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We present a novel multiscale clustering algorithm inspired by
algebraic multigrid technigues. Our method begins with
assembling data points according to local similarities. It uses an
aggregation process to obtain reliable scale-dependent global
properties, which arise from the local similarities. As the
aggregation process proceeds, these global properties affect the
formation of coherent clusters. The global features that can be
utilized are for example density, shape, intrinsic dimensionality
and orientation. The last three features are a part of the
manifold identification process which is performed in parallel to
the clustering process. The algorithm detects clusters that are
distinguished by their multiscale nature, separates between
clusters with different densities, and identifies and resolves
Intersections between clusters. The algorithm is tested on
synthetic and real data sets, its running time complexity Is
linear in the size of the data set.

Introduction

Clustering algorithms are useful in many fields, from image analysis through astronomy
to biology. Generally, clustering is applied to a data set, which is a collection of N d-
dimensional vectors (data points) representing d measured features per sample. Given a
data set, clustering algorithms seek a partition of the data to coherent groups, in a sense
that data points in the same group share similar properties.

We present a novel clustering algorithm inspired by algebraic multigrid techniques
(AMG) [3]. At the basis of our methodology is the normalized-cut cost minimization [1],
In the sense that salient clusters in the data set can be characterized by low normalized-
cut costs. The minimization problem can be formulated as a generalized eigenvector
problem. Many other approaches that attempt to solve the clustering problem (including
spectral clustering methods e.g. [2]) formulate the problem as a generalized eigenvector
problem, and usually solve it by using an eigensolver with quadratic or cubic complexity.

Our AMG-like approach discovers the desired aggregation of the data set by following
the similarities between the data points at different resolutions, using (similarly to [5]) a
bottom-up weighted aggregation coarsening procedure that preserves the low
normalized-cut costs. Moreover, to achieve coherent clusters at all scales, our approach
allows combining multiscale similarity features, based on properties of aggregates that
emerge at intermediate levels. The combined approach of bottom-up weighted
aggregation and multiscale similarity features constructs a hierarchical pyramid of
aggregates such that a salient cluster is guaranteed to emerge at a certain appropriate
level with low normalized-cut cost. The cost of the algorithm is linear in the data set size,
and Is independent of the number of clusters.

Clustering and manifold identification are known to be related. In this work, the
clustering and manifold identification processes influence each other, so that the cluster
partition Is used to approximate the manifolds, and the manifold structure is used to
Improve the cluster partition. An aggregate manifold is represented as a composition of
spatially ordered sub-manifolds, each of which is approximately convex and well
approximated by a set of principal axes. The aggregate manifold is identified even in the
cases in which the manifold is non-convex and noisy.

The Algorithm

The clustering problem can be formulated as seeking for a minimal normalized-cut in a
weighted graph. Given a data set with N data points and a distance matrix D of the
dissimilarities between the data points, a weighted graph G=(V,W) is constructed as
follows. Each data point i is represented by a graph node i V where V={1,2,...,N}. For
every two nodes 1 and j the following similarity weight is assigned

wij =expl—ciss* dij). (1)

where cdist IS a pre-defined parameter that is determined with experience, and dij Is
usually the Euclidean distance between data points i1 and j; wij is set to 0. This constructs
the similarity matrix W={wij}. To evaluate clusters we define a saliency measure as
follows. Every cluster S V Is associated with a state vector u=(U.,...,Ux) representing
the assignments of data points to a cluster S
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The saliency associated with S Is defined by the normalized-cut cost
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which sums the weights along the boundaries of S divided by the internal weights. Clusters with
small values of I'(S) are considered salient.

Coarse Graph construction: Starting from the given graph G[0] = G, we recursively coarsen the
minimization problem, creating the sequence of graphs G[1], . . ., G[K] of decreasing size. At each
scale we seek for nodes with low 7". The salient aggregates, or clusters, represented by low- 7" nodes,
are considered as approximate solutions to the minimization problem. The construction of a coarse
graph from a given one is divided into three stages:

(1) A subset of the fine nodes is chosen to serve as the seeds of the aggregates (the later being the
nodes of the coarse graph).

