Graph Algorithmsfor Highly Parallel Sparse Linear Solvers

Proposafor PostdoctoraResearcliProject
Mentor: AnshulGupta,|IBM T.J. WatsonResearclCenter Yorktown Heights,NY, 10595

April 1,2009

I ntroduction

Thecorecomputatiorin alarge numberof applicationsn scienceengineeringandoptimizationinvolvessolv-
ing largesparsesystem»f linearequationsWith therapidlyincreasinghumberandcompleity of scientificap-
plicationsthatmodeltime dependenphysicalphenomenahereis anurgentneedfor robust, high-performance,
highly-parallel,practicalgeneralpurposesparsdinear solversbecausef the limitations of almostall iterative
solver softwares[7] andthe asymptoticallysuperlineatime andmemorydemandof directsolvers[10]. We
have hadsomerecentsucces$l, 9] in developinggenerapurposdterative solversfor symmetricpositve def-
inite (SPD)systemswith improved robustnessand performance.This proposalbriefly describessomeof our
plansto extendthis succesdo unsymmetricandindefinite systemsandto develop highly parallel solversfor
SPDsystems.

Parallel Matching Algorithms

Matchingis afundamentatombinatoriaproblemthathasapplicationsn mary contects. Oneparticularformu-
lation of the matchingproblem,computingthe maximumweightedgematchingin a bipartitegraph(MWEM-
BP), is of particularimportancein the contet of solving sparsdinear systemaf equationswherethe coefi-
cientmatrix is unsymmetricor indefinite[6, 15, 19, 8, 11]. MWEM-BP canbe usedto generatepermutations
andscalingvectorsto maximizethe diagonaldominanceof the coeficient matrix, whichtypically improvesthe
corvergencepropertiesof iterative solversandthe performanceof directsolversby minimizing pivoting. Our
preliminaryresearclshovs thatapplyingMWEM-BP permutatiorandscalingcanbe crucialto therobustness
of incompletefactorizationbasedoreconditionergor indefiniteandunsymmetricsparsematrices.

Corventionalexact MWEM-BP algorithmshave the dravbackof beinghardto parallelize[16] dueto their
inherentsequentiahature.This posesa seriouschallengeo their applicationfor solvingextremelylargelinear
systemsthat are becomingincreasinglycommon. Typically, thesesystemsare solved in large distributed-
memoryparallelervironments andcurrently cannotbenefittrom MWEM-BP preprocessingThe goal of this
researchs to develop highly parallelalgorithmsfor the MWEM-BP problem. We planto explore paralleliza-
tion of exact algorithms,aswell asnewn approximationalgorithmsthat permit efficient and scalableparallel
implementations.

Eventhoughmatchingproblemscanbesolvedin polynomialtime, approximatioralgorithmsarein demand
dueto mary practicalneedq18]. Approximationalgorithmsthat are lessexpensve than exact matchingal-
gorithmsareimportantevenin moderatelyparallelshared-memorgituationsin which the matchingalgorithm



hasaccesgo the entirecoeficient matrix. Thereasons thatmary practicalapplicationsequiresolutionto a

large numberof linear systemswith varyingvaluesof entriesin the coeficient matrix. As aresult,unlike some
othersymbolicpreprocessingtepsthe matchingalgorithmneeddo bereappliedrequentlyandit is desirable
to minimizeits total cost.

While lineartime %—approxalgorithmsha/e beenproposedfor the MWEM-BP problem, the samehas
eludedfor approximatiorratiosbetterthanhalf [17, 20]. Halappanear et al. [12] have recentlydevelopeda
new parallelhalf-approximatioralgorithmfor MWEM-BP andhave demonstrateits scalabilityon up to tens
of thousand®f processorsWe have experimentedwith Halappanear et al.s algorithmsand found themto
be only partially effective in the context of sparsdinear solvers. We suspecthat the problemis that while
the approximationalgorithm generatesnatchingsof reasonablygood quality;, unlike the exact algorithms, it
doesnot not generateghe scalingvectors. Therefore we planto focussomeof our researctefforts into either
developingapproximatioralgorithmsthatalsoaddresscaling,or find away of generatingapproximatescaling
vectorswithin Halappanear etal’s framework.

Anotherresearchdirectionthatwe planto pursueis to studyauctionbasedalgorithmsfor the MWEM-BP
problem,suchastheoneproposedy BertsekasndCastdéion[2]. Auctionalgorithmsareexactalgorithms but
appeatto be moreamenabldo parallelization3] thanthe moretraditionalalgorithmsbasedon the Hangarian
method(GuptaandYing [11] have doneadetailedsuney of suchalgorithms).Otherappealingpropertieof the
auction-basedlgorithmsarethatit may be possibleto truncatetheir iterationsto derive fasterapproximation
versionsandthatthey generatescalingvectorsfor the coeficient matrix.

Parallel Graph Partitioning Algorithms

Effective parallel graphpartitioning and reorderingis vital to balancingcomputationand minimizing com-
municationwhile solving PDE’s on massiely parallelcomputers.Thereare a handful of free and commer
cial software packagedor parallel graph partitioning and repartitioning (to supportadaptve meshrefine-
ment) [14, 21, 4] andtheir viability on massvely parallel machineswith tensor hundredsof thousandsof
nodesof massiely parallelcomputersuchasIBM’ s BlueGeneandCray’s XT-4/5is uncleay atbest.

In thefirst phaseof our proposedesearcion parallelgraphpartitioning,we planto study(empiricallyand
analytically) the algorithmsand existing s/w packagege.g. ParMetis, Jostle,Scotch,and others)for parallel
meshpartitioningandrepartitioning,look at the advantagesandshortcomingsf eachschemeanddetermine
which, if ary, have the potentialfor scalingto tensof thousand®f nodesor more. After this study we planto
comeup with recommendation®r the next phaseof thework. Theserecommendationsould be of theform:
(1) method/softwre A canbe modified/enhancedyr (2) a combinationof B+C will resultin a satishctory
partitioner or (3) all existing solutionshave fundamentalimitationsandwe needto build a new solutionfrom
scratchusingthebestideasfrom A, B, andC andusingnew algorithmsto overcomethe limitations, etc.

Duringthenext phaseof theresearchwe planto implementherecommendationfsom thefirst phasewith
particularattentionto thefactthata K -way partitioningamongKk nodeanustbeperformedn parallelby K xm
cores,with m coresper node. Noneof the existing graphpartitioningpackagesredesignedor hierarchical
parallelism.In particular we planto developandusehighly parallelalgorithmsfor vertex matchingfor coarsen
graphsto implementmulti-level algorithms[13]. This may requireeither developing new parallel exact or
approximatioralgorithms,or parallelversionsof recentlydevelopedserialapproximatioralgorithms[5].
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