f«Q,

d(Z)A(f )lg.h] =0, d(Z)B(f )9, h] = hgy + hyg,

d® B (f)[g, h,k] = 0.

ABI(LE)= 1 121

error equation

Wil UyW+ WyUu! Wy = F + wwy, w(0)=0
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Splitting for KdV

Airy
A(T)
dA(T)lg.

d® A(f)g, h

error equation

We ! UW + WUl Wiy

forcing term

! fXXX ’

! gXXX )

:O,

d¥B(f)lg,h,K

Burgers

B (f)
dB(f)[g]
d“ B (f)[g, h

A BT, 1) =" §!>3(1‘x)2

F = wvi! vy

Fi + Fyxx = ! 31 Z(VX)21

5

= F + wwy,

F(th,") =0

w(0) =0

ff X
ng + fxg1
th + hxgu

=0.
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The bootstrap assumption

vt 1)y,
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The bootstrap assumption V(L 1),
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The bootstrap assumption V(L 1),

1S -
vt t)! s = (V, Vi) s = LIVl (vv,) dx
j=0
!5 |] #$'
_ L | Iy Ry 7t By dx.

3=0 k=0
terms with | < 5,or with | =5and k< 5
iy kit ky gyl Bmadikt iy g Bk BB mingii Lo g
11 II2 11 11
K"V s "V e

! KI "V"as.
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The bootstrap assumption

| 5

vt 1)y,

—— vt t,)! s = (V, V) s = LIV (v,) dx

7=0

— y | Iy 1 Kty 3t Ry dx

j=0 k=0

term with | =5 and k =
. i . #|5$2

|
vodx! = =1 1 v Todxl

L !

l
| 12y 1ot

NI =

noon n nul
! K (v H2 (Y H5
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The bootstrap assumption V()

15 o
vt t)! s = (V, Vi) s = LIVl (vv,) dx
j=0
— VA
| K
7=0 k=0

k+1 1V k

VA v dX.

d 11
E!U(t,tn)!HS K! !U(t,tn)!HS
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The bootstrap assumption V()

1 d A
——lv(t, t,)! 25 = (V,V¢) s = LIyl 7 (vv,,) dx
j=0
15 13 #j$"
_ | J
| . Y,
7=0 k=0

VA v dX.

d 11
E!U(t7tn)!H5 K! !U(t,tn)!HS

V(L) s " e Ehv(t,, t)! s eR T Tug! s

vt 1) s " Ky
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vt 1)y,

Estimating the force term
v(t, 1) s " Ky,

3

Fi + Fuxx = | Q!Z(Vx)z, F(th,") =0
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vt 1)y,

Estimating the force term
v(t, 1) s " Ky,

3

Fi + Fuxx = | Q!Z(Vx)z, F(th,") =0
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vt 1)y,

Estimating the force term
v(t, 1) s " Ky,

3

Fi + Fuxx = | Q!Z(Vx)z, F(th,") =0
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Estimating the error V(1) .

Wt! 'UXW+ qu! Wixx = F"‘WWX, W(O):O

HFHHZ SKI ' t
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Estimating the error V(1) .

Wi D UgW+ Wil Wy = F + wwy, w(0)=0 vt ') ys " Ka
|Flly. < K !t
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Estimating the error V(1) .

W ! -UXW+WXU! Wyxx = F + wwy, w(0)=0 !V(t,!)!HSH K,
|F|ly <K !t
1d | 2 S
é%lw!HZ: Haw !l (vwy + uyw + wwy) de+ (w, Fye
) =0
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Estimating the error V(1) .

Wil UWH Wyl D Wa = F o+ wwy, w(0)=0 VLD s T Ka
|Flly. < Kyl ot

1d J2 -

églw!sz Haw !l (vwy + uyw + wwy) de+ (w, Fye

] =0
terms with one or two derivatives on w
. . | £ . " | |
P Tw R w T Ry dx! < (| #H Ru® j = {0,1}, k <]

2
< K w2 flullys

< K WG
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Estimating the error V(1) .

W ! -UXW+WXU! Wyxx = F + wwy, w(0)=0 !V(t,!)!HSH K,
|F|ly <K !t
1d | 2 S
é%lw!HZ: Haw !l (vwy + uyw + wwy) de+ (w, Fye
) =0

terms with three derivatives on w

i i 11 # ' i
| 12w ! 3wudx! = 5! !ZW:bZ Ludx! I K "u" s "w"S,,
" I I" |
#
12w w! 3wl = %I !2W$2 | wdx!

