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0. Basic principle: adiabatic decoupling

slow degrees
of freedom

Goal: Effective equations of motion only for the slow variables

= Reduction of complexity in large systems.

“ Example: Spinning top

Slow degree of freedom = rotation axis

' Fast degree of freedom = rotation angle
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0. Examples in quantum dynamics

e Molecules:

slow nuclei & fast electrons
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e Charged particles in the radiation field:
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e Charged particles in the radiation field:

slow particles < fast photons

e Electrons in a crystal:

slow macroscopic N fast dynamics on the
dynamics scale of the lattice
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0. Examples in quantum dynamics

e Molecules:

slow nuclei & fast electrons

e Charged particles in the radiation field:

slow particles < fast photons

e Electrons in a crystal:

Slow macroscopic . fast dynamics on the
dynamics scale of the lattice

e Strong constraining forces:

slow motion tangent to N fast motion normal to
the constraint manifold the constraint manifold
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0. Contents of my lectures

1. Time-dependent quantum mechanics:
A crash course and some remarks on composite systems
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0. Contents of my lectures

1. Time-dependent quantum mechanics:
A crash course and some remarks on composite systems

2. Adiabatic decoupling and the partial semiclassical limit:

The time-dependent Born-Oppenheimer approximation

3. Adiabatic perturbation theory:

General slow-fast systems

Adiabatic decoupling and the partial classical limit January 2009



1. Time-dependent quantum mechanics

1. State space:
The state space of a quantum system is a complex

Hilbert space 'H,

i.e., @ complex vector space with an inner product (-,-). The inner product
induces a norm

191l =/ (¥, 9) -
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1. Time-dependent quantum mechanics

1. State space:
The state space of a quantum system is a complex

Hilbert space 'H,

i.e., @ complex vector space with an inner product (-,-). The inner product

induces a norm
[l = /{¥, ) .
Examples:
For a single spinless particle moving in R3 the state space is

H=L12®%) = {v R~ C ||yl = [, W(@)dz < oo
with inner product

W.0) = [ ,v(@) ¢ do.
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1. Time-dependent quantum mechanics

1. State space:
The state space of a quantum system is a complex

Hilbert space 'H,

i.e., @ complex vector space with an inner product (-,-). The inner product

induces a norm
[l = /{¥, ) .
Examples:
For N distinguishable spinless particles moving in R3 the state space is

H = L*(R3) = {w RNV —C \ )1 = /Rw [ (2)]? dz < oo}
with inner product

.8 = [ ¥(@)*6(x) da.
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1. Time-dependent quantum mechanics

1. State space:
The state space of a quantum system is a complex

Hilbert space 'H,

i.e., @ complex vector space with an inner product (-,-). The inner product

induces a norm

[l = /{¥, ) .
Examples:
For a single spin—% degree of freedom the state space is

H=C?={y=1,%2) |1, 2 €C }

with the inner product

2
(b, 0) = Wie;.
j=1
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1. Time-dependent quantum mechanics

For composite systems the Hilbert space of the full system is obtained as
the tensor product denoted by “®’" of the subsystem Hilbert spaces.

Examples:
Two single particles = System of two particles
Y(z) “+" o(y) (Y ® @) (z,y) = v(x)p(y)
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1. Time-dependent quantum mechanics

For composite systems the Hilbert space of the full system is obtained as
the tensor product denoted by “®’" of the subsystem Hilbert spaces.

Examples:
Two single particles = System of two particles
Y(z) “+" o(y) (Y ® @) (z,y) = v(x)p(y)
L2(R3) “4" L?(R3) L?(R3) ® L?(R3) = L2(R®) = L2(R3, L2(R>))

A generic function in L2(R®) is just a square integrable function W(z,y) of
two variables in R3.
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1. Time-dependent quantum mechanics

For composite systems the Hilbert space of the full system is obtained as
the tensor product denoted by “®’" of the subsystem Hilbert spaces.

Examples:
Two single particles = System of two particles
Y(z) “+" o(y) (Y ® @) (z,y) = v(x)p(y)
L2(R3) “4" L?(R3) L?(R3) ® L?(R3) = L2(R®) = L2(R3, L2(R>))

A generic function in L2(R®) is just a square integrable function W(z,y) of
two variables in R3.

