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Introduction: I

Conservation laws, together with the Gauss
law for electrostatics, have been used to model
charge transport in solid state semiconductors
and in electrolytes for several decades. They
may be seen as part of the classical and
quantum mechanical hierarchies of models,
presented at the thirteen IWCE workshops
since 1991.
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Introduction: I

Conservation laws, together with the Gauss
law for electrostatics, have been used to model
charge transport in solid state semiconductors
and in electrolytes for several decades. They
may be seen as part of the classical and
quantum mechanical hierarchies of models,
presented at the thirteen IWCE workshops
since 1991.

The current density is central to the modeling.

In this talk, electrodiffusion is discussed:
applications and well-posedness.
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Introduction: II

As an example, we consider the study of
charge transport in Voltage Operated ionic
Channels (VOCs) for application in
Bio–Electronics.
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Introduction: II

As an example, we consider the study of
charge transport in Voltage Operated ionic
Channels (VOCs) for application in
Bio–Electronics.

VOCs are present on cellular membranes,
where they regulate and maintain the
dynamical electro-chemical equilibrium
between the cell-surrounding environment and
the intracellular environment.

They can be included in a more comprehensive
model: Nanoscale Biological Chips (NBC).
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Model

The mathematical model of a VOC consists of
a coupled system comprising a
Poisson-Nernst-Planck (PNP) system for the
electro–chemical part, and of a Navier–Stokes
(NS) system for the �uid-mechanical part.
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Model

The mathematical model of a VOC consists of
a coupled system comprising a
Poisson-Nernst-Planck (PNP) system for the
electro–chemical part, and of a Navier–Stokes
(NS) system for the �uid-mechanical part.

An example of the type of application is given
by a coupled cell/transistor system, gated by
an electrolyte. It is called an EOSFET. The
basic con�guration consists of a cell in an
electrolyte solution, that is grown onto the
surface of an electronic substrate with the aim
of creating an electric output current.
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EOSFET Schematum

Figure 1: EOSFET: Electrolyte Oxide Silicon Field Effect Transistor. Reprinted
from E. Neher, Nature Biotechnology, 2001
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Multi-scales

This model encompasses signi�cant spatial
and temporal scales.
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Multi-scales

This model encompasses signi�cant spatial
and temporal scales.

The ion channels in the cell membrane are
nanometers in length, and the current is
gauged on the nanosecond scale.
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Multi-scales

This model encompasses signi�cant spatial
and temporal scales.

The ion channels in the cell membrane are
nanometers in length, and the current is
gauged on the nanosecond scale.

The channel gating is on the millisecond scale.
The cell is of micron dimensions, and the
communication between cell and transistor is
affected by gating.
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Applications

P. Fromherz has studied the EOSFET at length.
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P. Fromherz has studied the EOSFET at length.

This work also includes a characterization of
the electrolyte as an equivalent circuit model.
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Applications

P. Fromherz has studied the EOSFET at length.

This work also includes a characterization of
the electrolyte as an equivalent circuit model.

Various segmentations of the EOSFET,
including use of specialized hybrid �nite
elements, have been studied in collaboration
with R. Sacco. Some insights include the effect
of �uid �uctuations in the ion channels upon
current-voltage curves. This mandates, in
some sense, the extended model. A slide will
be shown at the conclusion, for illustration.
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Other Applications

Another example is that of tissue engineering
in bio-reactors. A culture medium creates
hydrodynamic stress within a scaffolded
micro-architecture. At the moment, the
particles are neutral, but future models will
permit charge �ow.
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Other Applications

Another example is that of tissue engineering
in bio-reactors. A culture medium creates
hydrodynamic stress within a scaffolded
micro-architecture. At the moment, the
particles are neutral, but future models will
permit charge �ow.

Finally, a mathematical model similar to the
one employed here is employed for
electro-osmotic �ow.
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Previous Analytical Studies

The system to be introduced is due to
Rubinstein (1990).
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Previous Analytical Studies

The system to be introduced is due to
Rubinstein (1990).

A local analysis of the Cauchy problem was
carried out by the speaker (2002), by use of an
adaptation of Kato's theory of evolution
operators. It is based upon the assumption of
smooth initial data.
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Previous Analytical Studies

The system to be introduced is due to
Rubinstein (1990).

A local analysis of the Cauchy problem was
carried out by the speaker (2002), by use of an
adaptation of Kato's theory of evolution
operators. It is based upon the assumption of
smooth initial data.

Several studies exist for the �uid-elasticity
problem.
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Initial-Boundary Value Problem

We consider the nonlinearly coupled
Poisson-Nernst-Planck/Navier-Stokes
(PNP/NS) system of PDEs, suitably coupled
with generation/reaction zero-order terms.
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Initial-Boundary Value Problem

We consider the nonlinearly coupled
Poisson-Nernst-Planck/Navier-Stokes
(PNP/NS) system of PDEs, suitably coupled
with generation/reaction zero-order terms.