! K (ll u" H5 + IIVII HS) IIW H2 .
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Estimating the error V(1) .

W ! -UXW+WXU! Wyxx = F + wwy, w(0)=0 !V(t,!)!HSH K,
|F|ly <K !t
1d | 2 -
j =0
1d 5

__!W!H2 " K! !W!a2+ K! AtIWIHZ
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Estimating the error V(1) .

W, | -uXW+qu! Wk = F + wwy,, w(0)=0 !V(t,!)!Hsn Ka
HFHHZ < Kl
1 d | 2 S
éﬁlw!m: Hwl! (vwy + uyw + wwy) doe+ (w, F)y2
J =0
1d
éa!Wlﬁlzn K! |W|a2+KIAtIWIH2
d 11
alleg Ki !W!H2+ Kyt
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Concluding the bootstrap...
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Concluding the bootstrap... V()

!V(t,!)!H5 " Ky,
HFHHz <Kyt

Iwl L, " Kyt
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Concluding the bootstrap... V()
v(t, 1)y = Tv(t ). + %v(t,!)!szl;#! V(t’t)!H$ » |)|! .
' -0 : y+ )T HS o
#Lv(tt)" u(t)! .+ Tu(t)! |Fllg. < K !t
=W, + W, " Kt
# K, At+ K
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Concluding the bootstrap...

v(t, 1) = tv(tt)! o + iv(t,!)!Hz,'l;#! v(t,t)!H$
=0
#1v(tt)" u(t)! .+ tu(t)! .
= Iwl .+ lul,,
# Ky At + K

1. choose! /4> K

2. then choose! ts.t. K,! t<! /4

vt 1)y,

(1) s "

Ka

[Flly> <Kol t

W, " Kt
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Concluding the bootstrap... V()
v(t, 1)y = Tv(t ). + %v(t,!)!szl;#! V(t’t)!H$ » |)|! .
' -0 : y+ )T HS o
#Lv(tt)" u(t)! .+ Tu(t)! |Fllg. < K !t
=W, + W, " Kt
# K, At+ K
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Concluding the bootstrap... V()
v(t, 1)y = Tv(t ). + %v(t,!)!Hz,',;#! V(t’t)!Hé‘p » |)|! o
' 0 : y+ ) H5 o
#Lv(tt)" u(t)! .+ Tu(t)! |Fllg. < K !t
= twl,, +tul, w2 " Kyt
# K, At+ K
Lv(t, 1), 1t7=35

If ug! H> then

V(L) " u(t)! . # Kol t
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Sj3bergOs semi-discrete scheme

e

= u "1lx ur<) Ui (t) ~ u(i! x,t), ! x small
1 Z
(Ui,Vi)!zzAX- Ui Vi, !Ui!_zz:(ui,ui)!2
i
Ui+1! U 1
D, U = + '-llx ' D = >(D+ + D)

U — UUy — Ugyy

du-— }!u-Du-+Du2"I D, D2 u
dt | = 3 | | i - ! + Yi
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L2 estimate

U — UUy; — Ugyy
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L2 estimate

1d
Uy = UUg — Ugao éa lul iz — (U, qu)Lz ! (U, u:m?x)Lz =0
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L2 estimate

1d
Uy = UUg — Ugao éa lul iz — ( u, UU;U)LZ ! (U, uZBZELU)LZ =0

12 estimate
d 1

dtu: é(uDu+ Du?)! Dy D?u
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L2 estimate

_ 1d 2 ’ _
U — UUg — Uxzy éa lul 12 = (U, UU;U)LZ (U, uZBCBLU)LZ =0
12 estimate
d 1

dtu: é(uDu+ Du?)! Dy D?u

(v, DLu);2 = ! (D v,u),2, (v,Du);2 = ! (Dv,u),2
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L2 estimate

_ 1d 2 ’ _
U — UUg — Uxzy éa lul 12 = (U, UU;U)LZ (U, uZBCBLU)LZ =0
12 estimate
d 1

dtu: é(uDu+ Du?)! Dy D?u

(v, DLu);2 = ! (D v,u),2, (v,Du);2 = ! (Dv,u),2

‘u,ubu +Du® , = u’,Du , + u,Du® , =0
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L2 estimate

_ 1d 2 ’ _
U — UUg — Uxzy éa lul 12 = (U, UU;U)LZ (U, U:L':L':U)LZ =0
12 estimate
d 1

dtu: é(uDu+ Du?)! Dy D?u

(v, DLu);2 = ! (D v,u),2, (v,Du);2 = ! (Dv,u),2

‘u,ubu +Du® , = u’,Du , + u,Du® , =0

u,D:Dfu,,=! D{Dyuu ,="! uDbD Diu,,
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L2 estimate

