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What is MOLCAS?  
The hallmark:

a-CASSCF/MS-CASPT2/ANO is and will be 
our protocol of choice

Typical applications:

 Chemical reactions
 Photo Chemistry
 Heavy Element Chemistry



Chemical reactions:

“Chemiluminescence of 1,2­
dioxetane. Mechanism uncovered”

hν



Photo Chemistry:

“Intramolecular triplet­triplet 
energy transfer in oxa­ and aza­di­

pi­methane photosensitized 
systems”



Heavy Element Chemistry:
“Agostic interaction in the 

methylidene metal dihydride 
complexes H2MCH2 (M = Y, Zr, Nb, 

Mo, Ru, Th, or U)“



A crash course in 
CD!

CD technique is trivial and involve no 
more than elementary vector 
manipulations.

In an essence CD of 2-electron integrals 
is a truncated version of a standard 
Gram-Schmidt orthogonalization in a 
Coulumbic metric.

Let me demonstrate!



Gram-Schmidt 
Orthogonalization

The Gram-Schmidt is formulated as 
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Cont.

Imagine the identity
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Truncation - 
Reduction

The GS procedure lends itself to a single 
parameter controlled truncation of the 
GS basis.

A list of all 

is stored and updated as we include new 
GS basis functions. If all remaining VII 
are below the threshold then 
terminate!

V II=V ii−∑
k=1

n

V ikV ik



DF-RI-CD Unified

In DF-RI-CD the 2-electron integrals are expressed as 

Lij
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For DF/RI we have 

While for CD we have
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Comparison

Auxiliary Basis set External

Gradient Yes No
Method-dependent? Yes mostly No!
Parameter dependent? Not directly Yes
Could be exact? Not automatically Yes

DF/RI-version CD-version
Internal (num.)

1-center 1- and 2-center



The LK approach for 
Exchange

 CD localization of the occupied orbitals
The CD localization scheme is a non-

iterative procedure.

 Error bounded screening
Reformulation, ERI matrix in AO basis is 

positive definite and satisfy the 
Cauchy-Schwarz inequlity.



LK Scaling

Linear Glycines / cc-pVDZ



Cholesky 
Localization

Cholesky localization is not prefect – 
do we care?



1-Center CD

Q:Will a CD procedure 
which exclude all 2-center 
products as potential 
auxiliary basis function 
retain an acceptable 
accuracy?



Test set: 21 
reactions, B3LYP 
6-31G structures



1-Center CD 
vs.

 full CD
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Observations

 1-Center approximation does not 
degrade the CD accuracy significantly!

 for 1C-CD the decomposition time is 
3-4 times faster than the full CD 
with the same threshold.

In the 1C-CD approximation a fixed 
auxiliary basis set is used, hence we 
can compute analytic derivatives!



1C-CD gradients:
timings

This is now a trivial matter! Use RI (and 
LK) technology!



1C-CD vs. Conv.:
Energies and Bond 

Distances



The Cholesky auxiliary 
basis sets!

Q:Given the accuracy of the 1C-CD 
approach, could it be used to design 
general DF/RI auxiliary basis sets which 
are method-free? 

Use atomic CD technique to design the 
aCD RI basis sets. Plug them into your 
RI code! aCD/RI

aCD/RI:  1C-CD quality results without 
the recursive nature of CD



Accuracy of aCD 
RI basis sets

aCD/RI is 2-4 times faster than 
1C-CD!



Atomic Compact 
CD auxiliary basis

acCD

The CD approach does not automatically 
eliminate the redundancy in the primitive 
space product space!   But we can do 
that!

Compute a normal aCD basis set.
Do a complementary CD elimination in 
the primitive product space. Keep 
essential products as exponents iof the 
acCD basis
Do a least-square fit to the aCD basis set 
to get the contract coefficients of the 
acCD basis.



Tc ANO-RCC 
auxiliary basis set

τ=1.0E-4

Tc-ANO: 21 s-fnctns Tc-aCD: 231 s-fnctns

Tc-acCD: 32 s-fnctns

Total # of products

conv: 23871 
aCD: 17272
acCD:3946



The CD-RI 
hierarchy in 

MOLCAS

 CD(τ=0) – Conventional 
 CD(τ)
 1C-CD(τ)
 aCD(τ)/RI
 acCD(τ)/RI
 External aux. bfn/RI



CD developments: 
material published so far

 “Analytic derivatives for the Cholesky representation of 
the two-electron integrals” - CD gradients

 “Unbiased auxiliary basis sets for accurate two-electron 
integral approximations” - CD-RI auxiliary basis sets

 “Cholesky decomposition-based multiconfiguration 
second-order perturbation theory (CD-CASPT2): 
Application to the spin-state energetics of Co-III(diiminato)
(NPh) - CD-CASPT2

 “ Accurate ab initio density fitting for multiconfigurational 
self-consistent field methods“ - CD-CASSCF

 ”Quartic scaling evaluation of canonical scaled opposite 
spin second-order Moller-Plesset correlation energy using 
Cholesky decompositions” - CD-MP2

 “Low-cost evaluation of the exchange Fock matrix from 
Cholesky and density fitting representations of the 
electron repulsion integrals“ - CD-HF



CD-CASPT2 Example:
 Relative energies of spin-
states of Ferrous complex

K. Pierloot et al.

-CD(-6)-CASPT2/CASSCF(14-in-16)/ANO
-810 bfn (no symmetry) / 964 bfn (C2 symmetry)



CD-CASPT2 example

Cholesky decomposition-based 
multiconfiguration second-order perturbation 
theory (CD-CASPT2): Application to the spin-
state energetics of Co-III(diiminato)(NPh) 

Aquilante et al.

- CASSCF/CASPT2
- ANO-RCC-VTZP
- 869 bfn



CD-CCSD(T)

Highly Accurate CCSD(T) and DFT-SAPT 
Stabilization Energies of H-Bonded and 
Stacked Structures of the Uracil Dimer

Pitonak et al., CPC

 MP2 – 1648 bfn
 CCSD(T) – 920 bfn



CD-MP2
Aquilante et al.



1,3-DIPHENYLISOBENZOFURAN: 
Photovoltaic material with singlet fission

Zdenek Havlas, Andrew Schwerin, and 
Jozef Michl

CAS(16el/14orb; 7a,7b)

ANO-L(C,O: 4s3p2d1f, H: 3s2p1d, Ryd(8,8,8)/[1,1,1])

Cholesky (Thrs= 1.0d-5)

35 atoms (O1C20H14)

835 orbitals (419a, 416b)

Speed up:  48 h - > 15 h



CHOLESKY DECOMPOSITION IN 
MOLCAS 7.0 (Z. Havlas et al.)

(Ethylene)n, stacked with distance 3Å

 Basis: cc-pVDZ
 Active space: n×(2,2), π orbitals only
 Processors: AMD Athlon 64 X2 Dual Core Processor 4800+
 CPU speed: 2.4 GHz
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Interested in more 
examples?



Furture work!

 HF 1C-CD and RI gradients
 CASSCF 1C-CD and RI gradients
 MP2 1C-CD gradients
 Localized and linear scaling RI and CD
 Numerical problems with accurate 

RI/CD
 CD in the N-particle space



Summary

 DF, RI and CD are interrelated
 LK Exchange
 Gradients for CD
 1C-CD approximation is equivalent in 

performance and accuracy to DF/RI
 1C-CD approach can be used to derive 

“method-free” aCD RI auxiliary 
basis sets

 Much smaller acCD auxiliary basis sets 
can be derived from aCD basis sets 
without any further loss of accuracy.
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