Hence not all functions in L2(R®) are given by products W(z,y) = ¥(z)¢(y).
But they can always be approximated by linear combinations of products.
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1. Time-dependent quantum mechanics

For composite systems the Hilbert space of the full system is obtained as
the tensor product denoted by “®’" of the subsystem Hilbert spaces.

Examples:

Single spinless particle + spin = Single spin—% particle

Y(z) "+ ¢ (Y ® ¢)(x) = ¢(x)¢
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1. Time-dependent quantum mechanics

For composite systems the Hilbert space of the full system is obtained as
the tensor product denoted by “®’" of the subsystem Hilbert spaces.

Examples:

Single spinless particle + spin = Single spin—% particle
Y(x) "+ @ (Y@ ¢)(xz) = P(x)¢
L2(R3) o CQ LQ(RIS) ® CQ o LQ(R3,C2)

A generic function in L2(R3,C?) is of the form

v = (W )
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1. Time-dependent quantum mechanics

For composite systems the Hilbert space of the full system is obtained as
the tensor product denoted by “®’" of the subsystem Hilbert spaces.

Examples:

Single spinless particle + spin = Single spin—% particle
Y(x) "+ @ (Y@ ¢)(xz) = P(x)¢
L2(R3) o CQ LQ(RIS) ® CQ o LQ(R3,C2)

A generic function in L2(R3,C?) is of the form
Wi (z)
V(x) = )
() ( W () )
Sometimes it is convenient to write

where 5 =1, 2.

Adiabatic decoupling and the partial classical limit January 2009



1. Time-dependent quantum mechanics

For composite systems the Hilbert space of the full system is obtained as
the tensor product denoted by “®’" of the subsystem Hilbert spaces.

Examples:
N single spin—% particles = System of N spin—% particles
N
A generic function in L2(R3V,C2") is of the form

Wi(z1,...,2N)
W(x) = : :

Von(z1,. .., 2N)
where again it is convenient to write

w](x):w(]laajNaxlaxN)
with j, = 1,2 and z, € R3.
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1. Time-dependent quantum mechanics

2. Physical interpretation:

If the state of the N-particle system is W(j,z), then the probability that
the particles have a configuration X = (X1,...,Xy) in a region A C R3Y of

configuration space R3% js

P(XeN) =Y //\|\U(j,x)|2dx.

j=1
This is called Born’s statistical interpretation or postulate.
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1. Time-dependent quantum mechanics

2. Physical interpretation:

If the state of the N-particle system is W(j,z), then the probability that
the particles have a configuration X = (X1,...,Xy) in a region A C R3Y of
configuration space R3% js

P(XeN) =Y //\|\U(j,x)|2dx.

j=1
This is called Born’s statistical interpretation or postulate.

Everything else (other observbles etc.) follows from this postulate, the
collapse postulate and an analysis of the dynamics.
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1. Time-dependent quantum mechanics

3. Dynamics of states:

In general the state of a system changes with time. The dynamics for the
time-dependent state W (t) is determined by the

time-dependent Schrodinger equation

d B
V() = HY().

Here H is a linear mapping
H - HD>DOD—"H

the so called Hamilton operator or Hamiltonian.
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1. Time-dependent quantum mechanics

3. Dynamics of states:

In general the state of a system changes with time. The dynamics for the
time-dependent state W (t) is determined by the

time-dependent Schrodinger equation

d
—W(t) = HWV(t).
LV (t)
Here H is a linear mapping
H - HD>DOD—"H

the so called Hamilton operator or Hamiltonian.