1d 2
Uy = UUg — Ugao | UI u, uu. YU, Ugppy =0
5 dt = ( Yz " ( )2
12 estimate
d

1
e = é(uDu+ Du?)! Dy D?u

(v, DLu);2 = ! (D v,u),2, (v,Du);2 = ! (Dv,u),2

‘u,ubu +Du® , = u’,Du , + u,Du® , =0
u,DsDfu ,,=! D:Dyuu,="! uD Diu
1
(u,D+Dfu),, = 5 (U, (D+Df ! DDy )u),,
AX
= | 7(U,(D4_D! )ZU)!2
AX
= | 7"D DI U"|22

onsdag 19. august 2009



L2 estimate

_ 1d, > . _
U; = UUy — Uggy o lul%, = (u,uug) 2 " (U, Uggg)re =0
12 estimate
d 1
Eu: é(uDu+ Du?)! D, D?u
1 1 - )
Qa!m!zz:é u,ubu + Du® ," u,D.sD{u ,
I X
=" - 1D.D ul'z,

onsdag 19. august 2009



Via interpolation

I l
ID,D_ul,; " "D DU, + () Ul

one can show that

l I
I du/dt!,, " K, 'D_DZu',," K

fort<T.

For t < T , via Arzela-Ascoli, the piecewise constant function u;(t) converges to
u(x,t) in L?. Furthermore Uy ! L%, and

Ui = UUy ' Uyxxx

in L2.
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A fully discrete splitting method
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A fully discrete splitting method

gridfunctions  u(i! x,n! t) ! u
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A fully discrete splitting method

gridfunctions  u(i! x,n! t) ! u

discrete derivatives D, wu' = +

t N — i : i

D

NI -

(D++ D)

onsdag 19. august 2009



A fully discrete splitting method

gridfunctions  u(i! x,n! t)! u

discrete derivatives D, wu' = +

t N — i : i
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A fully discrete splitting method

gridfunctions  u(i! x,n! t)! u

discrete derivatives D, u' = + | D = 5 (Dy+ D)
X
n+1 n 1!
u' ! ul
t _ — n n
DLy = — 1 ' Win_éuill'l'uiﬂ
continuous equatior Ut = UUx ! Uxxx
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A fully discrete splitting method

gridfunctions  u(i! x,n! t)! u

(TN T 1
discrete derivatives D. ul = + 'ill . ' D=3 (D + D)
D uf' = u|”+lllt al ' = %!Uin! 1+ Uiy
continuous equatior Ut = UUx ! Uxxx
discrete equation DBFUP = @'Dui — D, DiuinJr1 + 1 xD, D v
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A fully discrete splitting method

gridfunctions  u(i! x,n! t)! u

w'y 4 1w 1
discrete derivatives D. ul = + 'ill . ' D=3 (D + D)
D uf' = u|”+lllt al ' = :_ZL!Uin! 1+ Uiy
continuous equatior Ut = UUx ! Uxxx
o
discrete equation DBFUP = @'Dui — D, DELUPJr1 + 1 xD, D v
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A fully discrete splitting method

gridfunctions  u(i! x,n! t)! u

(TH T 1
discrete derivatives D. ul = + 'ill . ' D=3 (D + D)
D uf' = u|”+lllt al ' = :_ZL!Uin! 1+ Uiy
continuous equatior Ut = UUx ! Uxxx
discrete equation DBFUP = @'Du;' — D, DiUPH +

Onumerical viscosity
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Rewritten as a splitting method...

. . . nm I un,m +1 | un,m
two OtimeO indice u™ D, u™ =

1

DLu™ =g™™ Du™ + 1 xD,D_u™"

|
D_]_Un-l-l M = | D! D_%Un-l-l ,m+1
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Rewritten as a splitting method...

two OtimeO Indice

un,m +1 | un,m
u™™ DLu™m =
+

1

D:[|- un,m _

@M Du™ + 1 xD,.D_u™M

|
D_]_Un-l-l M = | D! D_%Un-l-l ,m+1

'

One soliton I

13 |

-20 -10
onsdag 19. august 2009
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Rewritten as a splitting method...

