Super-convergence for the 30D Navier-Stokes

Introduction

This work is devoted to the super-convergence in space approximation of a fully discrete scheme
for the incompressible time-dependent Navier-Stokes equations in three-dimensional domains. We
discrete by stable Finite Element in space and by a semi-implicit backward Euler scheme in time.
Using an extension of the duality argument in negative-norm for elliptic linear problems (see for
instance |1]) to the mixed problem for velocity-pressure formulation (Theorem 3), we prove some
super-convergence results for the velocity with respect to the spatial approximation which are
corresponded with the numerical accuracy given by several computational experiments. On the
other hand, we obtain optimal error estimates for the pressure without imposing restrictions on
the discrete time and spatial parameters.

Navier-Stokes Model

Let Q C R be a bounded domain in a time interval (0, T"):

(1)

ur+(u-Viu—Au+Vp=f, V-u=0,inQ x(0,7T),
u(t)ogn =0 t€(0,T), ul=0=up in 2.

where the unknowns are u : Q x (0,7) = R3, p: Q x (0,T) = R, f: Q x (0,7) — R? and
ug : ) — RS,

Variational formulation of (1):

Find (u(t), p(t)) € H}(Q)? x L3() such that u(0) = ug, and

(ur(t), v) + al(u(t), p(t)), (v, q)) + c(ult), u(t),v) = (f(t),v) (2)
holds a.e. t € (0,7T) and for any (v, q) € H&(Q)3 X L%(Q) (= {q € L*(); Jo g =0}), where

a((u,p), (v,q)) = (Vu,Vv) — (p,V-v) — (¢, V -u) and c(u,w,v) = ((u- V)w,v) + %(V U, W V)

veritying the skew-symmetric property:
c(u,v,v) =0 Yu,v € H&(Q)
Theorem 1. /6] The following stability Inf-Sup condition holds: there exists B > 0 such

that o
int sup fQ v > (3.

€L} vemip |1Vl mollall 2o

Problem (2) has a weak solution
u € L(0,T; L*(Q) N L*(0,T; HY(Q)), pe H '0,T; L*(Q))

and the following Energy Inequality holds ¥t € |0, T]:

t t
lu(t)]|22 + /O V()| 22 < [luolZ + /O 1£ ()11 3)

Euler Semi-Implicit finite element scheme

SPATIAL DISCRETIZATION: (V}, W},) Finite Element Spaces in (H&(Q)g,l}%(ﬂ)) with 75, a
regular partition of 2, Py, C V},, Pp—1 C Wy, (for some m > 1) and (V3, W},) satisfying the
Discrete Inf-Sup Condition,

v _
inf  sup JoanV - v > 3.

qneW, vLeVy th‘ |H1th”L2

TIME DISCRETIZATION: (¢, = nk),flvzo, k = % and (ff”’“),f,bvz1 ~ (f(tn+1>),;]lv:1.
0

Initialization: u; € V}, approximation of ug. (= Pr2y, uo)
Step n + 1 : Let (uy,p}) € V), x W), . Compute (uzﬂ,pzﬂ) e Vj, x Wy, solving:

(8r ™ on ) + (™ ), g ) + ey L) = (7 ), (4)

for any (Uh, qh) c Vy x Wy,

Theorem 2. /5//Unconditionally Stability/ Scheme (4) satisfies the following a priori esti-
mates for velocity (which is a discrete version of (3)): for anyr=1,..., N,

—1 1 —1 1
72+ & 5200 IV 172+ 52020 ™ = ujlie < lluollge + 112200y (5)

and a priort estimate for pressure in a weighted norm:

N
13\t C
(kzlupz %) < 17

n=
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Error Estimates in Velocity

We denote by €, 2™ the total errors, by ey, z;’ the discrete errors and by e}, z/* the interpolation

eITors,
e = u(tn) —up = ultp) — Ipu(tn) + Ipu(tn) — uy

V -_y, &~
n n
¢

2 = pltn) — P = pltn) = Jppltn) + Jpltn) — Pl

v N
n

N
N
Py

where [y, : H&(Q)3 — Vi, Jp L%(Q) — W}, are two interpolation operators.
Comparing the exact problem and the scheme, one arrives at the following error equations:

{ (el up) + alel ™ 2t = (€M vy — (Srel T up) — (Ve V)

n+1 (6>

_|_(Z ) V- Uh) o C(“Z? €n+17 Uh) o C(ena u<tn+1)7 Uh)a

[/

where £ denotes the consistency error in time.