The solution of the Schrodinger equation with initial value W(0) = Wg is

W(t) = ety
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1. Time-dependent quantum mechanics

3. Dynamics of states:

In general the state of a system changes with time. The dynamics for the
time-dependent state W (t) is determined by the

time-dependent Schrodinger equation

d
|&\U(t) = HWV(t).
Here H is a linear mapping
H:HD>DD—-H
the so called Hamilton operator or Hamiltonian.
The solution of the Schrodinger equation with initial value W(0) = Wg is
W(t) = ety

The exponential e '™ of the Hamiltonian is called the propagator and
defines a unitary evolution group

le ™| =l
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1. Time-dependent quantum mechanics

Examples:

- For a spin—% in a magnetic field B the Hamiltonian H : C2 — C2 is the

complex 2 x 2-matrix

H =B -0 = Byog + Byoy + B;o,
where o = (o, 0y,02) IS the vector of Pauli matrices.
The propagator is given by the convergent power series
X (—itH)"

e—itH — Z

n=0

n!
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1. Time-dependent quantum mechanics

Examples:

- For a spin—% in a magnetic field B the Hamiltonian H : C2 — C2 is the

complex 2 x 2-matrix

H:BU:BQjO-x+ByO-y+BzO-Z7

where o = (o, 0y,02) IS the vector of Pauli matrices.
The propagator is given by the convergent power series

o—itH _ i (—itH)”.

n=0

n!

- For a single non-relativistic charged particle of mass m moving in a poten-
tial V : R3 — R the Hamiltonian H : L2(R3) D D — L2(R3) is the differential

operator

1
H=—A+4+V(z,y,z)
2m

ith the Lapl rator A = 95 4 0% 4 ©0°
Wi e Laplace operator A 1= % + 55 + 5.

Adiabatic decoupling and the partial classical limit January 2009



1. Time-dependent quantum mechanics

Example: Molecules
Nn nuclei, each with mass M (Nn = 3 for CO»)

Ne electrons, mass m (Ne = 22 for CO»)

The Hamiltonian is

Al 1 1
o = Y (<5380 ) + 3 (~50) +
j: pr—
M 7.7 1 Ny Ne Zz,

vy Ay

i<j=1 |z — j| k<l=1 |yk — | j=1k=1 Y — xj|

acting on
H . LQ(R3(Nn+Ne)) ~ LQ(R:SNH) ®L2(R3Ne) LQ(R3Nn H )
He
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1. Time-dependent quantum mechanics

Example: Molecules
Nn nuclei, each with mass M (Nn = 3 for CO»)

Ne electrons, mass m (Ne = 22 for CO»)

The Hamiltonian is

Nn 1 Ne 1
oot = 3 (~5y8n) + 2 (—50m) +
j=1 k=1
Mo 7,7 1 Mo Ne

+Z”+Z 2. 2.

i<j= 1|33'L j| k<l=1 |yk_yl| j=1k= 1|yk |

acting on
H = LQ(R3(NH_|_N6)) ~ LQ(R?)Nn) ®L2(R3Ne) LQ(R3NH H )
L2(R75) for COs He
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1. Time-dependent quantum mechanics

Observation of Born and Oppenheimer (1928):

The small mass ratio

™ ~107%...107°

M
can be used as the parameter for an asymptotic expansion of the eigenvalues

= “asymptotic expansion’ in g = ,/M

Adiabatic decoupling and the partial classical limit January 2009



1. Time-dependent quantum mechanics

Observation of Born and Oppenheimer (1928):

The small mass ratio
™ .<107%...10°°
M

can be used as the parameter for an asymptotic expansion of the eigenvalues

= “asymptotic expansion’ in g = ,/M

In atomic units (m = 1) we have

2
g
Hol = —EAx + He(x) on H = L*(RY", He)

with
1
He(z) = —S0y + V(z,y) on He= L2(R}"e).
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2. The time-dependent Born-Oppenheimer approximation

If He(x) was real-valued instead of operator valued,

then the limit e — O for

. 0 g2
|5&\U(t,x) = (—EA:I; -+ He(w)> W (t, x)

would just be the standard semiclassical limit.
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2. The time-dependent Born-Oppenheimer approximation

If He(x) was real-valued instead of operator valued,

then the limit e — O for

. 0 g2
|5a\l!(t,x) = (—EAQ; -+ He(w)> W (t, x)

would just be the standard semiclassical limit.