The boundary conditions will involve
inhomogeneous Dirichlet boundary values for
the �uid velocity, and mixed boundary
conditions for the ion species and the
electrostatic potential.
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The Fluid/Transport System: I

If ~v is the velocity of the electrolyte, and the
ionic concentrations are denoted by n; p, the
current densities are:

~Jn = eDnr n � e� nnr � � e~vn;
~Jp = � eDpr p � e� ppr � + e~vp:
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The Fluid/Transport System: I

If ~v is the velocity of the electrolyte, and the
ionic concentrations are denoted by n; p, the
current densities are:

~Jn = eDnr n � e� nnr � � e~vn;
~Jp = � eDpr p � e� ppr � + e~vp:

Jn; Jp are the anion and cation current
densities, with corresponding diffusion and
mobility coef�cients, Dn; Dp; � n; � p. The charge
modulus is given by e, and � is the electric
potential.
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The Fluid/Transport System: II

The enhanced PNP system is, with � the
dielectric constant:
@n
@t

�
1
e

r� ~Jn = 0; Dn = ( kT0=e)� n;

@p
@t

+
1
e

r� ~Jp = 0; Dp = ( kT0=e)� p:

~E = �r �;
r� (� r � ) = e(n � p � d) (Poisson equation):

Charge Transport in anIncompressible Fluid Medium – p. 12/63



The Fluid/Transport System: II

The enhanced PNP system is, with � the
dielectric constant:
@n
@t

�
1
e

r� ~Jn = 0; Dn = ( kT0=e)� n;

@p
@t

+
1
e

r� ~Jp = 0; Dp = ( kT0=e)� p:

~E = �r �;
r� (� r � ) = e(n � p � d) (Poisson equation):

Einstein relations have been used: T0 is the
ambient temperature; k denotes Boltzmann's
constant. d is the �xed charge.
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The Fluid/Transport System: III

The velocity of the electrolyte is determined by
the Navier-Stokes system:

� (~vt + ~v� r ~v) � � � ~v = �r Pf � e(p � n)r �;
r� ~v = 0;

where � is the (mass) density of the electrolyte,
Pf denotes �uid pressure, and � is the dynamic
viscosity.

Charge Transport in anIncompressible Fluid Medium – p. 13/63



The Fluid/Transport System: III

The velocity of the electrolyte is determined by
the Navier-Stokes system:

� (~vt + ~v� r ~v) � � � ~v = �r Pf � e(p � n)r �;
r� ~v = 0;

where � is the (mass) density of the electrolyte,
Pf denotes �uid pressure, and � is the dynamic
viscosity.

We shall make use of the kinematic viscosity,
� � = �=� , in the statement of the model.
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Boundary Conditions I

We distinguish between ~v and the remaining
variables. For the latter, the boundary of 

decomposes into two components: � 1, which is
a Dirichlet boundary component, and � 2, which
serves as a zero �ux boundary component.
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Boundary Conditions I

We distinguish between ~v and the remaining
variables. For the latter, the boundary of 

decomposes into two components: � 1, which is
a Dirichlet boundary component, and � 2, which
serves as a zero �ux boundary component.

Dirichlet boundary values for ~v are imposed on
all of @
 with the stipulation that a nonnegative
normal �uid velocity component condition is
imposed on @
 .
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Boundary Conditions II

More precisely, we assume the existence of
functions ~vB ; � B ; nB ; pB , de�ned continuously
from [0; T] into appropriately smooth spaces,
such that the following requirements hold for
the solution vector:

~vj@
 = ~vB j@
 ; � j� 1
= � B j� 1

;

nj� 1
= nB j� 1

; pj� 1
= pB j� 1

:
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Boundary Conditions II

More precisely, we assume the existence of
functions ~vB ; � B ; nB ; pB , de�ned continuously
from [0; T] into appropriately smooth spaces,
such that the following requirements hold for
the solution vector:

~vj@
 = ~vB j@
 ; � j� 1
= � B j� 1

;

nj� 1
= nB j� 1

; pj� 1
= pB j� 1

:

Moreover, it is assumed that ~vB is divergence
free on 
 .
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Regularization

Finally, we assume the boundary of 
 is
suf�ciently regular that the classical trace
formulas and Green's integration by parts
formulas are valid, and we assume that the
Poisson solver is H 2 regularizing for L2 data.
Note that this implies that the mixed boundary
conditions imposed by � B are not completely
arbitrary.
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Function Spaces:


De�nition
Let s � m=2 be prescribed (H s� 1 � Lm).
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Function Spaces:


De�nition
Let s � m=2 be prescribed (H s� 1 � Lm).

Denote by H the divergence free functions in
the m-fold Cartesian product of H 1(
) ,
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Function Spaces:


De�nition
Let s � m=2 be prescribed (H s� 1 � Lm).

Denote by H the divergence free functions in
the m-fold Cartesian product of H 1(
) ,

by H s the intersection of H with the m-fold
Cartesian product of H s(
) ;
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Function Spaces:


De�nition
Let s � m=2 be prescribed (H s� 1 � Lm).

Denote by H the divergence free functions in
the m-fold Cartesian product of H 1(
) ,

by H s the intersection of H with the m-fold
Cartesian product of H s(
) ;

by H s
0 the zero trace subspace of H s.
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Function Spaces:


De�nition
Let s � m=2 be prescribed (H s� 1 � Lm).

Denote by H the divergence free functions in
the m-fold Cartesian product of H 1(
) ,

by H s the intersection of H with the m-fold
Cartesian product of H s(
) ;

by H s
0 the zero trace subspace of H s.

