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Abstract. We consider holomorphic perturbations  of fo,fo(z) = z , which are

small in a neighborhood of the unit circle (the Julia set of fo). We show that if the

C conjugacy invariants of f and fo are identical, then f and fo are CcJO conjugate

on their part of the Julia set which remains near the unit circle.



I. INTRODUCTION

During the past few years, a lot of work has been dedicated to the question
of stability of dynamical systems under small perturbations. One of the ceatral
questions is under what conditions do two dynamical systems have similar
trajectories. In this paper we shall consider the case of small perturbations of

the map fO of the complex plane given by

2
fo(z) =z .

The Julia set [1] of fO is the unit circle, and shall be denoted oy J. J isa
hyperbolic invariant set ([fb |= 2), and the unstable periodic points of fO are
dense in J. Let r be a holomorphic function defined in a neighborhood of J. We

now consider the function
f(z) = fO(z) + r(z) .

If r is small enough, one would like to know how the Julia set of f is related to
the Julia set of fO. This question was investigated in [4] , [6:] and [7] .

One of the results is the local J stability theorem for polynomial-like holomorphic
m appings [4] . A consequence of this theorem is that if Q denotes the set of
points with an f orbit contained in some small neighborhood of J, there is a
homeomorphism h between J and Q such that on J we have

ho 'fuo =foh . (with degree 'fuo = degree f) (1)

This homeomorphism h extends to a quasiconformal mapping which satisfies

(1) [4:1 » but we shall not use this result., In the appendix we give a c2 version
of this theorem on the Julia set J. This result is not new, however we shall need
precise estimates on the amplitude of the perturbation which do not seem to e

available in the current literature.

We shall be interested in the differentiability properties of the map h.

We first ooserve that h gives a 1 ~1 correspondence between the unstable periodic



points of £ and f_ near J. If h is Cl, we observe that if z is a periodic point

0
of period p for f, the corresponding periodic point h(z) for fO must satisfy
(£ (8(z) = () ()
where fp =fo... of p times. It will be convenient to have a general notation

for this result.

Let Ff be the set of periodic orbits of f. We define a map Sp(f) from

,f‘f to € oy
sp(D) = £ (2)

where z is any point in the periodic orbit v, and a is the minimal period of 7.

The local J structural stability theorem tells us that in a neighborhood

of J, l"f and r;f are homeomorphic. In this case, if h is Cl, we have locally
0
near J

Sp(fl oh = Sp(fo) .

We shall now investigate the converse of this assumption. Let Ca’ (> 0)

denote the corona
o -y
Ca={z€®|e > lz|ze }

Our perturbations r will oe analytic and bounded in Ca. We shall denote oy

|| Ila the sup norm in Ca’ and by Ba the corresponding Banach space.

THEOREM. Given >0, there is a numver €e) >0 such that if Jr]| <&(a),
=n(r,

then there is a homeomorphism h defined on J such that r'fl
C
(3

olca

If, moreover




Sp(D) © h = Sp(f,)
i NC i NC,
0 0

then h isa c® diffeomorphism such that

hofo =foh

Moreover if ||r||a——>0, then h —=Id in o for any p.

This theorem implies that a part of the Julia set of f near J is a Cm curve.

The proof of the above theorem extends immediately to the case
fo(z) =2" ae Z’\{_—l,o, 1}. We conjecture that this result is also true for
hyperbolic invariant subsets of Julia sets such that the intersection of the Fatou
set with some neighborhood of J has only finitely many cohnected components,
and also for sufficiently differeatiable perturbations. This problem is also

related to a question of Carleson and Jones about maps on the interval.

A similar problem was investigated in [2] for the case of geodesic
flow on surfaces of constaat negative curvature. The second section contains
various results about the linear version of equation (1). The theorem is proven
in Section III using an adapted version of the usual Nash-Moser argument {see
[8] for a related method). We shall deaote oy J the unit circle and oy Ba the
Banach space of analytic functions in C_ equipped with the norm ! o Let #
pe a function holomorphic in some domain D. If D1 is a domain strictly
contained in D, we can obtain estimates of the derivatives of ¢ in D1 in terms

of the sup norm of ¢ in D, and the distance between 3D and anl. Such

estimates will pe called dimensional estimates.




II. PRELIMINARY RESULTS

We shall construct a solution of (1) with ‘F

C = fo of the form

h{z) = z + a{z)

with a small, If we replace this expression for h in (1) and keep only the lowest

order terms, we obtain the equation
! B = -
fy(2) a(z) a(fo( 2)) r(z) ,
namely '
2
2za(z) -a(z") = -r(2) . (2)
We shall now show that tais equation is equivaleat to the usual cocycle equation
2
b(z) -b(z") = 2(z) , (3)
. 2
with £(z) = ~r'(2)/2z + r(z)/ 2.

