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ABSTRACT We consider families of maps on the interval with one maximum,
and prove the geometric convergence of the bifurcation parameter for the
case of sujerstable periodic orbits converging towards the final aperiodic

regime,

Introduction

Iferated maps on the interval are presently of great interest in many
applied contexts. such as hydrodynamics, electrical circuits, cheﬁical
reactors, Hamiltonian mechanics, and particle accelerators, For a general
introduction to the subject see the excellent monograph [CE] by Collet
and Eckman, Several recent papers in the field, [G], [DT])and [GN], have
considered the approach to the final aperiodic regime for various families
(fa) of map; with one extremum)“such as the logistic family with

fa(x) = hax(l-;c), z\x(-[o.l], a€[0,1],
Let an denote the final value of a with superstable period of length n, i,e.
with the extreme point in the n-periodic orbit. For the logistic family,

[G] noted that

£ (1/2) w £ (1/2)/
+1 n

a
n

lim (h-a)n(l-ah) =0 for § >0,
n->00

For families on [0, 1]
%1 =QP + 1
with P analytic, [DT] obtained by formal Taylor expansion econsiderations

that

lim (an-an_l)/cxml-an) = D f(1)
n->00



and [GN] obtained thé same result numerically for analytic (qx), promising
calculations later. (The latter authors also combine this type of converger.ce
with universal (Feigenbaum) behaviour to obtain a multitude of asymptotic
ratios.)

The present paper considers families (fd) of functions on an interval
[a,b], which are either concave and CE, or C3 with negative Schwarzian deri-
vative. It contains a rigorous study of the above geometric convergence and
its underlying mechanism, with as main result that

Un - (0-ay, /(@ -0 ) = D T (2)-

In particular it thereby rigorously proves the above-mentioned statements.

Preliminaries

Iet f be a function on an interval, which for the present study we take
normalized to [0,1],
f.: [0,1] =& [0,1].
Assume that
f(x) = £(1-x), £(0) = 0,
with f strictly increasing (decreasing) on [0,1/2] ([1/2,1]).
Let (fa)?a be a family of such functions, defined on some intervél
- <a <0, with £, Dxf continuously differentiable with respect to x and q,
fO(J,/e) =1, Dafa(l,/2)ta=o > 0,

and with each fd either concave in x, or in C

3

with Schwarzian derivative
Sf <0 on [0,1].
If Dxfo(o) < 1, then there are no superstable periods in x for o close

to zero, so for the purpose of the present paper we require Dxfo(0)> 1.

(The borderline case Dxf 0) = 1 is not considered.)

o



These conditions on (ﬁx) imply the existence of a superstable orbit for
some <0 (see e.g. [JR]). But we include a simple proof as part of this
introduction of notations.
Use
f =
D, O1(1,/2)10L=O >0, Df(0) > 1, fo(l,/z) 1,
to make the following simple observation; for some
a>1, b>1/2, >0, x>0, and @ <0
the function
fa(J,/e) : [@,0] = [b,1]
is strictly increasing, and
(1) Dafa(:l,/z) > e, Dxfa(x) > a when xc[o,xo], ae[ao,o].
For later use we also require that
fa(l,/z) >1 - x when a&la 0],
and that '
(2) Dxfoz(x)/ Dxfo(o) > 1/2 when xe[o,xo], ae[ao,o].
From Sfa < 0, or from the convexity, it now follows that
(3) fa(x) > x for x€(0,1/2], ae-[ao,o].
With ﬁ&l the inverse of
£, [0,1/2] = [0,1],
this implies that for some k > 0
-k
£, (1/2) < x, for aela,,0].
For some alér[ao,o]
2
fa(l/2) € (0,1/2) when ac-[ozl,o).
This follows since fg(],/z) = 0. So by (3), for some n > 2
(8) £, (1/2) > 1/2.
1

Again by continuity (since fr-l =
o (1/2) = 0), there is %€ [a,0) with



QHQ:H

(1/2) = 1/2.
2

and for the same reason there is a largest a = aﬁe[%,o), such that

n
. (1/2) = 1/2.
n
Analogously once we find some parameter value 0<O with fa

superstable of any period n, then we have also proved the existence of a

largest ozn < 0 with fa superstable of that period.
n

The approach to the final aperiodic regime

In the following lemma some properties are collected together about
the parameter values corresponding to superstable periodic orbits.
Lemma For large n &y
i) there exists a largest Q < 0 such that fg (1/2) = 1/2,

n -

ii) an)' 0 (n=>»m)

iii) . = 0 (n>m)

n-k-2 .
w) 2 57 (/2) <a 5N (Y2)/(a-1)
J=0 n n

for k > k , and with a given by (1).
Proof i),ii) are consequences of the general theory (see e.g. [JR]). But
let us include the simple argument. The case.nzﬁ was proved above,together
with the remark that for i) and any n it is enough to find some superstable
orbit of that period. Now