: T nm +1 n,m
two OtimeO indice u™™ D! "M = u U
+ u E
DL u™ = g™ Dy"™ + | xD,D_u™m
D! un"'l M =1 D, D2un+1 ,m+1
+ - _ +
’ ]
5 L
Two solitons g
o |
o |
| J\J
-20 -10 0 10 20 30 40

50
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Convergence of the difference scheme

. At | At 3
CFL-condition =775 [uoll, 2 1+3Ax3/2 Jull, > < 5
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Convergence of the difference scheme

. At | At 3
CFL-condition =775 [uoll, 2 1+3Ax3/2 Jull, > < 5

basic L? estimate

t ny2
DL 1u"?,
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Convergence of the difference scheme

. At | At 3
CFL-condition =775 [uoll, 2 1+3Ax3/2 Jull, > < 5

basic L? estimate

t ny2
DL 1u"?,
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Convergence of the difference scheme

» At ' At 3
CFL-condition =55 [[Uoll.2 1+3=77[lul.. <3 | =
basic L? estimate
Dt !u”!% )
0
+ 1 X '§D+D,2u”+1§ +§D+D, u”+1§2 +%!Du”'22 "0

estimating the Otime derivative( v = DLy !

: N 1 '
DL [V [f. +! x ! §D+D!2Vn+1§iz + ¥, D, v ¥4 —[[DV" |}

< Cmax|Du"|[|v"|?. .
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Convergence of the difference scheme
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Convergence of the difference scheme

' 2 2 ' 3 2 H onl 1%
DY WM, d IV dp DV IV A

d; and d, depend on theL? norm of ug

onsdag 19. august 2009



Convergence of the difference scheme
DL VM2, dg VM2, 4 dy IR,y 2 Byt 1B

d; and d, depend on theL? norm of ug

V"], > is bounded by the solution of

d!

= di! +2d,! %2, 1 (0)= a! O
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Convergence of the difference scheme
DL VM2, dg VM2, 4 dy IR,y 2 Byt 1B

d; and d, depend on theL? norm of ug

V"], > is bounded by the solution of

d!

= di! +2d,! %2, 1 (0)= a! O

this solution has a blow-up time

| 2 d;
T (a)= d—llog<1+ 2ad2>
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Convergence of the difference scheme
DL VM2, dg VM2, 4 dy IR,y 2 Byt 1B

d; and d, depend on theL? norm of ug

V"], > is bounded by the solution of

d!

= di! +2d,! %2, 1 (0)= a! O

this solution has a blow-up time

| 2 d;
T (a)= d—llog<1+ 2ad2>

This means that fort" <T "' /2

lu"l , <C 'DLu"! ,<Cc  !'D/ Dfu" ,<C

L2 L2
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If | "
1 t1 O 1 x3/2

then for t < T' /2 the piecewise constant functionu? converges tou(x,t) in
L2. Furthermore u,., " L?, and

in L2.
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If !
1 t1 O 1 x3/2

then for t < T' /2 the piecewise constant functionu? converges tou(x,t) in
L2. Furthermore u,., " L?, and

in L2.

Experimental error estimates for the single soliton
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If !
1 t1 O 1 x3/2

then for t < T' /2 the piecewise constant functionu? converges tou(x,t) in
L2. Furthermore u,., " L?, and

in L2
Experimental error estimates for the single soliton

| X 70x 26 70x2"7 70x28 70x2'? 70x210 70x2

L2 error 1.97 1.12 1.15 1.16 1.09 0.6
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If !
1 t1 O 1 x3/2

then for t < T' /2 the piecewise constant functionu? converges tou(x,t) in
L2. Furthermore u,., " L?, and

in L2
Experimental error estimates for the single soliton

T 70x 28 T70x29 T70x2210 7O0x2'1l 7O0x2'12 70x2 13

1.15 1.16 1.09 0.86 0.56 0.32

onsdag 19. august 2009



If | "
1 t1 O 1 x3/2

then for t < T' /2 the piecewise constant functionu? converges tou(x,t) in
L2. Furthermore u,., " L?, and

in L=,

Experimental error estimates for the single soliton

0.8

0.6\

04F |

0.2}

be = — 0= = — =% .
0_
R
0.2 | .
10.4 |
>

10.6 | .
10.8 |

1t
!1'2 | | | | | |

6 7 8 9 10 11 12 13
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WhatOs next ?
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WhatOs next ?

Convergence of Strang splitting
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WhatOs next ?

Convergence of Strang splitting
Splitting with spectral methods
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WhatOs next ?

Convergence of Strang splitting
Splitting with spectral methods

Other equations; BBM, Boussinesq,
generalized KdV

sssssssssssssssssss



2 Neor | _*fhfs' : sppi ‘:__.‘-;..-
JOHN SCOTT Rgsss -;-_,_;;;

a _dlsctfvéred‘_. the: |

Thank you
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