(H s
0)

� is the corresponding dual.
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Function Spaces:


De�nition
Let s � m=2 be prescribed (H s� 1 � Lm).

Denote by H the divergence free functions in
the m-fold Cartesian product of H 1(
) ,

by H s the intersection of H with the m-fold
Cartesian product of H s(
) ;

by H s
0 the zero trace subspace of H s.

(H s
0)

� is the corresponding dual.

Analogously, H s
0;� 1

denotes the H s functions
with zero trace on � 1.
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Weak Solution I

The space-time domain: D = 
 � [0; T].
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 � [0; T].

Technical assumptions on data:

~vB (� ; t) has components in H s \ L1 8t 2 [0; T];
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Weak Solution I

The space-time domain: D = 
 � [0; T].

Technical assumptions on data:

~vB (� ; t) has components in H s \ L1 8t 2 [0; T];

� B (� ; t) 2 H max(s;2); and nB (� ; t); pB (� ; t) 2 H s.
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Weak Solution I

The space-time domain: D = 
 � [0; T].

Technical assumptions on data:

~vB (� ; t) has components in H s \ L1 8t 2 [0; T];

� B (� ; t) 2 H max(s;2); and nB (� ; t); pB (� ; t) 2 H s.

~vB ; nB ; pB : time derivatives in L2(D) and (trace
time derivatives) in L2(Db).
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Weak Solution I

The space-time domain: D = 
 � [0; T].

Technical assumptions on data:

~vB (� ; t) has components in H s \ L1 8t 2 [0; T];

� B (� ; t) 2 H max(s;2); and nB (� ; t); pB (� ; t) 2 H s.

~vB ; nB ; pB : time derivatives in L2(D) and (trace
time derivatives) in L2(Db).

Initial value functions: ~v0; n0; p0, of �nite energy,
with ~v0 divergence free.
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Weak Solution I

The space-time domain: D = 
 � [0; T].

Technical assumptions on data:

~vB (� ; t) has components in H s \ L1 8t 2 [0; T];

� B (� ; t) 2 H max(s;2); and nB (� ; t); pB (� ; t) 2 H s.

~vB ; nB ; pB : time derivatives in L2(D) and (trace
time derivatives) in L2(Db).

Initial value functions: ~v0; n0; p0, of �nite energy,
with ~v0 divergence free.

Fixed charge d is continuous from [0; T] into L2.

Charge Transport in anIncompressible Fluid Medium – p. 18/63



Weak Solution II

De�ne
C= f ~u = ( ~v; �; n; p ) : ~v 2 L2((0; T); H); n; p 2
L2((0; T); H 1); � 2 L2((0; T); H 2); (~vt ; nt ; pt) 2
L2((0; T); (H s

0)� � (H s
0;� 1

)� � (H s
0;� 1

)� )g:
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Weak Solution II

De�ne
C= f ~u = ( ~v; �; n; p ) : ~v 2 L2((0; T); H); n; p 2
L2((0; T); H 1); � 2 L2((0; T); H 2); (~vt ; nt ; pt) 2
L2((0; T); (H s

0)� � (H s
0;� 1

)� � (H s
0;� 1

)� )g:

A weak solution of the Navier-Stokes/PNP
system is a vector ~u 2 C such that boundary
conditions are satis�ed, such that � is related
to n; p via the Poisson equation, and, for

a(~v;~v;~ ) =
Z



~v� r ~v~ d� , and for test functions

~ ; ! n; ! p, continuous from [0; T] into the space
H s

0 � H s
0;� 1

� H s
0;� 1

,
Charge Transport in anIncompressible Fluid Medium – p. 19/63



Weak Solution III: ~v

with time derivatives in L2(D), we have:
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Weak Solution III: ~v

with time derivatives in L2(D), we have:

~v equation
Z

D
[~v

@~ 
@t

� � r ~v� r ~ ]d�dt �
Z T

0
a(~v;~v;~ )dt

� e
Z

D
(p � n)r � � ~ d�dt

=
Z


 �f Tg
~v � ~ d� �

Z


 �f 0g
~v0 � ~ d�
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Weak Solution IV:n; p

n; p equations
Z

D
[n

@!n
@t

� Dnr n� r ! n+
neDn

kT0
r � � r ! n+~vn� r ! n]d�dt

=
Z


 �f Tg
n! n d� �

Z


 �f 0g
n0! n d�

Z

D
[p

@!p
@t

� Dpr p� r ! p�
peDp

kT0
r � � r ! p+~vp� r ! p]d�dt

=
Z


 �f Tg
p! p d� �

Z


 �f 0g
p0! p d�
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System Mapping I

In the next section, we will develop the
analytical framework within which to study this
model. We provide an equivalent mapping
characterization for the weak solution:
~ut + U~u= 0, in an appropriate distribution
sense.
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System Mapping I

In the next section, we will develop the
analytical framework within which to study this
model. We provide an equivalent mapping
characterization for the weak solution:
~ut + U~u= 0, in an appropriate distribution
sense.

