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� Networking Fairness (with F. J. Li)
1. W. S Wong, “Fairness issues in peer-to-peer networks,”
Proceedings of the 41st IEEE Conference on Decision and 
Control Publication 10-13 Dec. 2002 pp 2005- 2010.
2. W. S. Wong and F. J. Li, “Fairness Index and Distributed 
Control in Communication Networks” , preprint.

� UWB/Wireless Sensor network based estimation 
(with Q. Li)
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� Fairness index for peer-to-peer network
� Basic Properties
� Fairness-Price duality
� Von Neumann equilibrium
� Distributed algorithms for controlling fairness 

index
� Some preliminary results on routing (Fengjun Li)
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� Focus on fairness in resource sharing

� Example, fairness in multiple access, link 
scheduling

� Asymmetric: Different roles between resource 
consumers and providers
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� Designing an efficient, fair, distributed, 
convergent algorithm (Chiu and Jain 89) 

� Efficient: Total allocation

� Fair
� Distributed

� A version based on an underload/overload condition

� Convergent
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� Observation (Chiu & Jain)

� Affine type feedback control:

� For convergence to optimal fairness

� Additive increase, multiplicative decrease
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� Peer-to-peer structure implies symmetric role
� Nodes are critical resources and accounting 

authorities
� Power saving a key consideration
� Distributed controllers that require low input 

data rate
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� Classical model for circuit-switched connections
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subject to Pi ³ 0
� Solution is optimal when all the Gi are equal.
� If thermal noise is 0, then the optimal signal to 

noise that can be achieved is:
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l Z is the Perron-Fronbenius eigenvalueof Z
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� How to determine the power vector?
� Zander’s Algorithm:
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� Given QoS requirements, gi, requires

ii g³G

� A feasibility problem
� Matrix formulation:
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A nonnegative solution P exists for any nonzero, 
nonnegative hhhh, if and only if  l B < 1.  In this case, 
there is only one solution P*, which is strictly 
positive and given by

BIP 1* )( --=

The solution P* is Pareto optimal in the sense that 
for other feasible solution:

*PP ³
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� Foschini-Miljanic Algorithm:

� P(n) converges to the optimal solution if a 
feasible solution exists
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� Discrete Algorithm (Sung-Wong):

� Theorem: If a feasible solution exists, the discrete 
algorithm converges to a solution with the 
property:

otherwise
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� Relation with low data rate control problem
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Incoming traffic

Outgoing traffic

Transient traffic

Bilateral Peering Agreements

Multilateral Peering Agreements MPLA

nodes k
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total input traffic from node i 
traffic distribution from node j to node i
traffic flow from node j destined to node i
traffic flow from node j passing through 
node i
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in the peer-to-peer network

“ Useful” traffic?   Depends  
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What is the optimal maxmin solution
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This leads to a perfectly fair solution
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A perfectly fair solution exists if there exists 
a non-zero, non-negative rate vector so that 
all fairness indices are equal

I     identity matrix



Proposition: If  L+M is irreducible, then a 
perfectly source-fair solution exists.  The index,     , 
is uniquely defined and the corresponding rate 
vector is positive and unique up to a scalar 
constant. 
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For the other 2 types of indices, existence issue is 
extremely complicated. (Paper by Mangasarian)
For any K-by-K matrix, R, define the cone,         , 
to be the set of the form 
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Proposition:
1. Suppose                     , then a perfectly 

destination-fair solution exists with
2.  In addition, if                  is contained in the 

interior of              and M is of full rank, then         
is uniquely defined and r is positive and 
unique up to a scalar constant.
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Proposition:
1. Suppose                      , then a perfectly fair 

solution exists with

2. In addition, if                    is contained in the 
interior of              and L is of full rank, then         
is uniquely defined and r is positive and 
unique up to a scalar constant.
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Definition: A single routing node network is a 
network such that traffic between any source-
destination pair is delivered either directly or routed 
through a unique node. 
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Proposition: A single routing node network has a 
perfectly destination-fair index if 

where          is the spectral radius of               and  z 
is a corresponding eigenvector. 
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Recall this is a destination-fair case



( � � � � 	� 

 �
� 
� �� � 	� 
� 
 � ��� � 
� 
 � � 
� � �� 
 � � � 
!� 
 � �"



� � �� �� � 
� � � 	��&

Nodes are allowed to charge each other for 
handling traffic, including traffic it generates and 
receives as well as the transitory traffic it delivers 
for others, under the same pricing scheme.

