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1 Introduction

Over the past years, there has been a great impulse in studying the mo-
tion of a rigid body. We would like to quote the work of Brenner [2] con-
cerning the steady motion of one or more bodies in a linear viscous liquid
in the Stokes approximation as well as Weinberger [18], [19], Serre [16] re-
garding the fall of a body in an incompressible Navier-Stokes fluid under
the action of gravity and Borchers [1] for the existence of weak solutions.
We would like to distinguish that there are two different problems. First
one which is modelling the motion of fluid around a moving body with
prescribed velocity see work of Galdi, Hishida, Farwig, [6, 7, 8, 9, 12].
The another problem is the motion of rigid bodies in a viscous fluids,
which satisfies the second Newton’s law and the conservation of momen-
tum of momentum. In our paper we will deal with the second problem.
We consider the motion of one or several rigid bodies in a viscous fluid
occupying a bounded domain € C R? represents an interesting theoret-
ical problem featuring, among others, possible contacts of two or more
solid objects. We will consider the problem of rigid bodies in viscous
non-Newtonian fluids where both are heat conducting materials. Us-
ing penalization method developed by Conca, San Martin, Tucsnak and
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Starovoitov [15, 3], they have shown the existence of weak solution up to
the first contact.

2 Formulation of the problem

2.1 Bodies and motions

A 7rigid body can be identified with a connected compact subset S of
the Euclidean space R?. The motion of bodies can be represented as
a mapping 1 : (0,7) x R®> — R3 where n(t,-) : R*> — R? is an isometry
for any time t € (0,7).

Remark:

We adopt the Eulerian (spatial) description of motion, where the
coordinate system is attached to a fixed region of the physical space
currently occupied by the fluid.

The place x and the time t € (0,7) play the role of independent
variables. The mappings 7(t,-) are isometries,

n(t,x) = X,(t) + Ot)(x — Xy(0)),

where X, - the position of the center of mass at a time ¢, and O(t) is
a matrix satisfying OTO = Z. The translation and angular velocities
satisfy in the Eulerian coordinate the following equations

d

an = U, - the translation velocity, (2.1)

and

d
%O(t)OT(t) = Q(t) - the angular velocity. (2.2)
Accordingly, the solid velocity in the Eulerian coordinate system can

be written in the form

Wt x) = (e (1)) = Uye) + Q)x— X, (1)

Under the assumptions of continuity of the stress, the balance of linear
and angular momentum for the body .S5;

d d
—Ut:—/ Ssd:/ Sg5 d / Tndo, (2.3
™ o(t) dt S(t)pu x S(t)pg T aS(t) ndo,  (23)

d

L A BT S o —
dt(jw)_dt /S(t)p (x—X,) xu’ dz = (2.4)
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/asu)(x —X,) xTn do + /S(t) p°(x — X,) x g° da,
with J - the wnertial tensor
Ja-b:/()ps(ax (x—X,))- (b x (x—X,)) dz
S(t

where m is the total mass of the body, the angular velocity Q is skew-
symmetric is such that there exists a vector w such that

Q) (x = Xy) = w(t) x (x = Xy).

The position of body at time ¢t € [0, 7] would be given as

S(t) = n(t,S),

where n(t,z), t € [0,7T] is the characteristic curve determined uniquely
through the initial value problem

gtn(t’ ) = ult,n(t, ), n(0,z) = .

2.2 The fluid motion

The fluid is completely determined by its density p/, the velocity u/ and
the temperature 7. The standard mass and momentum balance and
energy equations read

O,p" 4 div(p'u’) = 0, (2.5)

divuf =0

O (pfuf) +div(p'u/ @ u') + Vp = divS + p'hf + p'Go/,  (2.6)

P! (0,(07) +u’ - VoT) + div (¢/) =0, (2.7)
where
p is the pressure,
h/ is the specific body force,

G is the buoyancy force and in the Boussinesq approximation is described
by



G =7(0,0,9)",
~ denotes the coefficient of thermal dilatation
g is the constant of gravity.
S is the viscous stress tensor,
67 is the absolute temperature,
¢’ is the heat flux satisfying the modified Fourier law
q = rkVoo°,
k the coefficient of heat conductivity
b€ R.
We will consider the following boundary conditions

v/ = 0 ondf,

6/ = 0 onIp,

9q”

o h on FN.

2.3 Viscous stress constitutive relation

S=8[D[u]], S: R?} — R>3 continuous,

sym sym

(SIM] = S[NJ) : (M= N) > 0 for all M # N,
a|MP <SM]: M < M|? for p > 4.
Q=1 x 1,

Q' ={(t,2)tel,xeS{t)}

N
Q=JQ,Q" =Q\@Q
i=1
We define the following quantity:

P! (t,x) on@’

p(t,x) = p%i(t,x on Q
0on R\ Q

= uf(t,x) on @/

u(t,x) = u%(t,x) on Q'
=0on R*\Q

=0/ on Q'
‘9(t7X) — 91 on gz
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Assumption: .
k=K

3 Preliminaries, weak formulation

The initial position of the rigid bodies is determined through a family of
domains
SZ'CRS, Z.:L‘..,TL,
each of them being diffeomorphic to the unit ball in R3. In addition,
in order to facilitate the analysis, the boundaries of all rigid bodies are
assumed to be regular, more specifically, there exists dy > 0 such that for
any x € 0S;, there are two closed balls B B of the radius dy such
that
r€B™NB™ B™cCS;, B*CR\S; (3.1)

Similarly, the underlying physical space Q C R?, occupied by the fluid
containing the rigid bodies, is supposed to be a domain such that for any
x € 01, there are two closed balls B, Bt of the radius &, such that

r€B™NB™ B™cQ B™cCR\Q (3.2)
The motion 7; associated to the body S; is a mapping
ni =mni(t,x), t €[0,T), v € R?, n;(t,-) : R*> — R*is an isomorphismus,
n:(0,z) =z forallz € R*, i=1,...,n.