Since Rothe's method of horizontal lines
underlies the proof, this will include a steady
framework as well. This section will provide a
transition for the general existence theory to
follow.
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System Mapping II

The use of the trilinear form a(~v; ~w;� ) requires
the domain of the mapping to include two
components for the �uid system. Order the
individual components as follows: ~v; ~w; n; p.
The associated component mappings are
denoted V;� ; N; P . The system mapping is
denoted U = ( V;� ; N; P ). Since the problem is
dynamic, we are actually de�ning an invariant
domain for each t.
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Mapping Domain I

The domain of the system mapping U is the
Hilbert space:

U = H � H � H 1 � H 1:
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Mapping Domain I

The domain of the system mapping U is the
Hilbert space:

U = H � H � H 1 � H 1:

We begin by specifying the simplest of the
mappings: � is an inverse mapping de�ned
from the mixed boundary-value problem for the
Poisson equation.
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Mapping Domain II

The remaining mappings are differential
operator mappings, expressed weakly. V acts
from U to the dual of H s

0. For ~ in H s
0, this can

be written as follows. The inner product is the
standard L2 vector inner product.

V(~v; ~w; n; p;~ ) = � � (r ~v;r ~ )L 2

+( ~v � r ~w; ~ )L 2 + ( e=�)(( p � n)r �; ~ )L 2:
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Mapping Domain II

The remaining mappings are differential
operator mappings, expressed weakly. V acts
from U to the dual of H s

0. For ~ in H s
0, this can

be written as follows. The inner product is the
standard L2 vector inner product.

V(~v; ~w; n; p;~ ) = � � (r ~v;r ~ )L 2

+( ~v � r ~w; ~ )L 2 + ( e=�)(( p � n)r �; ~ )L 2:

The mappings N; P are each de�ned from U
into the dual of H s

0;� 1
.
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Mapping Domain III

For ! n; ! p in H s
0;� 1

, the explicit mappings are
then speci�ed:

N (~v; ~w; n; p; !n) =
1
e

( ~Jn; r ! n)L 2;

P(~v; ~w; n; p; !p) = �
1
e
( ~Jp; r ! p)L 2:

It is clear that � U serves to de�ne the system
for the initial/boundary value problem, as it
evolves on a suitable sub-domain of U.
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The Core Issues of the Proof

Method of horizontal lines.
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The Core Issues of the Proof

Method of horizontal lines.

The Aubin lemma, combined with appropriate
weak compactness and estimates, allows for
the extraction of a common limit for the
piecewise linear (in time) and step function
sequences, built upon the semidiscrete
analysis.
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The Core Issues of the Proof

Method of horizontal lines.

The Aubin lemma, combined with appropriate
weak compactness and estimates, allows for
the extraction of a common limit for the
piecewise linear (in time) and step function
sequences, built upon the semidiscrete
analysis.

The limit also permits the integrals in the weak
solution format to be identi�ed.
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The Core Issues of the Proof

Method of horizontal lines.

The Aubin lemma, combined with appropriate
weak compactness and estimates, allows for
the extraction of a common limit for the
piecewise linear (in time) and step function
sequences, built upon the semidiscrete
analysis.

The limit also permits the integrals in the weak
solution format to be identi�ed.

The details for NS (no slip) are given in
[J1983].
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The Semidiscrete Equations I

The technique of proof used for the
�uid-transport system is Rothe's method of
horizontal lines. For a speci�ed � t = T=K, we
employ the following replacements for
1 � k � K :
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The Semidiscrete Equations I

The technique of proof used for the
�uid-transport system is Rothe's method of
horizontal lines. For a speci�ed � t = T=K, we
employ the following replacements for
1 � k � K :

d~v
dt

7!
~vk � ~vk� 1

� t
;

dn
dt

7!
nk � nk� 1

� t
;

dp
dt

7!
pk � pk� 1

� t
:
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The Semidiscrete Equations II

We de�ne the following semidiscrete system:

~vk � ~vk� 1

� t
+ V(~vk;~vk; nk; pk; � ) = 0 ;

nk � nk� 1

� t
+ N (~vk; ~uk; nk; pk; � ) = 0

pk � pk� 1

� t
� P(~vk; ~uk; nk; pk; � ) = 0

r� (� r � k) = e(nk � pk � dk)

Here, dk is the obvious trace of d on tk = k� t.
Adjoined to these semidiscrete equations are
the traces of the prescribed boundary
conditions.
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Existence for Stationary Systems

The analysis is motivated by the framework
described in the monograph [J1983]. It is
based upon �nite-dimensional approximations,
combined with an appropriate passage to the
limit. Let X; Y be separable, re�exive Banach
spaces, with Y a subspace, densely and
continuously embedded in X . We also
suppose that X is compactly embedded in the
re�exive Banach space W.
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Abstract Stationary Problem I

We consider a mapping, A : X 7! Y � , given
explicitly by

A(u) = Lu + a(u; u; � ) + F (u; � );

where L : X 7! X � is an isomorphism. The
structure of L is induced by a continuous,
coercive bilinear form B(� ; � ) on X 
 X :

hLu; v i = B(u; v); B(u; u) � ckuk2:
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Abstract Stationary Problem I

We consider a mapping, A : X 7! Y � , given
explicitly by

A(u) = Lu + a(u; u; � ) + F (u; � );

where L : X 7! X � is an isomorphism. The
structure of L is induced by a continuous,
coercive bilinear form B(� ; � ) on X 
 X :

hLu; v i = B(u; v); B(u; u) � ckuk2:

We outline the general assumptions now.
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Assumptions

a is continuous on X 
 X 
 Y and F is
continuous on X 
 Y.
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Assumptions

a is continuous on X 
 X 
 Y and F is
continuous on X 
 Y.

