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Introduction

Thecorecomputationin alargenumberof applicationsin science,engineering,andoptimizationinvolvessolv-
ing largesparsesystemsof linearequations.With therapidlyincreasingnumberandcomplexity of scientificap-
plicationsthatmodeltimedependentphysicalphenomena,thereis anurgentneedfor robust,high-performance,
highly-parallel,practicalgeneralpurposesparselinearsolversbecauseof thelimitationsof almostall iterative
solver softwares[7] andtheasymptoticallysuperlineartime andmemorydemandsof directsolvers[10]. We
have hadsomerecentsuccess[1, 9] in developinggeneralpurposeiterative solversfor symmetricpositive def-
inite (SPD)systemswith improved robustnessandperformance.This proposalbriefly describessomeof our
plansto extendthis successto unsymmetricandindefinitesystemsandto develop highly parallelsolversfor
SPDsystems.

Parallel Matching Algorithms

Matchingisafundamentalcombinatorialproblemthathasapplicationsin many contexts. Oneparticularformu-
lation of thematchingproblem,computingthemaximumweightedgematchingin a bipartitegraph(MWEM-
BP), is of particularimportancein thecontext of solvingsparselinearsystemsof equations,wherethecoeffi-
cientmatrix is unsymmetricor indefinite[6, 15, 19, 8, 11]. MWEM-BP canbeusedto generatepermutations
andscalingvectorsto maximizethediagonaldominanceof thecoefficientmatrix,whichtypically improvesthe
convergencepropertiesof iterative solversandtheperformanceof directsolversby minimizing pivoting. Our
preliminaryresearchshows thatapplyingMWEM-BP permutationandscalingcanbecrucialto therobustness
of incompletefactorizationbasedpreconditionersfor indefiniteandunsymmetricsparsematrices.

ConventionalexactMWEM-BP algorithmshave thedrawbackof beinghardto parallelize[16] dueto their
inherentsequentialnature.Thisposesaseriouschallengeto theirapplicationfor solvingextremelylargelinear
systemsthat are becomingincreasinglycommon. Typically, thesesystemsare solved in large distributed-
memoryparallelenvironments,andcurrently, cannotbenefitfrom MWEM-BP preprocessing.Thegoalof this
researchis to develophighly parallelalgorithmsfor theMWEM-BP problem.We planto exploreparalleliza-
tion of exact algorithms,aswell asnew approximationalgorithmsthat permit efficient andscalableparallel
implementations.

Eventhoughmatchingproblemscanbesolvedin polynomialtime,approximationalgorithmsarein demand
dueto many practicalneeds[18]. Approximationalgorithmsthat arelessexpensive thanexact matchingal-
gorithmsareimportantevenin moderatelyparallelshared-memorysituationsin which thematchingalgorithm
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accessto theentirecoefficient matrix. Thereasonis thatmany practicalapplicationsrequiresolutionto a
largenumberof linearsystemswith varyingvaluesof entriesin thecoefficientmatrix. As aresult,unlike some
othersymbolicpreprocessingsteps,thematchingalgorithmneedsto bereappliedfrequentlyandit is desirable
to minimizeits total cost.

While linear-time
�� -approxalgorithmshave beenproposedfor the MWEM-BP problem, the samehas

eludedfor approximationratiosbetterthanhalf [17, 20]. Halappanavar et al. [12] have recentlydevelopeda
new parallelhalf-approximationalgorithmfor MWEM-BP andhave demonstratedits scalabilityon up to tens
of thousandsof processors.We have experimentedwith Halappanavar et al.’s algorithmsandfound themto
be only partially effective in the context of sparselinear solvers. We suspectthat the problemis that while
the approximationalgorithmgeneratesmatchingsof reasonablygoodquality, unlike the exact algorithms,it
doesnot not generatethescalingvectors.Therefore,we planto focussomeof our researchefforts into either
developingapproximationalgorithmsthatalsoaddressscaling,or find awayof generatingapproximatescaling
vectorswithin Halappanavar et al.’s framework.

Anotherresearchdirectionthatwe planto pursueis to studyauctionbasedalgorithmsfor theMWEM-BP
problem,suchastheoneproposedby BertsekasandCastãnon[2]. Auctionalgorithmsareexactalgorithms,but
appearto bemoreamenableto parallelization[3] thanthemoretraditionalalgorithmsbasedon theHangarian
method(GuptaandYing [11] havedoneadetailedsurvey of suchalgorithms).Otherappealingpropertiesof the
auction-basedalgorithmsarethat it maybepossibleto truncatetheir iterationsto derive fasterapproximation
versions,andthatthey generatescalingvectorsfor thecoefficient matrix.

Parallel Graph Partitioning Algorithms

Effective parallel graphpartitioning and reorderingis vital to balancingcomputationand minimizing com-
municationwhile solving PDE’s on massively parallelcomputers.Therearea handfulof free andcommer-
cial software packagesfor parallel graphpartitioning and repartitioning(to supportadaptive meshrefine-
ment) [14, 21, 4] and their viability on massively parallel machineswith tensor hundredsof thousandsof
nodesof massively parallelcomputerssuchasIBM’ sBlueGeneandCray’s XT-4/5 is unclear, atbest.

In thefirst phaseof ourproposedresearchonparallelgraphpartitioning,we planto study(empiricallyand
analytically)thealgorithmsandexisting s/w packages(e.g. ParMetis,Jostle,Scotch,andothers)for parallel
meshpartitioningandrepartitioning,look at theadvantagesandshortcomingsof eachscheme,anddetermine
which, if any, have thepotentialfor scalingto tensof thousandsof nodesor more.After this study, we planto
comeup with recommendationsfor thenext phaseof thework. Theserecommendationscouldbeof theform:
(1) method/software A canbe modified/enhanced,or (2) a combinationof B+C will result in a satisfactory
partitioner, or (3) all existing solutionshave fundamentallimitationsandwe needto build a new solutionfrom
scratchusingthebestideasfrom A, B, andC andusingnew algorithmsto overcomethelimitations,etc.

Duringthenext phaseof theresearch,weplanto implementtherecommendationsfrom thefirst phase,with
particularattentionto thefactthata � -waypartitioningamong� nodesmustbeperformedin parallelby �����
cores,with � corespernode. Noneof theexisting graphpartitioningpackagesaredesignedfor hierarchical
parallelism.In particular, weplanto developandusehighly parallelalgorithmsfor vertex matchingfor coarsen
graphsto implementmulti-level algorithms[13]. This may requireeitherdeveloping new parallel exact or
approximationalgorithms,or parallelversionsof recentlydevelopedserialapproximationalgorithms[5].
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