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convex domains, Arch. Rational Mech., Anal., 5, 286–292, (1960).

Howard A. Levine (Iowa State University) Spectral Properties, Regularity and Bounds for Solutions of Elliptic Boundary Value ProblemsOctober 4, 2008 6 / 62



References

Oops - I almost forgot!

Levine, Howard A. & Weinberger, Hans F., Inequalities between
Dirichlet and Neumann eigenvalues, Arch. Rational Mech. Anal., 94,
193–208, (1986).

Howard A. Levine (Iowa State University) Spectral Properties, Regularity and Bounds for Solutions of Elliptic Boundary Value ProblemsOctober 4, 2008 7 / 62



References

OPTIMAL BOUNDS FOR OTHER PHYSICAL QUANTITIES

Weinberger, H. F., Upper and lower bounds for torsional rigidity.
J. Math. Physics, 32, 54–62, (1953).

Payne, L. E., Weinberger, H. F., Some isoperimetric inequalities for
membrane frequencies and torsional rigidity, J. Math. Anal. Appl., 2,
210–216, (1961).

Protter, M. H & Weinberger, H. F., On the capacity of composite
conductors, J. Math. and Phys., 44, 375–383, (1965).

Howard A. Levine (Iowa State University) Spectral Properties, Regularity and Bounds for Solutions of Elliptic Boundary Value ProblemsOctober 4, 2008 8 / 62



References

OPTIMAL BOUNDS FOR OTHER PHYSICAL QUANTITIES

Weinberger, H. F., Upper and lower bounds for torsional rigidity.
J. Math. Physics, 32, 54–62, (1953).

Payne, L. E., Weinberger, H. F., Some isoperimetric inequalities for
membrane frequencies and torsional rigidity, J. Math. Anal. Appl., 2,
210–216, (1961).

Protter, M. H & Weinberger, H. F., On the capacity of composite
conductors, J. Math. and Phys., 44, 375–383, (1965).

Howard A. Levine (Iowa State University) Spectral Properties, Regularity and Bounds for Solutions of Elliptic Boundary Value ProblemsOctober 4, 2008 8 / 62



References

OPTIMAL BOUNDS FOR OTHER PHYSICAL QUANTITIES

Weinberger, H. F., Upper and lower bounds for torsional rigidity.
J. Math. Physics, 32, 54–62, (1953).

Payne, L. E., Weinberger, H. F., Some isoperimetric inequalities for
membrane frequencies and torsional rigidity, J. Math. Anal. Appl., 2,
210–216, (1961).

Protter, M. H & Weinberger, H. F., On the capacity of composite
conductors, J. Math. and Phys., 44, 375–383, (1965).

Howard A. Levine (Iowa State University) Spectral Properties, Regularity and Bounds for Solutions of Elliptic Boundary Value ProblemsOctober 4, 2008 8 / 62



References

BOOKS BY H. F. WEINBERGER et. al.

Weinberger, H. F., Variational methods for eigenvalue approximation,
CBMS Regional Conference Series in Applied Mathematics, No. 15.
SIAM, Philadelphia, Pa., v+160 pp., (1974).

Weinberger, H. F.,
A First Course in Partial Differential Equations with Complex
Variables And Transform Methods, Blaisdell Publishing Co. Ginn and
Co., New York-Toronto-London.

Protter, M. H., Weinberger, H. F.,
Maximum principles in differential equations, Prentice-Hall, Inc.,
Englewood Cliffs, N.J., x+261 pp., (1967).

Howard A. Levine (Iowa State University) Spectral Properties, Regularity and Bounds for Solutions of Elliptic Boundary Value ProblemsOctober 4, 2008 9 / 62



References

BOOKS BY H. F. WEINBERGER et. al.

Weinberger, H. F., Variational methods for eigenvalue approximation,
CBMS Regional Conference Series in Applied Mathematics, No. 15.
SIAM, Philadelphia, Pa., v+160 pp., (1974).

Weinberger, H. F.,
A First Course in Partial Differential Equations with Complex
Variables And Transform Methods, Blaisdell Publishing Co. Ginn and
Co., New York-Toronto-London.

Protter, M. H., Weinberger, H. F.,
Maximum principles in differential equations, Prentice-Hall, Inc.,
Englewood Cliffs, N.J., x+261 pp., (1967).

Howard A. Levine (Iowa State University) Spectral Properties, Regularity and Bounds for Solutions of Elliptic Boundary Value ProblemsOctober 4, 2008 9 / 62



References

BOOKS BY H. F. WEINBERGER et. al.

Weinberger, H. F., Variational methods for eigenvalue approximation,
CBMS Regional Conference Series in Applied Mathematics, No. 15.
SIAM, Philadelphia, Pa., v+160 pp., (1974).

Weinberger, H. F.,
A First Course in Partial Differential Equations with Complex
Variables And Transform Methods, Blaisdell Publishing Co. Ginn and
Co., New York-Toronto-London.

Protter, M. H., Weinberger, H. F.,
Maximum principles in differential equations, Prentice-Hall, Inc.,
Englewood Cliffs, N.J., x+261 pp., (1967).

Howard A. Levine (Iowa State University) Spectral Properties, Regularity and Bounds for Solutions of Elliptic Boundary Value ProblemsOctober 4, 2008 9 / 62



OUTLINE

Regularity And Bounds For Solutions Of Elliptic Equations

Boundary regularity for solutions of second order elliptic equations.

Interior bounds for solutions of second order elliptic equations.
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OUTLINE

Inequalities For Eigenvalues

Isoperimetric upper bounds for the second Neumann eigenvalue.

Universal lower bounds for the second Neumann eigenvalue (Optimal
Poincaré inequality).

Upper bounds for the ratios of consecutive eigenvalues.

Bounds for Neumann eigenvalues in terms of Dirichlet eigenvalues.
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OUTLINE

Optimal Bounds For Other Physical Quantities

Torsional Rigidity.

Capacity.
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I. Regularity And Bounds

Boundary Regularity for Second Order Elliptic Problems

The Dirichlet problem for harmonic functions u(·) in bounded
domains Ω in RN is:

L∆u = ∆u = 0, in Ω,

u = f on ∂Ω.

Question: If f is continuous at a point P ∈ ∂Ω, when is it true that u
takes the value f at P continuously?

Points for which this is true for ALL functions continuous at P
are called regular points.
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Boundary Regularity

A boundary point P is called a barrier point (for the Laplacian) if
there is a function w(·; P) with the following properties:

w(·; P) is continuous in the closed domain Ω;

w(·; P) is C 2 in the open set Ω;

w(·; P) is positive in Ω− {P}, w(P; P) = 0 and

w(·; P) is superharmonic in Ω (∆w ≤ 0 in Ω).

An old result of Wiener (cf: Kellog, Potential Theory), says that a
boundary point is regular if and only if it is a barrier point.
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The End

Any Questions?
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