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s Finite-dimensional Kohn-Sham (KS)
equations

» The self-consistent field (SCF) iteration
» Direct constrained minimization (DCM)
s Examples




Finite Dimensional KS Problem

min EKS(X) = Ekinetic(X) _l_Eion (X) _I_EHart'ree(X) +Exc(X)7

X*X=I,,

where

E kinetic

Eion

EHa’rt’ree

p(X)

1

itrace(X "LX)
trace( XV, X)
1

§,0(X)TLTﬂ(X)

P(X)" (paelp(X)])
diag(X X™)




The KKT Condition

» KKT condition
VxL(X,A) = 0
XX =1,.
» Kohn-Sham equation

H(X)X = XA,
X*X = 1I,.

» Kohn-Sham Hamiltonian

H(X) = L+ Vign + Diag(L!p(X)) + Diag(g.c(p(X))




Solving the KS Problem

» [wo approaches:

s Work with the KS equation
s Self-Consistent Field lteration

» Minimize the total energy directly
¢ Direct Constrained Minimization

s Unique in KS Problem:

s The invariance property of the KS
problem

forany Q*Q =1,




The SCF Iteration

Initial X

l

— .| Solve H(X)Y=YD

Terminate




The convergence of SCF

#® SCF does not always converge;

lim [|p(X V) — p(XP)]| # 0

® F(x) may not decrease in SCF;
# For HF problems, one can show subsequence

convergence;

lim [|p(X ) — p(XED))| =0

(Cances & Le Bris 2000)

# Conditions under which SCF becomes a contraction map
(Prodan 2003, 2005)
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Toy Example

L

1

E(z) = =2’ Lz + %p(x)TL_lp(a:)

(

2

2 —1 b L1
-1 2 )77\ x

min £ (x)

st. 2+ x5 =1

-L +- ozDiag(L_lp(a:))-

T = \Z




SCF Converges when o = 2.0
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SCF fails when o = 12.0
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Subsequence Convergence

odd even

subsequence subsequence
(Cances & Le Bris 2000)
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Why does SCF fail?

s SCF minimizes a sequence of surrogate
models

s Objective:
s E(x)=ia"Le+ Sp(x) ' L p(x)
s Fo.(x)= %LETH(llf(i))QZ,
» Gradient:
s VE(z)=H(z)x
o VE,.(z) = H(z")x

VE(x(i)) — VEsuT(ZE(i))




SCF Moves Too Far
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Improving SCF

» Use Trust Region to restrict the update of
the x in a small neighborhood of the
gradient matching point

s Level-shifting (Saunders & Hillier 1973)
s (Cances & Le Bris 2000)
o TRSCF (Thogersen et al 2004, Francisco, Martinez,
Martinez 2006, Yang, Meza & Wang 2007)
» Construct a better surrogate
o Standard TR model requires Hessian (too expensive!)

» Charge mixing to minimize lack of self consistency
(related to Broyden methods)

—p.14/44



Trust Region Subproblem

® Solve

min Fy,. ()

st 2Tz =1, |zt — 29 ()72 < A
(constraint is invariant under unitary transformation)
# Equivalent to solving
H(z) — oD (N |z = Mz
Ty = 1

o Is a penalty parameter (Lagrange multiplier for the trust
region constraint)
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How to Choose o (heuristic)?

#® The convergence of SCF depends on the gap between
A, and A, 1. (Yang, Gao & Meza 2007)

® |f X isthe solutionto H(X)X = XA, where
A1 < A < --- ), are the smallest n. eigenvalues of H(X)
that appear in A, then the eigenvalues of H(X) — o X X*
are

Al_O-’ A2_0-7---7An6 _0-7 Ane+17...7An.