For each u 2 X , a(u; u; � ); F (u; � ) are
continuous linear functionals on Y.
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Assumptions

a is continuous on X 
 X 
 Y and F is
continuous on X 
 Y.

For each u 2 X , a(u; u; � ); F (u; � ) are
continuous linear functionals on Y.

The coerciveness property,

hA(u); ui =kukX ! 1 ; as kukX ! 1 ; u 2 Y;

holds in the norm on X for elements in Y.
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Assumptions

a is continuous on X 
 X 
 Y and F is
continuous on X 
 Y.

For each u 2 X , a(u; u; � ); F (u; � ) are
continuous linear functionals on Y.

The coerciveness property,

hA(u); ui =kukX ! 1 ; as kukX ! 1 ; u 2 Y;

holds in the norm on X for elements in Y.

If uk * u (weakly) in X and uk ! u in W, then

a(uk; uk; v) ! a(u; u; v); 8v 2 Y;

F (uk; v) ! F (u; v); 8v 2 Y:
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Theorem and Proof

Theorem Under the stated hypotheses, there is
an element u 2 X satisfying A(u) = f jY for any
given f 2 X � .
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Theorem and Proof

Theorem Under the stated hypotheses, there is
an element u 2 X satisfying A(u) = f jY for any
given f 2 X � .

Proof The proof is a generalization of that
described in [J1983]. At the outset, we select
r > 0 such that

hA(u); ui =kukX � k f kX � ; 8kukX = r and u 2 Y:

This is possible by the third assumption. Using
the separability hypothesis, we select a
sequence f Ykg of increasing �nite dimensional
subspaces of Y.
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Proof II

These satisfy

[ 1
k=1 Yk is dense in Y:

We now de�ne parallel subspaces X k of X ,
which agree with Yk as sets, but are imbued
with the topology of X . We consider the �nite
dimensional problem of determining uk 2 X k
such that

A(uk) = f jX k :
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Proof III

By the continuity assumption, the restriction of
A is continuous on X k, hence is
pseudo-monotone [Brezis]. By the
coerciveness condition , we conclude that
[Corollary 3.1.6, J1983] a solution uk exists,
with kukkX � r .
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Proof III

By the continuity assumption, the restriction of
A is continuous on X k, hence is
pseudo-monotone [Brezis]. By the
coerciveness condition , we conclude that
[Corollary 3.1.6, J1983] a solution uk exists,
with kukkX � r .

Since X is re�exive, and compactly embedded
in W, we may extract a weakly convergent
subsequence, which converges strongly in W,
to u 2 X .
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Proof IV

To see that such an element u is a solution of

A(u) = f jY

for the prescribed f 2 X � , let v 2 Y and let
" > 0 be prescribed.
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Proof IV

To see that such an element u is a solution of

A(u) = f jY

for the prescribed f 2 X � , let v 2 Y and let
" > 0 be prescribed.

Choose v" 2 Yk(" ) such that

jhA(u) � f; v � v" ij < "= 2:
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Proof IV

To see that such an element u is a solution of

A(u) = f jY

for the prescribed f 2 X � , let v 2 Y and let
" > 0 be prescribed.

Choose v" 2 Yk(" ) such that

jhA(u) � f; v � v" ij < "= 2:

This is possible by the denseness assumption
applied to the f Ykg, and by the second
assumption.
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Proof V

For j � k(" ), we have, by the nestedness
assumption of these spaces,

hA(u) � f; v " i = hA(u) � A(uj ); v" i ;

and, by the fourth assumption, j can be
selected so that this term is less than "=2.
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Proof V

For j � k(" ), we have, by the nestedness
assumption of these spaces,

hA(u) � f; v " i = hA(u) � A(uj ); v" i ;

and, by the fourth assumption, j can be
selected so that this term is less than "=2.

One obtains, by the triangle inequality, for
arbitrary " :

jhA(u) � f; v ij < ":
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Proof V

For j � k(" ), we have, by the nestedness
assumption of these spaces,

hA(u) � f; v " i = hA(u) � A(uj ); v" i ;

and, by the fourth assumption, j can be
selected so that this term is less than "=2.

One obtains, by the triangle inequality, for
arbitrary " :

jhA(u) � f; v ij < ":

The proof is concluded.
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Transition to NSPNP

We now systematically make the identi�cations
between the general existence theory of the
previous section, and the semidiscrete
problems. We �rst write:

~v = ~vB + ~�; n = nB + �; p = pB + �;

where ~�; �; � have zero boundary trace.
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Transition to NSPNP

We now systematically make the identi�cations
between the general existence theory of the
previous section, and the semidiscrete
problems. We �rst write:

~v = ~vB + ~�; n = nB + �; p = pB + �;

where ~�; �; � have zero boundary trace.

The �nite energy spaces are constrained by
zero boundary trace on @
 or on � 1:

X = H 0 � H 1
0;� 1

� H 1
0;� 1

:
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Identi�cations I

The space X is an adaptation of the domain U
of the operator U.
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Identi�cations I

The space X is an adaptation of the domain U
of the operator U.