However, on eigenstates He(x) acts as a real-valued multiplication operator

He(z)x(z) = E(x)x(x) .
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2. The time-dependent Born-Oppenheimer approximation

For a diatomic molecule a schematic picture of the spectral surfaces is

o(Hy(x))

We consider an isolated
eigenvalue surface E(x) with

Z(x)

E;(x) He(x) X(xa y) — E(w) X(LU, y)
E,(x)
B, () and normalized eigenfunctions
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2. The time-dependent Born-Oppenheimer approximation

For a diatomic molecule a schematic picture of the spectral surfaces is

o(Hy(x))

We consider an isolated
eigenvalue surface E(x) with

Z(x)

E;(x) He(iv) X(xa y) — E(w) X(LU, y)
E,(x)
B, () and normalized eigenfunctions

Let Pr’H C 'H be the subspace of functions of the form
Y(z,y) = d(x)x(z,y), where ¢e L2(R>"N).
Then
He(x)Pp = E(x)Pg .
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2. The time-dependent Born-Oppenheimer approximation

The full Hamiltonian

2
€
Hmo = _EAJL‘ + He(:v)

acts on functions in PgH as

Hmol o(x)x(z,y) = [ (_éAaz + E(w)) ¢(m)] x(xz,y) +R°

A\ 4
aVa

ePp

with

R = —e(eVad(2)) - Vax(z,v) + 5 6(2) Dax(z,y) = Oc) .
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2. The time-dependent Born-Oppenheimer approximation

The full Hamiltonian

2
€
Hmo = _EAOC + He(:v)

acts on functions in PgH as

Hmol o(x)x(z,y) = [ (_§A£Iﬁ + E(m)) ¢(m)] x(xz,y) +R°

A\ 4
aVa

ePp

with

R = —e(eVad(2)) - Vax(z,v) + 5 6(2) Dax(z,y) = Oc) .
et

Hgo ¢(z)x(z,y) = K—%A:ﬁ + E(fv)) <b(:v)] x(z,y)

be the effective “Born-Oppenheimer” Hamiltonian for the nuclei correspon-
ding to the energy surface E(x) on the adiabtatic subspace PrpH.
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2. The time-dependent Born-Oppenheimer approximation

The time-dependent Born-Oppenheimer approximation

For an initial wave function Wg(z,y) = ¢g(x)x(xz,y) € Py solve the effective
Schrodinger equation for the nucleonic wave function

2

0 . €
0 o(t,2) = (—EA;E + E(az>> ot )

with initial value (0, z) = ¢o(x).
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2. The time-dependent Born-Oppenheimer approximation

The time-dependent Born-Oppenheimer approximation

For an initial wave function Wg(z,y) = ¢g(x)x(xz,y) € Py solve the effective

Schrodinger equation for the nucleonic wave function
2

0 . €
0 o(t,2) = (—EA;E + E(az>> ot )

with initial value (0, z) = ¢o(x).

Now one expects that

Veol(t,z,y) = o(t,z)x(x,y)

IS an approximate solution of the full Schrodinger equation

ot

o g2
ie—W(t,z,y) = (—EAQ; - He(as)> W(t,z,y).
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2. The time-dependent Born-Oppenheimer approximation

The time-dependent Born-Oppenheimer approximation

For an initial wave function Wg(z,y) = ¢g(x)x(xz,y) € Py solve the effective

Schrodinger equation for the nucleonic wave function
2

0 . €
0 o(t,2) = (—EA;E + E(az>> ot )

with initial value (0, z) = ¢o(x).

Now one expects that

Veol(t,z,y) = o(t,z)x(x,y)

IS an approximate solution of the full Schrodinger equation

ot

Is this really correct?

o g2
ie—W(t,z,y) = (—EAQ; - He(as)> W(t,z,y).

Adiabatic decoupling and the partial classical limit

January 2009



2. The time-dependent Born-Oppenheimer approximation

Is this really correct? We checked that

(H — Hgo)Pe = O(¢),

but we don’'t know whether the true solution remains in the range of Pg.
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2. The time-dependent Born-Oppenheimer approximation

Is this really correct? We checked that
(H — Hgo)Pe = O(e),

but we don’'t know whether the true solution remains in the range of Pg.