#® Strategy: choose o to open up the gap between
Ao, (H(X D)) and A, 1 (H(X®), where

H(X(@) — H(X(@) _ O'X(i)(X(i))*.
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A Recipe for Choosing o

% H = Hamiltonian(X); C = XxX’; sigma = 0;
1f (Etot > EtotO)
repeat: i1ncrease sigma
el1g (H—-sigmaxC)
until gap(n_e) = max(gaps)
end;
while (Etot > Etot0O & ...)
lncrease sigma agailn;
elg (H-sigmaxC) ;
end;
Etot0 = Etot;
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Trust Region SCF (TRSCF)
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SCF vs TRSCF

10
107 + .
<
L
<
107°F i
—e— SCF
—+— TRSCF
10_15 | | | | | | | |
0 2 4 6 g8 10 12 14 16 18 20

iteration number

—p.19/44



Charge mixing

s Simple mixing
p(iﬂ) Tpgn) + (1 - )P(()Zta 0<7 <L

» Pulay mixing (Direct Inversion of lterative
Subspace)

(Z—H) Z O‘JP Z aj =1

» Broyden mixing
» Anderson mixing
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SCF vs SCF+charge mixing
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Another View of the KS problem

® If )\, < A\, .1, there exists a filter function ¢(¢) such that

1, for A=A, A, .., A\,
P(A) =
O, fOI’ )\: )\ne+1,)\ne+2,...,)\n.

#® In this case
p = diag(X,, X;.) = diag(¢(H(p))) = Xd(A) X",

where X = (X,,_,...).

#® Solving the KS problem is equivalent to solving

r(p) = p —diag(¢(H(p))) = 0,[pll = 7.
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Choice of ¢

Fermi-Dirac distribution ¢(t) = f, 5(t) = B> 0.

1
1—|-66(t_,u') )

----- B=10
—B=100

0.8 “\
0.6 3
0.4r \

0.2+ Ay
\

-0.2
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KS Nonlinear Equations

#® n + 1 equations, n + 1 unknowns

= 0.

Flop) r(p, 11) p — diag|fs,.(H(p))
2=\ v trace[fﬂ,[s(H(p))] o,

® Newton’s method

ptHD [ o r(p®), (o)
_ —J, .
M(k+1> M(k> V(p(l@’ M(k>)
® We can focus on

0
pUtD) — (k) _ a_rruﬂ)’
p

because ...
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Broyden’s Method

°

J = 0r/dp cannot be evaluated analytically

Setting J = I gives the simple SCF iteration

pk+1) (k) _ <p<k> — diag|fs,.(H (p““)))])

Setting J = 71 gives the simple mixing.

Broyden’s method: successive approximation to .J, or .J, '
Let s, = p(’“) — p(k_l), yr = r*) — =1 find B or C such

min i||B — Bill%, min =||C — Cil|%,
BB | om0 -Gl
s.t  Bsp =y, st s =Cuy,

where Bj, ~ J; (good) and Cj, ~ J,' (bad).
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Updating Formula

® Let Sk — (817 Sy eery Sk—l): Yk — (?/17?/27 "'7yk—1) Where
Sj—l — IO(]) — 10(3_1) and yj—l — rr(]) — rr(j_l)

# (Good Broyden:
B = By, + (Y}, — BpS,)S].
Sherman-Morrison-Woodbury:
C = Chp+ (Sy — CuYs) (S, ChYs) 1 SECy.
# Bad Broyden:

C = Cy + (Sp — CpYr)Y}.
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Practical Issues

# Good Broyden is more expensive when rank(Sy) > 1

#® Choice of step length 7 and scaling of (4

(k+1) _

P P(k) + 7Ck17

0 < 7 < 1 appears to work better. (Marks & Luke 2008)

# Limited-memory and restart. Resetting C), to 71 every m
iterations. m = 1 gives Anderson mixing

p(kH) = p(k> + 71, + (Sk — TYk)YkTrk

(Eyert 1996, Fang & Saad 2007)

#® Accuracy of function evaluation r;,, optimal rank of S, ?
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Pulay mixing

#® Objective:

: 12
min [} f5,.(p) = pll2;

k k
where S = {p|p — Z()éjpj, Z()éj — 1}
=1 =1

# Taylor expansion at the (unknown) solution p,:

falp) —p = Zaj[<p*—pj>—J*<p*—pj>]+<9<||p—p*||2>
= a3 _Olo; = p.l*) + Ol = pel*)

where r; = f3,.(0;) = p;.
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Pulay = Anderson with 7 = 0

# |f we ignore 2nd order terms,

min {| f5.,.(p) — plls, < in | Rialls,

where a = (ay, an, ...,ap)", e = (1,1,...,1) and

}%k:::(rl7r2,”.,rk).

