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QCQP Background

Nonconvex Quadratic Programm

)

minimize  qo(x

(x
xcR™
j A
(QCQP) subject to qy(x) > b Yk €
qr(x) = bk vke&
l<x<u

o qi(x) = () Tx +xTQ*x Yke{0U Z U¢&}

@ (x(x) could be convex, concave, or nonconvex

@ 1 and u are finite

@ Work is > 4 years old at this point...
@ I'm certainly not an expert in this area. (Go See Sam’s

Poster...)
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QCQP Envelopes

Envelopes

@ Popular (pestry method to solve
(QCQP) is to use convex and
concave envelopes. f: QO — R

e Convex Envelope (vexq(f)):
Pointwise supremum of convex
underestimators of f over Q.

e Concave Envelope (cavq(f)):
Pointwise infimum of concave
overestimators of f over Q.
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QCQP Envelopes

Solving QCQP

o Consider term x;x;, for (xi,%;) € R def (L, wi] x 15, u].

> maX{lin + L)’Xi — lilj,uixj + uyxi — uiuj}
XiX; < min{lixj + uyxq — liuj, uixj + 1]'Xi — uil)'}

@ Thm: (McCormick '76, Al-Khayyal and Falk, '83)

VeXR(Xin) = max{lixj + Lyxq — Lily, wix; + uyxg — uiu]-}

CaVR(Xin) = min{lin +uyxi — Ly, uix + jxg — uilj}
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QCQP Envelopes

Worth 1000 Words?

XiXj
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QCQP Envelopes

Convex and Concave Envelopes

vexg(xix;) cavg(xix;)
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(LP) Relaxation of QCQP

n n

Zip = manc Xi —I—ZZ QUZU
i=1j=1
subject to

n n
> ek X1+ZZQUZU > b VkeZ

i=1 i= 1)71

n n
Zc]fxl-l—ZZQUZU = b Vke€

i=1 i=1j=1

leflin*leiﬁ-hlj > 0 Viz],...,n,j:L‘..,n
Ziyj —WiXj —ujxi +uquy; > 0 vi=1,...,n,j=1,...,n
zij — lixg —uyxg + Ly <0 vi=1,...,n,j=1,...,n
le—uin—lei—l—uilj < 0 Vi=1,....,n,j=1,...,n

X{ € [Ii,ui] Vi=1,...,n

Jeff Linderoth (UW-Madison) Triangles, Envelopes, and Nonconvex QP IMA Hot Topics



Branching

@ In LP relaxation, zj; = xix; Vxi,%; € 0Q).
o If zyj # xqx;, we branch.

@ Two suggested branching schemes

Two Rectangles Four Rectangles
o5 U

" (%0%)
X; (Ri,%)) X; %
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QCQP Relaxations

Why Rectangles?

@ Because rectangles “beget” rectangles in a branching scheme?
@ Why not triangles?

— .

—

ANIagliN
A A

—

7~
N- <

Jeff Linderoth (UW-Madison) Triangles, Envelopes, and Nonconvex QP IMA Hot Topics



QCQP Relaxations

Envelopes

One Problem
You need to know the formulae for convex and concave envelopes for

bilinear functions over triangles

1 1 1
N NW NE
5lw E X4l Xl
SE Sw
O O 0=
2 XiX;
X3 i
= — ) cavsw = — ——
VeXSE T4%—x; Xi + Xj o
X2 X2 + xixj + sz — 2xi — 2xf R
— I CaVNE ==
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QCQP Relaxations

Envelopes over Triangles

vexsg(xix]- ) VeXNw(Xin )
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QCQP Relaxations

Envelopes Over Triangles

cavsw(xix;) cavNEe(xiX;)
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Tight Relaxations

. £
@ Total Error over region I': nr e J plcavr(xix;) — vexp(xix;)) dxidx;.
@ Max Error over region T

G(MN Y max (cavxyp(xi, x5) — vexxyr(xi, x;))

(xi,%5 )€l
1 1 1
X1 R Xj Xj
T A
0= 0=z 0=
nR) = 1/6 nr) = 1/24 n(A)
dR) = 1/2 ¢ (r) 1/8 $(A)
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SOC Representation

@ The nonlinear inequalities for vexa(xix;j) and cava(xix;) all have a
second order cone representation

: f
@ Restrict (xi,%;) € w {(xi, %)% < x5,%i +x5 < 1)

2
X5 XiX;
2y > ———, 24 < ———
X{— X5+ 1 Xi + Xj
2 _Zij—|—1—Xj+Xi R
45> ———— & 2x4 € Ky
xi—xj+ 1
L Zﬁ-] +Xj—Xi
[ 2% + Xj — Zij
XiXj 3
zy < & 2x; € Ky
Xi + X
L X — Zij
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QCQP Strength of Relaxation

Semi-Infinite approximation

@ Didn't know how to embed SOC solver into branch and bound code

@ Did a “linear relaxation”

vexse (x, y) = min > bty

(R1,01€L2) Uy
subject to (%9
Z Qiai‘i‘ux?\ = X, L bl
(%1,01)€L2 2
> GGt = v, L
(R1,01)€l2
D E+A =1 L
u
(2:,01)€L2 e A
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QCQP Strength of Relaxation

Performance Profile: Number of nodes
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