W)~ Weo(®) = | (e - eTHeor) gy
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2. The time-dependent Born-Oppenheimer approximation

Is this really correct? We checked that

(H — Hgo)Pe = O(¢),

but we don’'t know whether the true solution remains in the range of Pg.
.7t . t
[W(t) = Weo®| = | (e - e e0t) gy

crrt crrt ; t
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2. The time-dependent Born-Oppenheimer approximation

Is this really correct? We checked that

(H — Hgo)Pe = O(¢),

but we don’'t know whether the true solution remains in the range of Pg.
7t ; t
[W(t) = Weo®| = | (e - e e0t) gy

_ /ti (1 _ eng e—ngog) by ds
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2. The time-dependent Born-Oppenheimer approximation

Is this really correct? We checked that

(H — Hgo)Pe = O(¢),

but we don’'t know whether the true solution remains in the range of Pg.
7t ; t
[W(t) = Weo®| = | (e - e e0t) gy

t d CTTS : s
= /O as (1 - e_'HBOE) ¢x ds

i t . s L s
— —/ e'Ha (H — HBO) e 'HBOeqSX ds
e Jo —
. €Pp )

—0O(e)
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2. The time-dependent Born-Oppenheimer approximation

Is this really correct? We checked that

(H — Hgo)Pe = O(¢),

but we don't know whether the true solution remains in the range of Pg.
7t ; t
[W(t) ~ Weo®| = | (e~ e e0t) gy
— crrt : t

t d e .
= /()£(1 — elHZ e HB0%) gy ds

i t 1rs L s
— —/ ez (H— Hgp) € 'HBOeqbX ds
8 O A ~ 7

—0(e)

= O([t).

So a direct computation suggest that while H — Hgp is of order € on Pg
might add up to difference of order one over times of order 1/e.
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2. The time-dependent Born-Oppenheimer approximation

1
W)~ Weo®I| = | [ e — Heo)e Meotpy ds |

1 |H Hgo

— 2/0 (P + Pp)(H — Hpo) e 1BOZgy ds
1 s

< - /O (Pl Py — Heo) e He0tgy ds |

1 s

+g/0 ez P H Py e 1BOZ ¢y ds '

So we have to define Hgp such that

PpHPp — Hgo = O(&?)
and to show that

/O 2 Pl Py e 1HBO gy ds = O(e) .
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2. The time-dependent Born-Oppenheimer approximation

If one includes Pr R Pg in the effective Hamiltonian and defines

2

Hgo = % (Ve + Ap(@))° + E()

with the Berry connection coefficient

Ag(z) = i(x(2), Vax(#))1e ;

the following statement is true:
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2. The time-dependent Born-Oppenheimer approximation

If one includes Pr R Pg in the effective Hamiltonian and defines

2

Hgo = % (Ve + Ap(@))° + E()

with the Berry connection coefficient

Ag(z) = i(x(2), Vax(2)) e ,

the following statement is true:

T heorem:
There is a constant ' < oo such that for all ¢t € R and for all
#(0) € L2(R3Nn) with W(0) = ¢(0)x € Ran Pgl1(H < &) it holds that

|WE(®) = WEo®)|| < Ce (1 + &) +ItDI¢0)]] -

[Spohn, Teufel; Commun. Math. Phys. 224 (2001)]
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2. The time-dependent Born-Oppenheimer approximation

In particular this implies:

e Initial data in the subspace PrpH will approximately remain in this sub-
space under the time evolution.
= One says that the subspace is adiabatically decoupled from the rest.
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2. The time-dependent Born-Oppenheimer approximation

In particular this implies:

e Initial data in the subspace PrpH will approximately remain in this sub-
space under the time evolution.

= One says that the subspace is adiabatically decoupled from the rest.

e Within the decoupled subspace PrgH the dynamics is much simpler: an
approximate solution to the full Schrodinger equation for W(0) = ¢(0)x
IS obtained by solving the effective equation for the nuclei

2

=500 = (5 (-1Va + A@)” + B ) (1)
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2. The time-dependent Born-Oppenheimer approximation

In particular this implies:

e Initial data in the subspace PrH will approximately remain in this sub-
space under the time evolution.
= One says that the subspace is adiabatically decoupled from the rest.

e Within the decoupled subspace PrgH the dynamics is much simpler: an
approximate solution to the full Schrodinger equation for W(0) = ¢(0)x
IS obtained by solving the effective equation for the nuclei

2

=500 = (5 (-1Va + A@)” + B ) (1)

e [ he effective equation is of the standard semiclassical form for ¢ — O.
Thus one can use standard semiclassical methods to find approxi-
mate solutions of this effectice equation.
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2. The time-dependent Born-Oppenheimer approximation

Can one improve the result by choosing a better Hgp? E.g. by adding the
O(e?) term from the expansion of Py H Pp ?
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2. The time-dependent Born-Oppenheimer approximation

Can one improve the result by choosing a better Hgp? E.g. by adding the
O(e?) term from the expansion of Py H Pp ?