The spaces Y; W are now de�ned. Y is
de�ned by

Y = H s
0 � H s

0;� 1
� H s

0;� 1
;

and W is de�ned by

W = W0 � L2 � L2;

where W0 =
mY

1

L2.
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Identi�cations II

We now make the identi�cations with
mappings of the previous subsection. We
begin with B(� ; � ). Because of the de�nition of
X used here, where the homogeneous
boundary conditions are employed, we
necessarily carry this over to B , a, and F .
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Identi�cations II

We now make the identi�cations with
mappings of the previous subsection. We
begin with B(� ; � ). Because of the de�nition of
X used here, where the homogeneous
boundary conditions are employed, we
necessarily carry this over to B , a, and F .

We write:

~u = ( ~v; n; p) = ( ~vB + ~�; n B + �; p B + � );

and formulate the de�nitions in terms of
~� = ( ~�; �; � ) in order to accommodate the
choice of X .
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Identi�cations III

B(~�; ~� ) = � � (r ~�; r ~� )L 2 + � t � 1(~�; ~� )L 2

+ Dn(r �; r � )L 2 + � t � 1(�; � )L 2

+ Dp(r �; r � )L 2 + � t � 1(�; � )L 2:
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Identi�cations III

B(~�; ~� ) = � � (r ~�; r ~� )L 2 + � t � 1(~�; ~� )L 2

+ Dn(r �; r � )L 2 + � t � 1(�; � )L 2

+ Dp(r �; r � )L 2 + � t � 1(�; � )L 2:

a(~�; ~� ; � ) = (( ~vB + ~� ) � r (~vB + ~� ); � )L 2 =

(~v � r ~w;� )L 2 :
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Identi�cations III

B(~�; ~� ) = � � (r ~�; r ~� )L 2 + � t � 1(~�; ~� )L 2

+ Dn(r �; r � )L 2 + � t � 1(�; � )L 2

+ Dp(r �; r � )L 2 + � t � 1(�; � )L 2:

a(~�; ~� ; � ) = (( ~vB + ~� ) � r (~vB + ~� ); � )L 2 =

(~v � r ~w;� )L 2 :

For later reference, we write:

b(~v; ~w;� ) := a(~�; ~� ; � ):
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Identi�cations IV: Truncation

Truncation outside the interval [� M; M ], for
each component in the case of ~v, and for a
scalar function otherwise, is indicated by � M .
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Identi�cations IV: Truncation

Truncation outside the interval [� M; M ], for
each component in the case of ~v, and for a
scalar function otherwise, is indicated by � M .

Set: cn =
eDn

kT0
; cp =

eDp

kT0
; and

FM (~v; n; p; ~ ; ! n; ! p) = e((� M (p) � � M (n))r �; ~ )L 2

� cn(� M (n)r �; r ! n)L 2

� (n� M (~v); r ! n)L 2

+ cp(� M (p)r �; r ! p)L 2

� (p�M (~v); r ! p)L 2
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Forcing Term f

f ( ~ ; ! n; ! p) = � � � (r ~vB ; r ~ )L 2

� Dn(r nB ; r ! n)L 2 � Dp(r pB ; r ! p)L 2

+� t � 1h~uk� 1; ~ i + � t � 1hnk� 1; ! n i

+� t � 1hpk� 1; ! pi � � t � 1h~uB (tk); ~ i

� � t � 1hnB (tk); ! n i � � t � 1hpB (tk); ! pi :
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Forcing Term f

f ( ~ ; ! n; ! p) = � � � (r ~vB ; r ~ )L 2

� Dn(r nB ; r ! n)L 2 � Dp(r pB ; r ! p)L 2

+� t � 1h~uk� 1; ~ i + � t � 1hnk� 1; ! n i

+� t � 1hpk� 1; ! pi � � t � 1h~uB (tk); ~ i

� � t � 1hnB (tk); ! n i � � t � 1hpB (tk); ! pi :

It is understood that � is implicitly de�ned via
the Poisson equation.

Charge Transport in anIncompressible Fluid Medium – p. 43/63



Continuity

The analysis of the bilinear form B is standard.
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Continuity

The analysis of the bilinear form B is standard.

For a, continuity in the argument (~�; ~� ; ~ ), (i. e. ,
on X � X � Y) is equivalent to continuity of b in
the argument (~v; ~w;~ ); the Hölder inequality
gives, for s � m=2 (H s� 1 7! Lm):

ja(~�; ~� ; ~ )j = jb(~v; ~w;~ )j � Ck~vkL 2k~wkH 1k~ kH s :
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Continuity

The analysis of the bilinear form B is standard.

For a, continuity in the argument (~�; ~� ; ~ ), (i. e. ,
on X � X � Y) is equivalent to continuity of b in
the argument (~v; ~w;~ ); the Hölder inequality
gives, for s � m=2 (H s� 1 7! Lm):

ja(~�; ~� ; ~ )j = jb(~v; ~w;~ )j � Ck~vkL 2k~wkH 1k~ kH s :

This estimate uses b(~v; ~w;~ ) = � b(~v; ~ ; ~w ),
followed by the Hölder inequality with
reciprocal indices 1=2; 1=m;(m � 2)=(2m), and
the Sobolev inequality.
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Continuity of FM : I

We estimate individual terms on X � Y.

je(( � M (p) � � M (n))r �; ~ )L 2 j �

Ck� M (p) � � M (n)kL 2k� kH 2k~ kH s� 1:
Continuity follows via the gradient-continuous
� � inversion.
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Continuity of FM : I

We estimate individual terms on X � Y.

je(( � M (p) � � M (n))r �; ~ )L 2 j �

Ck� M (p) � � M (n)kL 2k� kH 2k~ kH s� 1:
Continuity follows via the gradient-continuous
� � inversion.

