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Talk Outline

Hybrid field-based model for 
protein-membrane interaction

Free energy calculations

Receptor Endocytosis: 
Membrane Vesicle Formation
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Multiscale Modeling of 
Membranes
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Fully-atomistic MD

Coarse-grained MD

Generalized elastic models

Bilayer slippage

Monolayer viscous 

dissipation
Viscoelastic models

Molecular 

Dynamics (MD)

(15 nm, 104 atoms)

(100 nm)

Deserno, 2008

Voth, 2008

Baker, 2009

(50 nm) Seifert, 1995

> 1ɛm, 108 atoms
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H0 :Intrinsic curvature

k: Bending Modulus

k: Gaussian Curvature Modulus

Helfrich Free Energy

H 1/2[1/R1+1/R2]

K 1/R1 1/R2

Nelson, Piran, Weinberg, 1987

Mesoscale Elastic Model for Membranes
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Elastic free energy including frame 

tension on a membrane patch
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H0 :Intrinsic curvature

k: Bending Modulus

k: Gaussian Curvature   

Modulus

Helfrich Free Energy

Cartesian (Monge) notation: z=h(x,y)

H 1/2[1/R1+1/R2]

K 1/R1 1/R2

Nelson, Piran, Weinberg, 1987

Mesoscale Linearized Elastic Model for Membrane

(small deformation limit)

H0
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Linearized Elastic Model For Membrane: Cartesian Gauge

Â Helfrich membrane energy accounts for membrane bending and 
membrane area extension.

Â In Monge notation, for small deformations, the membrane energy is

Â Force acting normal to the membrane surface (or in z-direction) 
drives membrane deformation
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0H Spontaneous curvature Bending modulus

Frame tension Splay modulus

Â Consider only those deformations for which membrane topology 
remains same.

White noise

z(x,y)

amenable to treatment in Cartesian coordinate system



University of Pennsylvania Department of Bioengineering

Hydrodynamics in the Cartesian Gauge

u

Noninertial Navier Stokes equation

Dynamic viscosity of      

surrounding fluid
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Fluid velocity=membrane velocity at the membrane boundary

zF
xF

Surface viscosity of      

bilayer

v

Surrounding fluid 

velocity

Membrane velocity
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Hydrodynamics of the Linearized Elastic Membrane

Â Non-inertial Navier-Stokes equation

: kinematic

viscosity

2

0

p v F

v

Â Solution of the above PDEs yields the 
Oseen tensor, (Generalized Mobility).

( ') ( ') 'v r r F r dr

Oseen tensor
1

8
I rr

r

Â Fluid velocity is same as membrane 
velocity at the membrane boundary Ą
no slip condition given by:

;  where, 
z E

M M
t z

Hydrodynamics versus Time-Dependent Ginzburg Landau (TDGL) Equation

z(x,y)

xy

Seifert, 1994

Doi and Edwards

Hohenberg and Halperin, 1977

Nelson, Piran, Weinberg, 1987

.
z E

M
t z
Langevin Equation
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Hydrodynamics versus Time-Dependent Ginzburg
Landau (TDGL) Equation

Explicit scheme, linear stability analysis, eigen value spectrum computed numerically

Lin, Brown, 2005
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membrane

Coarse-Grained Representation of Proteins or 

Protein Assemblies

receptor

AP2

clathrin

H0 = C0ũ(r0)

H0 = 0

H0 = C0
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Individual curvature inducers
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Coarse-Grained Representation of Proteins or 

Protein Assemblies

Extracellular

Intracellular

Membrane

x

z

y
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Curvature-Inducing Protein Epsin Diffusion on the Membrane

Â Each epsin molecule induces a 
curvature field in the membrane

Â Membrane in turn exerts a force on epsin

Epsin performs a random walk on membrane surface with a membrane 
mediated force field
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Choice of Multiscale Integration?

Â Regime 1: Deborah number De<<1 

or (a2/D)/(z2/DM) << 1

Â Regime 2: Deborah number De~1 or (a2/D)/(z2/DM) ~ 1

KMC TDGL

#=1/De #= / t

R R ( ( ) ( )) ( )P R P R P R

( ) { ( ) }BP R exp E R k TSurface hopping switching 

probability

Weinstein, Radhakrishnan, 2006

Agrawal, Weinstein, Radhakrishnan, 2008 

Constant Temperature Protein-
Mediated Membrane Dynamics

MC-MD algorithm of LaBerge and Tully, 2001

MC TDGL#=M #=N
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State Diagram

Â *, Surface Density  1-100 per m2

ÂR, Range 10-100nm

ÂH0, Intrinsic Curvature  0-40 m-1

ÂPotential of Mean Force

ÂRadial Distribution, Orientational Correlation

ÂMembrane Height Autocorrelation

J. Weinstein, R. Radhakrishnan, Mol. Phys. 2006

N. J. Agrawal, J. Weinstein, R. Radhakrishnan, Mol. Phys. 2008. 
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Membrane Fluctuations, R=50nmMembrane-Mediated Protein-Protein 
Spatial Correlations *=0.016, C0=30

Localization

F/kTThreshold

C0*: 10-30

Nucleation occurs following 
spatial patterning of epsins

m-1

r