Accordingly, the position of the body S; at a time ¢ is given through
formula
Si(t) =mi(t,S;), i=1,...,n.

The present work relies on the widely used concept of weak solution
introduced by Judakov [17] based on the Eulerian reference system and a
class of test functions depending on the position of the rigid bodies (see
Desjardins and Esteban [4, 5], Galdi [11],[12], Hoffmann and Starovoitov
[14], San Martin et al. [15], Serre [16], among others). Specifically, the
mass density ¢ = o(t,z) and the velocity field u = u(¢,z) at a time
t € (0,T) and the spatial position = € 2 satisfy the integral identities

/OT/Q (Q&es@ +ou- V;,;QO) der dt = — /Q oo dz (3.3)

for any test function ¢ € C*([0,T) x ), and
T
/o /Q (gu -Op+ou®u:Dfp] —S: D[go]) dz dt (3.4)
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T T
:—/ /QVzF-wdxdt—/ gouo~<pdx+/ /QG@-cpdtdx
0 Jo Q o Jo
for any test function ¢ € C*([0,T) x Q)
(,O(t, ) € [RM](t)7 (35)
where

[RM](t) = {¢ € C1(Q) | div,¢ = 0in ), ¢ = 0 on a neighborhood of 99,
(3.6)
h = VF and

D[¢] = 0 on a neighborhood of U, S;(¢)}.

and

I Jo (00 - 0ip + pabVY + gV )dadt = [ f b dS dt (3.7)
for any test function v € C1([0,T) x Q),

o(t,.) € [CI(t) (3.8)

[Cl(t) = {v» € C*(Q) | in Q, 1 = 0 on a neighborhood of I'p}, (3.9)

Here, the symbol S stands for the viscous stress tensor determined
through (2.9 - 2.11), V,F is a given potential driving force, and gy,
ug, 0y denote the initial distribution of the density, the velocity and the
temperature, respectively.q is the heat flux obeying Fourier’s law

K
B+1

with the heat conductivity coefficient k.

Finally, we require the velocity field u to be compatible with the
motion of the rigid bodies. This can be formulated as follows. As the
mappings 7;(t, -) are isometries on R3, they can be written in the form

q = Vxeﬁ—i-l’

ni(t,x) = x;(t) + O;(t)x.
Accordingly, we shall say that the velocity field u is compatible with the
family of motions {n,...,n,} if

u(t, z) = u%(t, x) = Uy(t)+Q;(t)(x—a;(t)) for a.a. x € Si(t), i=1,...,n
(3.10)



for a.a. t € [0,T), where

d
dt

d

0;)0f =@ a.a. on (0,7). (3.11)
Also we consider the continuity of the heat flux

¢’ -nlt] = ¢° - nlt] on 0S;(t) (3.12)

and also we consider that
k! = K5 (3.13)

Note that an alternative albeit completely equivalent weak formula-
tion of the problem may be found in Gunzburger et al. [13].

4 Main result

Theorem 4.1 Let the initial position of the rigid bodies be given through
a family of open sets

S, C QC R?,S; diffeomorphic to the unit ball for i =1,... n,

where both 0S;, 1 =1,...,n, and 0 belong to the reqularity class speci-
fied in (3.1), (3.2). In addition, suppose that

dist[S;, S;] > 0 fori # j, dist[S;, R*\ Q] > 0 for anyi=1,...,n.

Furthermore, let the viscous stress tensor S satisfy hypotheses (77 - 77),
with p > 4, and let F € Wh*(Q). Finally, let the initial distribution of
the density be given as

oy = const > 0 in Q\ UL, S,
0o =
0s, on S;, where gs, € L>®(Q), essinfg, o5, >0, i =1,...,n,

while

ug € L*(Q; R?), div,ug = 0 in D'(Q), D[ue] = 0 in D'(S;; R*?) fori=1,...

0y € L'(Q), (4.1)
0<6, <60y for a.a. x € )



2 3p—5

and (3 > —min{3, 30 1)

}. Then there ezist a density function g,
o€ C([0,T]; L*()), 0 < essigf o(t,-) < esssup o(t,) < oo for allt € [0,T],
Q

a family of isometries {n;(t,-)}1_y, 7:(0,-) =1, and a velocity field u,
U € Cuear([0, T]; L2(Q; R*)) N LP(0, T Wy (9 R?)),

compatible with {n;}"_, in the sense specified in (3.10), (3.11),0 € L>(0,T; L'(Q))
and 667;+1L2(0,T; W2) for all X € (0,1) such that o, u satisfy the in-
tegral identity (3.3) for any test function ¢ € C1([0,T)x R?), and the in-
tegral identity (3.4) for any ¢ satisfying (3.5), (3.6) and energy equation

( the integral identity) holds for any admissible test function ¥ € C(t).
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