Defineshadow prices, ],,[ 1 Kpp �=p

Definecombined pricing indices:
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reflect the economic benefits 
generated by traffic from node j under 
different scenario (assuming such 
benefits are uniformly proportional to 
the shadow prices.) 

is the total shadow price for 
handling the traffic from node j

The price ratio reflects a benefit cost efficiency 
ratio – payment return ratio
Can define other price indices similarly
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Problem: For non-negative matrices, find non-
negative vectors such that:

for some positive a and b.
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is the minimum fairness factor among the users

is themaximum payment return ratio among 
the users
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Definition: An equilibrium solution is defined as a 
set of non-negative, non-zero vectors, r  and p, 
satisfying equation (* ) for some positive constants a
and b, with the property that for any index i, if

then               .
For all index j, if 

then
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Proposition: If A and B are non-negative 
matrices and                    , then there exists a 
equilibrium solution to equation (* ).  
Moreover,
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� Tri-state Control Algorithm:

1,

otherwise
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� Can it converge?
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� Divergent!

1,

otherwise
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A set of positive performance targets,              , is 
said to be feasible if there exists a non-zero traffic 
rate vector,              , so that,
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Theorem: Assume technical assumption holds for 
a set of feasible targets, , and for 
all i, 

The tri-state algorithm is convergent, such that
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Claim: K(n) is non-increasing as a function of n
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Define a peak-slide of length k for user i, if for 
m<n
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Claim: Existence of a peak-slide of length k 
implies there is another user j, and m-1<m £t<n
so that

d)1(|/| )()1( +³- krr t
j

m
j

If there are cycles, then there will be an 
increasing sequences of peak-slides.  A 
contradiction.
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Simulation No. 1 2 3 4 5 6 7

No. of Nodes 5 6 6 7 7 8 8

Fairness Index 0.2462 0.2337 0.2344 0.1940 0.1892 0.1592 0.1583

Converged Index

0.2448
0.2446
0.2485
0.2437
0.2485

0.2326
0.2358
0.2314
0.2326
0.2358
0.2360

0.2366
0.2357
0.2351
0.2323
0.2329
0.2328

0.1944
0.1930
0.1958
0.1954
0.1922
0.1959
0.1925

0.1911
0.1908
0.1875
0.1873
0.1892
0.1894
0.1878

0.1577
0.1579
0.1607
0.1606
0.1585
0.1585
0.1600
0.1606

0.1578
0.1578
0.1599
0.1568
0.1567
0.1598
0.1592
0.1599

No. of I terations 266 122 324 207 219 243 165
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Feasible targets Infeasible targets
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� Link Capacity Limit = 100 unit;
� Input traffic rate = [70 40 60 80 50 90 80 50]’;
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Left figure shows the fairness indices of all 6 nodes under DBR

Right figure shows the fairness indices of all 6 nodes under FIBR
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� The total traffic rate (TTR)

� summation of the traffic on all links; it reveals the 
effectiveness of the routing algorithm.

� TTR using DBR is 1340 units;
� TTR using FIBR is 1109 units.

� The total link delay cost (TLDC)
� summation of the link delay cost among all links.
� TLDC using DBR is 50.3 units;
� TLDC using FIBR is 53.1 units.
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11711211108810401069FIBR

11631205108710351070DBR

54321TTR

62.886.765.146.146.1FIBR

54.170.350.535.041.9DBR

54321TLDC

5 experiments under the different network topology and different
traffic proportion among routes. 
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� Link Capacity Limit = 40 unit;

� Input traffic rate = [70 40 60 80 50 90 80 50]’ ;
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Left figure shows the fairness indices of all 8 nodes under DBR

Right figure shows the fairness indices of all 8 nodes under FIBR
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� The total traffic rate (TTR)

� summation of the traffic on all links; it reveals the 
effectiveness of the routing algorithm.

� TTR using DBR is 1106 units;
� TTR using FIBR is 792 units.

� The total link delay cost (TLDC)
� summation of the link delay cost among all links.
� TLDC using DBR is 104 units;
� TLDC using FIBR is 3996 units.
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Implementation via: CDMA, OFDM, pulse radio
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� Oversampling
� Combination via the maximum function

� Decision via a threshold function
� Threshold adjust by Kiefer-Wolfowitz type 

algorithm
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Estimation with a lattice of sensors
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� Minimize the probability of error

� Well known that the Bayes decision function is 
optimal
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Definition 1:  A system of sensors is said to be of 
pure type if the observation functions are either all 
strictly increasing or all strictly decreasing.
Definition 2:  A system of odd, strictly monotonic 
observers ispositively tempered if for every strictly 
decreasing,     , one can associate with it a uniquely 
paired strictly increasing,     , so that the sum of the 
two function is increasing.
{ -2z,-3z, 2z, 4z, 5z} { 2z,3z, -2z, -4z, -5z} { -5z, 2z, 3z}
Theorem: For these system the optimal decision 
function is a threshold function and Pehasa global 
minimum when the noise variance is small enough.
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