No, since the piece of the solution leaving PrH is of order O(e), i.e.,

(1 =Pr) V()| > Ce

in general.
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2. The time-dependent Born-Oppenheimer approximation

Can one improve the result by choosing a better Hgp? E.g. by adding the
O(e?) term from the expansion of Py H Pp ?

No, since the piece of the solution leaving PrH is of order O(e), i.e.,

(1 =Pp)W(@)| = Ce

in general.

Can one improve the adiabatic approximation at all?
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2. The time-dependent Born-Oppenheimer approximation

Can one improve the result by choosing a better Hgp? E.g. by adding the
O(e?) term from the expansion of Py H Pp ?

No, since the piece of the solution leaving PrH is of order O(e), i.e.,
(1 -Pp)W(@)|[ > Ce

in general.
Can one improve the adiabatic approximation at all?

Yes, by approximating the solution not on the adiabatic subspace PrpH, but
on suitable super-adiabatic subspaces!
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3. General structure of adiabatic problems

1. Hilbert space

H = Hs @ Hf = L>(M) @ Hs = L?(M, Hs)
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3. General structure of adiabatic problems

1. Hilbert space

H =Hs® Hr = L°(M) ® Hs = L?(M, Hs)

2. Hamiltonian

H® = H(z,—ieVys) := OpW H

H¢ is the Weyl-quantization of an operator-valued symbol

H:T"M — ﬁsa(Hf) .

The symbol H(q,p) is the Hamiltonian for the fast system, when the slow
system has configuration ¢ and momentum p.
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3. General structure of adiabatic problems

For molecular dynamics we had

Hamiltonian:

H6 —

mol —

2

—%Aw 1+ He(z)

on LA(R3Nn, L2(R3MNe))

Symbol:

1

HmoI(Qap) — 519

2+ He(q)

Adiabatic decoupling and the partial classical limit
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3. General structure of adiabatic problems

1. Hilbert space

H =Hs® Hr = L°(M) ® Hs = L?(M, Hs)

2. Hamiltonian

H® = H(z,—ieVys) := OpW H

3. Spectral gap

The spectrum o(H(g,p)) contains a subset o«(q,p), which is separated
by a gap from the remainder o(H(q,p)) \ 0x(q,p) for all (¢q,p) € T*M.
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3. General structure of adiabatic problems

3. Spectral gap

The spectrum o(H(q,p)) contains a subset o«(q,p), which is separated
by a gap from the remainder o(H(q,p)) \ 0x(q,p) for all (¢q,p) € T*M.

o(H(q.p))
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3. Adiabatic perturbation theory: results

1. Approximately invariant subspaces

Let P«(q,p) be the spectral projection of H(q,p) corresponding to o«(q,p).Then
one can construct an orthogonal projection Pj{] such that

| 1H, PR1Il=0E"T

and

| P — OV P || = O(e).

Thus the subspace Ran Pﬁ, C H is invariant under the time-evolution
up to O(eV).

[based on Emmrich, Weinstein '96 and Martinez, Nenciu, Sordoni '01]
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3. Adiabatic perturbation theory: results

2. Transformation to a simple representation space

The subspace PfVH of the big space 'H depends on £ and its elements can
not be easily characterized.

= We construct a unitary operator U5;,, which maps the almost invari-
ant subspace to a space appropriate for representing the slow degrees of
freedom:

US; : PSH — K = L2(M, Ks) .

If dim(RanPs(q,p)) = n < oo, then K = C™.
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3. Adiabatic perturbation theory: results

3. The effective Hamiltonian

Hege 1= H*
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3. Adiabatic perturbation theory: results

3. The effective Hamiltonian

Hee = Py H° Py
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3. Adiabatic perturbation theory: results

3. The effective Hamiltonian

Hip = U% Py HE PSUSS on K.
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3. Adiabatic perturbation theory: results

3. The effective Hamiltonian

Hip = U% Py HE PSUSS on K.