£+ (1/2) = fo (1/2)>1/2 by (3),ama £+ (1/2)=0.
So by cgntinuity

/) = ye
has a solution in [ar-1 , 0). By induction i) follows with (an) strictly

increasing. If



lim an=6t<0‘
Ne>»00

then similarly to the proof of (4)
. (1/2) > 1/2
a
for some n' > n . Thus ., > @ , which contradicts the definition
of & So G=0.
iii) For the family (fa) it follows,e.g. from the general

ordering properties of full families,that
0< fg (1/2) < f‘g (1/2) <...< fg'l(l,/e) < fg (1/2) = 1/2.
n n n n

let n, k, a, and c be defined as in the previous section. Then

) 1/2 > 17 (/2) = 1550/2) = 1, (7N /R)) 2 e 7 N0/2) 2

n n

> el R fin (1/2) = an'k'e[fan(fa'n(;/e))-fan(l)] >

> " g, (1/2)] = &M (1/2) 1, (Y2)T > ¢ @™ g |
- n - n
for n>n and n-3> k > k. In particular this implies

gt -n /(2¢) = 0 (ne»oo),

0<nla |<n
which proves iii)

v) By (5) we also get for m> nl andn-3 >k>k that

i
-k-2 -k-2
= 2iak) < ££,7(1/2) > a7 <a £75/R)/(e0),
j=0 % n J=0 T %

which is iv).

Using this lemma we finally prove the following theorem, which
is the main result of this paper.
Theorem  lim & / a., = Df(0)
Proof We can write

(/) M) D£, (a)f “"H(1/2)
n n n n

an n-1

o 0 e o, CugPase)



with some (aj), (bj) such that
0<a, <£I(12) , 0 <y < ITN0/2),
n

J n-1
and with

K1,  mwmax (n +1, k).
Set

t5 = Df, (a )/D,£(0), 55 = Dxfan_ (04)/D,£,(0) -
By (2) t, 50 8y Z 1/2 for k > k. This implies
n-k-3 n-k-3

(6) exp(-2 Z (I‘b l|+|s -1]) < -TT t/s

exp(2 ? (Itj‘l' + ISj-lI),

Ly <expy for y’>0,e;£p(-2y) < 1l-y for OSY_<_1/2-
Now
Dxfo(o)ltj-ll = IDxfan(aJ.) - Dxfo(0)| =
= IDxfa (aj) - Dxfan(o) + Dxfan(o) - DxfO(O)I < C(aj + le |
with e.g. C=suplD}2(fa[+sup!Danfal . Analogously
Dxfo(o)lsj-ll < C(bj+|an_l|).

So
n-k-3 n-k-3
lZ- (Itj-ll + lsj-l[>< C [Z a+bj) + (n-k-3)([an| + 'an-ll)] <
Nks3 k- -k-j-1
<clz £, 9(1/2) + Z.'f“ “ta/2) + nla |+ (n-1)e ]
1 n % 1

By the lemma this implies



n-k-3

0< Z (It -1 + |s;-1])< cpaer” (1/2> £k /) (ee1)

+ nlanl + (n_l)lan-ll]-;' 2aC fC—) (1/2)/(a-1) (ne»o0).
Hence by (6)

(7) exp(—haC‘fgk(Jﬁ)/(a-l) ) < lim
N )00

n n
Tlr(tj/sj) < 1imTI (t,/5) <

< exp(hac £((3/2)/(a-1))

Here the limits of the right and left members both are 1 when k-»00.

Now £5(1/2) n-k-3 | fs (3/2)
(8) l= 1im n = lim [( TT t /S ) —_— ].
n=H»oo f&k 1(1/2) n=poo 1 I§ (3/2)
Nn- _
Also for some 0<6 <1, fa (l/2)<wn<l, o <B <0,
. n
@, B2 o, - (85 (£, (1/2))-2,(2))
n = D £ (6 f° (1/2 %0 %n
¥ g £ (Y2 G %R Ve <fa (fy  (¥2))-£, (1))
n-1 B n-1 "n-1l n-l
D.f (o) (£, (1/2) - 1)
X Q n (0} [0
=Dt (6 £ (1/2)) ~—2 n oL,
n n Dxfan_l(wn-l) (fan l(ZI,/2 - 1) n
( P . Dxfan(wn) Dafﬂn(ll,/2) (
=Df_ (6 2) <> D_f_(0) ~>D0 .
oA, DEy (@ ;) Dy (1/2) x'0) 58 F
n-1 n-1 -

Finally the theorem is an immediate consequence of (7)-(9).
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