(2) The rules for interpolation are determined, thereby establishing the fraction of each non-seed
node belonging to each aggregate.

(3) The weight of the edges between the coarse nodes is calculated.

Coarse nodes. The construction of the set of seeds C (“C points”) and its complement denoted by F,
IS guided by the principle that each F-node should be “strongly coupled” to C. To achieve this
objective we start with an empty set C, hence F =V, and sequentially (according to decreasing
aggregate size defined in Section 3.2) transfer nodes from F to C until all the remaining 1  F satisfy
¥ jeciij 223 jevwij, where o is a parameter; in most experiments o = 0.2.

The coarse problem. Each node in the chosen set C becomes the seed of an aggregate that will
constitute one coarse scale node. We define for each node 1 F a coarse neighborhood Ni = {j

C,wij >0}. Let I (jJ) be the index in the coarse graph of the node that represents the aggregate around a
seed whose index at the fine scale is j. The classical AMG interpolation matrix P (of size Nxn, where
n=|C]|) is defined by
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0 otherwise.
It satisfies u =~ PU, where U = (U1,Uz2, . . ., Un) Is the coarse level state vector. Pil represents the

likelihood of 1 to belong to the | th aggregate. Following the weighted aggregation scheme [2], the
edge connecting two coarse aggregates p and g is assigned with the weight
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Recursive graph coarsening

Aggregative properties: Since our weighted aggregation framework allows to aggregate a variety of
multiscale properties, we call these properties aggregative properties. At each scale s the similarity
matrix W[s], inherited from finer aggregate scales (7), is modified by the similarities arising from
the set of aggregative properties obtained from multiple property scales. In the scope of this work
aggregative properties of density, shape, dimensionality and orientation are computed and
Incorporated. The aggregative properties are used to obtain partition into clusters that differ in
density, to separate background noise from clusters, and to resolve intersecting clusters.

Manifold identification: The aggregative properties are utilized to identify the manifold that span
an aggregate and to reveal the intrinsic dimensionality of the aggregate. The manifold identification
significantly affects the formation of clusters with similar intrinsic dimensionality. A type of a
manifold is defined directly for a convex aggregate and indirectly (recursively) for a non-convex
one. To characterize the manifold type for a convex aggregate k, the definitions below are used.
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denotes the fraction of variance obtained in the direction of the eigenvector I, relatively to the total
variance attained in all principal directions.

Definition 1. A convex aggregate Kk is defined as wide in direction v(i) k if FVAR.(i)=d/d , for a
given ¢ (typically = 0.5).
Definition 2. A convex aggregate is spanned by a 1D-manifold if it is wide in | directions.
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Manifold types. Aggregates that emerged at a certain scale are displayed in different colors. The attached

labels explain the manifold type that spans each of the aggregates.
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(2) Apply a dilution procedure.

(3) s=1. | |
(4) while( N £ N1
- CoarsenGraph(s,«)

- compute aggregative properties (sec. 3.2).
- i (s = r.. ) IdentifyManifold(s).

- i (s = s.): ModifyCoupling(s).

- il (s = s;); TopDown(r), s «— 1.

- §=8+1.

(1) Given a data set calculate Wl - the similarity matrix (1).

The clustering algorithm outline.

Results
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Four types of resolved junctions. Junctions are resolved and the desired clustering is obtained by using the

top—down process.
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Inaccurate bottom-up clustering and cured top—down clustering. Left to right: scale 9 after first bottom-up
process. misclassifications; scale 7, applying top—down density refinement: background noise Is separated
from clusters; scale 9, after first bottom-up process; scale 7, after applying top—down density refinement.
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Clustering cold and dark matter simulations. Left to right: a sample sub-cube of 20 000 CDM particles, top

and side views. Clustering of the data when utilizing the density and Mahalanobis features, top and side views.
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