In summary we thus have

H (e—ngt/s . Ujg\f* e—ngfrt/a Ujs\[) Pﬁ[

=0 (N]) .
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3. Adiabatic perturbation theory: results

4. Asymptotic expansion of Hgff

Hegr = Op*Y Herr (¢)

with

o0
Hefe(e,q,p) < > €™ hnl(q,p) .
n=0

The effective Hamiltonian HZ, must be computed up to order eV 11 to

. . . _. 8
obtain an approximation to e | Hegrt/e up to order eN.
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3. Adiabatic perturbation theory: results

5. Important special case: isolated eigenvalue

Let o«(q,p) = {FE(q,p)} be £-times degenerate.

Then the natural representation space is K = LQ(M;CK). One finds that

ho(q,p) = E(q,p)1¢e,

which is known in physics as “Peierls substitution’ .
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3. Adiabatic perturbation theory: results

5. Important special case: isolated eigenvalue

Let o«(q,p) = {FE(q,p)} be £-times degenerate.

Then the natural representation space is K = LQ(M;CK). One finds that

ho(q,p) = E(q,p)1¢e,

which is known in physics as “Peierls substitution’ .

The first correction to “Peierls’ substitution” is

100, P = 5 (Yala, ), {(H(a,p) ~ B(@,p)1p), 45 ) ),

where {wa(q,p)}gzl is an orthonormal basis of P«(q,p)Hs.
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3. Adiabatic perturbation theory: results

For the Born-Oppenheimer approximation one finds

Hgo(a,p) = 2@+eA(0)*° + E(9)
+ 5 Trae (VP(a) - VP(a) (1 — Pul)) )

— &2 Trye ((p- VPA(a))? (He(q) — E(@) ™" (1 = Pu(a)) )

+0(3).

Adiabatic decoupling and the partial classical limit January 2009



3. Other applications

e Solid State Physics:
Peierls substitution and the semiclassical model of solids including new
corrections, Piezo effect
(with G. Panati, H. Spohn, C. Sparber)
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3. Other applications

e Solid State Physics:

Peierls substitution and the semiclassical model of solids including new
corrections, Piezo effect

(with G. Panati, H. Spohn, C. Sparber)

e Nonrelativistic QED:

Effective dynamics for slow charged particles < no spectral gap
(with L. Tenuta)

Adiabatic decoupling and the partial classical limit January 2009



3. Other applications

e Solid State Physics:
Peierls substitution and the semiclassical model of solids including new
corrections, Piezo effect
(with G. Panati, H. Spohn, C. Sparber)

e Nonrelativistic QED:

Effective dynamics for slow charged particles < no spectral gap
(with L. Tenuta)

e Constraints in Quantum Dynamics:
Effective dynamics on constraint manifolds
(with J. Wachsmuth)
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3. Beyond the adiabatic approximation

e In the presence of (nontrivial) eigenvalue crossings, e.g. conical cros-
sings, the adiabatic approximation breaks down.

= Quantitative description of transitions between adiabatic subspaces
near crossings

(with C. Lasser)
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3. Beyond the adiabatic approximation

e In the presence of (nontrivial) eigenvalue crossings, e.g. conical cros-
sings, the adiabatic approximation breaks down.

= Quantitative description of transitions between adiabatic subspaces
near crossings

(with C. Lasser)

e Even in the presence of a spectral gap, the adiabatic subspaces are
approximately but not exactly invariant.
However, the transitions are exponentially small with respect to ¢, i.e.
of order e~¢/¢ for some ¢ > 0.
= beyond perturbation theory

(with V. Betz)
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3. The end

Thank you for listening and thanks to my collaborators

i

Volker Betz Caroline Lasser Gianluca Panati Herbert Spohn
(Warwick) (FU Berlin) (Rom I) (TU Munich)

Hans Stiepan Lucattilio Tenuta Jakob Wachsmuth
(Tiubingen) (Tibingen) (Tibingen)
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