P, —bubble /P, approximation and [, an interpolation operator satisfying
the discrete divergence-free condition
e, (V- (u—Tyu),q,) =0 Yq, €Wy, Yue H(Q)? (7)

I}, can be defined veritying the discrete divergence-free condition and the following aproximation
and stability properties ([1]):

1
sl pu = ull g+ Hpu = ullgr < Chlul g
A pu = ull g1 < ChllTyu —ul| 2 < Ch* |lul| g
Nl prepprs < Clull g2
Under the regularity assumptions:

u € LOO[—]erl7 pc LH™, ¢ LQHm, Ut € L2H_1,

we obtain
lenllier2niem < C(k+ R™), and |[€"||jxp2npm < C(k+ ™)

By using a duality argument (taking vy, = Aglezﬂ, where Agl is the discrete Stokes Operator),

the [2L2%-norm can be improved:

leMl2r2 < C (k4™ and  ||e™|pp2 ~ O(k + ™).

P,./P,,_1 (m > 2) approximation and ([, J,)(u,p) the Stokes Projector
of (u,p) onto V), x W,

e, (Ipu, Jpp) € Vi x Wy st al(u — Tyu,p — Jpp), (vp, qp)) =0V (vp, q5) € Vi, x W,
The following approximation property holds ([4]):

Mpu = ull g+ | Jpp = pll 2 < C R ([[ul] groer + llpl )

Theorem 3. Given (f,g) € H1(Q)? x L%(Q), let (u,p) € H&(Q)3 X L%(Q) such that

a((u,p), (v,q)) = {(f,9), (v,@)) Y (v,q) € H}(Q)> x LF(Q).

Let s > 1 be an integer. Assume the assumptions:
L Alul| gs+1iq) + Pl sy < CUL N Es-1) + 9l Bs)

. . S
2 nf. |l —vpll ) + thélvah P — anll 2y < C R ([|ull ) + 1ol 5s(2))-

Then:
|lu = Thul| g0 + [|p = Tppl [ - < C R (||u — Tpull gy + e — Jwpll20)

where H=5=Y s the dual space of H5THQ) N H(Q) and H™* the dual of H5(Q) N L3(9).

Lemma 1. Let (up,pp) € Vi X Wy, s.t. al(up, pp)s (0, qn)) = (f,on) ¥V (v, qp) € Vi X W,
then

lupllyrs + ol g < ClLF L2
Corollary 1. ||Iyullyis + || Jppll gt < C (Jull g2 + ||pl| 1) holds for any (u,p) € H? x H.
Imposing regularity u; € L2H™H and py € L2H™, we obtain

HezHloolpmle ~ O(k + hm—H) and H@nHlooLQ ~ O(k + hm+1).

And combining Theorem 3 (s = 2 and assuming the H 3 % H?-regularity of the Stokes Problem)
with duality results,

HGZHZQ(ZF) < C(k + hm+2).
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Error Estimates for Pressure
With the Stokes Projector the error equations (6) can be written as follows:
(¢, vn) + allen, 25), (vh, an)) = (9, vp)

where g = E" + o€}’ + C(uz_l, e") + C(e" 1 u(ty)). Using Lemma 1 we can deduce

1606 o + €l + e Igns + 1251 g < € WX B0 (32 4 p2m),
where
4 —1y2 2
K(n) = il + ey 3pllefl3

Estimates with h << f(k): Since ||} |2, [[€}]|2: < C(k? + R2MHY) /k, then

p2(m+1) pA(m+1)

k%jK(n)SC’(/mL . ><k2+h2<m+1>)gc If (H1): —— < C.

Estimates with k << g(h): By using the Inverse Inequality |lep,|| g1 < C h=1||ep| 2, then

1 I
EY K(n) < Cm(kQ + p2mHINZ < o 1f (H2): 5 <C.
n

Combining both arguments, we deduce the following estimates without restrictions on the discrete
parameters h, k:

2 2 2 2 2 | 42
[0tep 122 + lepllie i+ llen s + l2p 2 < C (k7 + h=T).

Numerical Simulations

e()=(0,1) x (0,1), T=1(0,1), k = Wloov P9 /1P approximation.

e A uniform triangulation of ) with h = 110, 210, 310, 410 and structured meshes.

e Crank-Nicolson scheme for the linear term and a 'linearization’ of the convective term, consi-

dering the term c(u]fb, ulflﬂ, vy,) in the k + 1 step.

ui(z,y,t) = e H(—cos(2rx)sin(2my) + sin(2ry))
us(x,y,t) = —e H—cos(2rx)sin(2my) + sin(27y))
p(x,y,t) = 2m(cos(2my) — cos(2mx))

Navier—Stokes [0,1]x[0,1] P2—P1

18/l 2 CONVERGENCE RATES

el | T — unlloge | 3.9537 | 3.9971 | 3.9931

. |7 ™Il — sl | 2.9598 | 29828 | 29892

r o _”ep'h”'; [T — up| |2 | 3.9668 | 4.0000 | 3.9490

107} ff:ﬂ{____,:_-;—_-_-;:':f-f—’--"“"'___ ' IRV [ Twp — pallizre | 1.9636 | 2.0927 | 2.2133

e | 7p — prllier2 | 1.9659 | 1.9973 | 2.0102

[J0p — palles | 1.9957 | 2.0102 | 2.0182
10_8 1.7 I—15 1.3
10 10 10
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