® leta= (—’Yh Y1 = Y2y e Vo1 — Vh—2, L — ’Yk—1)T-

min ||Rpall; < mgiIlHYkg_?“k”%a

ale=1

where Y, = Ri(:,2: k) — Ri(:,1: k— 1) and
g = (717727 "'77k—1)T-

p(kH) p(k) + T?“k +(Sk — TYk)YTTk
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Comparison of Charge Mixing
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Scaling Matters

min
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Rank Matters
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Charge Mixing can Fail
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Direct Constrained Minimization

X*I}/(H:HI E(X) = Ekinetic(X) + Ezon(X) + EHartree(X) + Exc(X)7

#® Simple schemes
s Determine a search direction P¥;
s Perform line search X+ X 4 p@G. so that
B(X+)) <« B(XW);
» Normalize so that (X (V) X+ =]
#® Use standard constrained minimization solver (e.g.,
sequential quadratic programming).

# Minimize over Grassmann manifold (Edelman et al. 1998,
Voorhis & Head-Gordon 2002)
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A Nonlinear CG-like Algorithm

o Assume X s the current approximation;

» Update
X+ = X, + P0G, + ROGs;
. PU=Y previous search direction;
s RU) — K—l(H(i)X(i) _ X(i)@(i));
s choose (G, Go and (5 so that
o (XU x ) —
s B(XH)) < B(XU);

Extension of LOBPCG (Knyazev) to nonlinear

EV



Subspace Minimization

o LetV = (XO pti-b) R®) X+ — VG for some G;

® Solve
min  F(VG)

GTVTVG=I.

# Equivalent to solving

H(G)G = BGQ
G'BG = I,

where B = VTV and H(G) = VI (H(p(VG))V;

# Trust region constraint:

|GBGT — GOB(GO)T|p < A
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DCM Algorithm

Input: Initial guess X e C™*"¢, pseudopotential etc;
Output: X such that Ex5(X) is minimized

1. PO =1,i=0;

2. while ( not converged )

a) O — X0 g6 x ()

RW = O x® _ x@HgH):
SetV = (X, pt-1) Kg-1R();

(Yang, Meza, Wang, JCP 2006, SISC 2007)
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DCM vs. TRSCF

A E(x)
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MATVEC Count

F
DCM SCF

. . ® Quter iteration:
® Quter iteration

Hamiltoni
s n, MATVEs/iter s Update Hamiltonian

| | | Diag(...p...)
# Inner iteration (¢ times) Inner iteration: (p
» Update Hamiltonian times)
Y*[Diag(---)]Y o n, MATVECsl/iter
o Overall: ne + (¢

#® Overall: Ne X P

MATVECs/outer iter MATVECs/outer iter
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Example 1: StogH3s

Y
I Y 107
% i.‘- | —e-DCM
“;&; S| ot - SCF
¢
Vi 10 | :
® supercell: 10 | T |
25.65 x 25.65 x 25.65 ’*'~+.-4\
® sampling grid: p , ey
96 x 96 x 96 (ecut=25 10 .
Ryd)
+
® 10 PCG iterations in 107°F -
each SCF outer
iteration.(PETOT) o

: : S 0 500 1000 1500
® 3 inner SCF iteration in wall clock time (seconds)
each DCM outer itera-
tion
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Example 2: Alanine

L I

supercell: 20 x 15 x 20

sampling grid:

96 x 48 x 96 (ecut=25
Ryd)

10 PCG iterations in

each SCF outer
iteration.

3 inner SCF iteration in
each DCM outer itera-
tion

min|

J/|E

min

(E-E

10

—0— SCF+Charge mixing

——#— DCM

iteration number (i)

12
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Example 3: PtgNioO

10 E T T T T E
f O DCM|
| + SCF |l
10 E
107°F 3
® supercell: 107}
19.6 x 10.7 x 9.2 x| :
-4
® sampling grid: <10 3
96 x 48 x 48 |
10 4
® 10 PCG iterations in j 7
each SCF outer 10k ]
iteration.(PETOT) é :
® 5 inner SCF iteration in 107, 100 200 300 200 500
each DCM outer itera- wall clock time (seconds)

tion
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Example 4: Graphene
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Summary

s Solving the Kohn-Sham problem from the
optimization & nonlinear Equation points
of views;

» Techniques for improving the convergence
of SCF

s [rust Region
» Charge mixing

o Direct Constrained Minimization
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