The terms, � cn(� M (n)r �; r ! n)L 2 and
cp(� M (p)r �; r ! p)L 2; make use of:

jcn(� M (n)r �; r ! n)L 2 j � Ck� M (n)kL 2k� kH 2k! nkH s ;

and a similar estimate with n replaced by p.
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Continuity of FM : II

The terms, � (n� M (~v); r ! n)L 2 and
� (p�M (~v); r ! p)L 2; make use of

j(n� M (~v); r ! n)L 2 j � CknkH 1k� M (~v)kL 2k! nkH s ;

and a similar estimate with n replaced by p.
The reasoning proceeds as before, with the
Lipschitz continuity of the M � truncation
operation.
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Coerciveness:B; a

The bilinear form B is coercive by hypothesis.
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Coerciveness:B; a

The bilinear form B is coercive by hypothesis.

For a, we observe: a(~�; ~�; ~� ) = b(~v;~v;~v� ~vB );
and we estimate:

b(~v;~v;~v� ~vB ) = b(~v;~v;~v) � b(~v;~v;~vB ) �

� Ck~vkL 2k~vkH k~vB kL 1 :
Notice that the inequality b(~v;~v;~v) � 0; has
been used.
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Coerciveness:B; a

The bilinear form B is coercive by hypothesis.

For a, we observe: a(~�; ~�; ~� ) = b(~v;~v;~v� ~vB );
and we estimate:

b(~v;~v;~v� ~vB ) = b(~v;~v;~v) � b(~v;~v;~vB ) �

� Ck~vkL 2k~vkH k~vB kL 1 :
Notice that the inequality b(~v;~v;~v) � 0; has
been used.

The homogeneous trace terms may be
absorbed into B for � t suf�ciently small; the
remaining terms are controlled by problem
dependent constants.
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Outward Boundary Velocity Flux

b(~v;~v;~v) � 0 follows from:

b(~v;~v;~v) =
1
2

Z



~v� rj ~vj2 dx =

1
2

Z



r� (~vj~vj2) dx;

which is then integrated by parts, and
observed to have a nonnegative boundary
integral by the assumption on the sign of the
normal boundary component of ~vB . Notice
that, prior to integration by parts, we have used
the divergence free property of ~v.
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Coerciveness:FM

Each of the terms:

e(( � M (p)� � M (n))r �; ~ )L 2; � cn(� M (n)r �; r � )L 2;

cp(� M (p)r �; r � )L 2; � (n� M (~v); r � )L 2;

� (p�M (~v); r � )L 2;
is handled by earlier techniques. Note that the
intermediate bounding of kr � kL 2 in terms of
the L2 norms of n; p; d is �rst required.
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Coerciveness:FM

Each of the terms:

e(( � M (p)� � M (n))r �; ~ )L 2; � cn(� M (n)r �; r � )L 2;

cp(� M (p)r �; r � )L 2; � (n� M (~v); r � )L 2;

� (p�M (~v); r � )L 2;
is handled by earlier techniques. Note that the
intermediate bounding of kr � kL 2 in terms of
the L2 norms of n; p; d is �rst required.

The sequential hypothesis is routine.
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Theorem for the Semidiscretization

Theorem If AM is de�ned by the replacement of
F by FM , we conclude the existence of a
solution of the equation: AM (u) = f jY for the
above prescribed f 2 X � , provided � t is
suf�ciently small.
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Theorem for the Semidiscretization

Theorem If AM is de�ned by the replacement of
F by FM , we conclude the existence of a
solution of the equation: AM (u) = f jY for the
above prescribed f 2 X � , provided � t is
suf�ciently small.

Set
~uk;� t = ( ~vk;� t ; nk;� t ; pk;� t);

for the semi-discrete boundary-value solutions
at level t = k� t.
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Estimates: I

Lemma There are positive constants �; �; 
 , and
C, which do not depend on M , but only on the
�xed charge d, and the initial and boundary
data, such that, for each 1 � k � K :

� k~uk;� tk2
L 2 + �

j = kX

j =1

k~uj; � t � ~uj � 1;� tk2
L 2 +



j = kX

j =1

kr ~uj; � tk2
L 2 � t � C:
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Estimates: II

The dependence of �; �; 
 is as follows:
the L2 norm of ~u0; the
C([0; T]; H 1(
)) \ H 1((0; T); L2(
)) norm of the
components of ~uB ; the C([0; T]; L2(
)) and
C([0; T]; H s(
)) , norms, resp., of d and the
components of ~vB .
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Estimates: II

The dependence of �; �; 
 is as follows:
the L2 norm of ~u0; the
C([0; T]; H 1(
)) \ H 1((0; T); L2(
)) norm of the
components of ~uB ; the C([0; T]; L2(
)) and
C([0; T]; H s(
)) , norms, resp., of d and the
components of ~vB .

Remark The usual way of proceeding, by
choosing a test function from a �nite energy
space, directly related to the solution, is not
valid, since the semidiscrete solutions are
distributional. A limiting process is required.
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Approximation Sequences

~uM
S;� t is the step function and ~uM

P L;� t the
piecewise linear interpolant, both de�ned by
the semidiscete solutions.
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Approximation Sequences

~uM
S;� t is the step function and ~uM

P L;� t the
piecewise linear interpolant, both de�ned by
the semidiscete solutions.

We have the following estimates. The
sequences, ~uM

S;� t(x; t ); ~uM
P L;� t (x; t ), are

bounded in L2((0; T); X ).
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Approximation Sequences

~uM
S;� t is the step function and ~uM

P L;� t the
piecewise linear interpolant, both de�ned by
the semidiscete solutions.

We have the following estimates. The
sequences, ~uM

S;� t(x; t ); ~uM
P L;� t (x; t ), are

bounded in L2((0; T); X ).

~uM
P L;� t(x; t ) is bounded in H 1((0; T); Y � ).
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Approximation Sequences

~uM
S;� t is the step function and ~uM

P L;� t the
piecewise linear interpolant, both de�ned by
the semidiscete solutions.

We have the following estimates. The
sequences, ~uM

S;� t(x; t ); ~uM
P L;� t (x; t ), are

bounded in L2((0; T); X ).

~uM
P L;� t(x; t ) is bounded in H 1((0; T); Y � ).

The bounds do not depend on the truncation
parameter M .
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Convergent Subsequences: Bounds

The critical use of the inequalities is to extract
weakly convergent subsequences in
L2((0; T); X ): They have a common limit, and a
further subsequence is actually convergent in
L2(D) by application of the Aubin lemma.
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Convergent Subsequences: Bounds

The critical use of the inequalities is to extract
weakly convergent subsequences in
L2((0; T); X ): They have a common limit, and a
further subsequence is actually convergent in
L2(D) by application of the Aubin lemma.

Any such limit satis�es the (modi�ed) integral
relations de�ning weak solution, and satis�es
bounds not depending on M .
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Final Limit: Weak Solutions

Any solution of the system de�ned by
truncation satis�es bounds independent of M
and satis�es the (modi�ed) integral relations.
One extracts weak and strong solutions as
above, and obtains, �nally, the existence of a
weak solution of the coupled system.
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Numerical Algorithm

For each time level tk, a PNP system with given
velocity �eld v (k) is solved using the Gummel
Map employed in semiconductor simulation.
This provides updated concentrations n(k+1) ,
p(k+1) and electric �eld E (k+1) .
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Numerical Algorithm

For each time level tk, a PNP system with given
velocity �eld v (k) is solved using the Gummel
Map employed in semiconductor simulation.
This provides updated concentrations n(k+1) ,
p(k+1) and electric �eld E (k+1) .

The NS system is solved using �xed point
iteration based on Oseen subproblems, giving
updated velocity v (k+1) and pressure P (k+1)

f .
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Numerical Algorithm

For each time level tk, a PNP system with given
velocity �eld v (k) is solved using the Gummel
Map employed in semiconductor simulation.
This provides updated concentrations n(k+1) ,
p(k+1) and electric �eld E (k+1) .

The NS system is solved using �xed point
iteration based on Oseen subproblems, giving
updated velocity v (k+1) and pressure P (k+1)

f .

Numerical discretization of the subproblems
uses dual–mixed hybridized �nite elements.
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PNP/Stokes Simulation:K + VOC
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Figure 2: Total current density for � ' 4;2 = � 75:5mV and � p4;2 = 10 bar.
The in�uence of velocity �uctuations is felt at the end of the channel, which is

simulated as a two dimensional rectangle on the nanometer scale.
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Comments on the Simulation

The behaviour along the axis of the channel is
due to the dominating bulk �ow contribution,
with a maximum value of the current density of
104 A m � 2.
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Comments on the Simulation

The behaviour along the axis of the channel is
due to the dominating bulk �ow contribution,
with a maximum value of the current density of
104 A m � 2.

The behaviour in the upper and lower corners
of the channel inlet section is due to fact that in
these regions the velocity-extended current
�ow model degenerates into the classical PNP
model, because of the adherence boundary
condition for the �uid velocity.
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Solar Cell Model: I

The densities of electrons n, holes p and
excitons x, and the electrostatic potential �
evolve according to:

@n
@t

= D(r �; x ) � R(n; p) �
1
q

r� [qn� n r � � kT � nr n];

@p
@t

= D(r �; x ) � R(n; p) �
1
q

r� [� qp� pr � � kT � pr p];

@x
@t

= G � D(r �; x ) +
1
4

R(n; p) � R0(x) +
1
q

r� [kT � x r x];

r� (" r � ) = � q(p � n) :
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Solar Cell Model: II
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Solar Cell Model: II

The `electrolyte' is now a polymer!
Microstructure information de�nes the
transport coef�cients.

The quantities D and G are exciton
dissociation and generation rates. Onsager's
theory governs D; G is represented by
experimentally measured �uxes.

Recombination is governed by a Langevin
theory.
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