LEMMA 1.

i) If reB , and £(z) = -1r'(2)/2z + r(z)/zz, then §J (e dg/e =0,

EeBa,Va'e]O,a[, and [¢]] , < 9401(0_0.)—2 I=ii

184
i) If £€B,, and § L()AE/C = 0, then for any z)€C,, and Acc,

Z

r(z) = —2z2 S E(C)d§/§’+Az2

%0

belongs to Ba and satisfies

-1'(z)/2z + I‘(Z)/Z2 = (z) ,




and

el < 20°% [r + 20 + [a] €™

-

Proof. It is easy to verify that the Laurent coefficients of £ are given oy

Bn = -n rn+2/2. i) follows easily from the dimensional estimate
-{n]e
AR -

To prove ii}, we first observe that § £(¢)d¢/¢ = 0 implies that r(z) is a

holomorphic function in C,. The estimate on ”r"a is obvious.

QED

We can now give the relation between the solutions of (2) and {3).

LEMMA 2. Let #(z) = ~r'(z)/2z+ r(z)/zz.

i) If (2) has a solution a in Ba’ (3) has a golution b in Ba, for

@'€]0,a[. This solution is given by

b(z) = a'(z) - a(z)/z

and satisfies § b(¥)de/¢ = 0.
J

ii) If (3) has a solution b in B, such that § b(£)dg/¥ =0, (2) has a
d
solution a in Ba given by

Z Z
0
a2 =2\ o0/ -2\ AOA/T - 22l(zg)/z
%0 Zg

where Zq is any point in the interior of C

o
Proof. 1) is an easy computation. It is also easy to verify, using (3), that the

expression of a does not depend on ZO’ and is a solution of



b{z) = a'(z) - a(z)/z

holomorphic in Ca.
QED

From now on, we shall assume o < 1, gince this is no loss of generality.

It is well known [5] that a necessary condition for the existence of a C

solution of (3} is that for any periodic orbit v of f. we must have

0
Zf(z)=0.

ZEY

This relation will be only approximately satisfied in our case. We shall first

prove an estimate on the location of the periodic orbits of f = f0+r. From now

on we shall tacitly assume that Theorem A of the appendix can be applied to fO
f +r.

and 0 T

LEMMA 3. Let @€ |0, 1[, then if "r”a < e_a/B and Theorem A applies, any

periodic orbit of f = f0+r contained in Ca is in Cé where

6 = 2ea||r"a .

Proof. We first observe that if ze€ Ca , then

[z \[lz 1+ ell, ] > 18] > [2][[z) - %] ]

Therefore, if ze€ Ca\Ca, there is an integer n such that fn(z) ¢ Ca’ hence any

periodic orbit contained in Ca is inside C 5
QED

From now on we shall agssume that

Sp(D = Sp(fo) (4) .
rfo N Ca l"fo ™ Ca

(We have identified I"fﬂ Ca and r'f N CQ by the local J structural stability

0
theorem.)




LEMMA 4. Assume condition (4} is satlsfled for some f = f0+r TEB ,
Let £(z) = -r"(z)/2z + r(z)/z . Let v ve a periodic orbit of fO of period
[¥] Then there is 2 number £,> 0 such that if ]|r|L.;< Ezaz, and

23 ¢ et

o<1,

, then

<1107 |x))2 |y fiee®H !

> 1

zEY

Proof. Letp=|[y} 6= 2eal|r||a and let z€y. Let z+6z be the associated

periodic point of f by the local stability theorem which applies if 62 is small

enough, uniformly in @ < 1. The equation for éz is
P -
flz+6z) = z+ 6z
therefore,
D o' p" 2
z =19(z) - z+1 (2)6z+f (zl)(éz) /2,

where z € C‘5 by Lemma 3. Using again Lemma 3, we couclude that

bz + (%2 - 2)/(*' (2 - 1)| < 3pe™ @ - 07 2"+ eMa-0 e ) [

14

Let ft(z) = fo(z) + tr{z), we have

2
P — ¢P P D 4
f (z)—z-fl(z) —fO(z) dtf (z)l (1-t) — dz f (z)dt
0
p-1 1 9
- e " H(z) i () +\ (-9 —d-z— £7(z) dz
n=0 0 dt

Using Lemma 3 and a dimensional estimate, we have

#'0 - fgl(z)l < 9P [(1+e20(af—6) -2"r "a)p ) 1]



and we finally obtain, after some easy computations

p-1

6z+(f (2) - I)Z pnl(D (fpn>|

3p
4 - -
< 8p <2ea+ eza(a-é) 2”rna) eza(a—é) 3”1*”2

We have v = {z ..... A } and it will ve useful to have an estimate for
% 6z /z We observe that
j=1

2, = exp [21ri(2k+ 1) 2]'/(2p - 1)]

for some kelN, 0k < 2p -1—1. Therefore

p_p-l p-l -nt+s
(2p-1) Zéz /z +z Zr(fpn 1( ))2 z._1 zj2p l
j=1 n=0 8=0

(2 -1) Zﬁz /z +(29—1) Z r(z )l

4 - _
< 6p (2ea+ 2% - o) lerﬂa)qp(a )2 e3a”r]|i
We shall now use condition (4). We obtain

p

P
2P zJ H(.?z +26z + r'(z + 6z ))
j=1 =1

which implies

-1 , da, 2 . -4, 2 -2 Bay P
z; 6zj+r(zj)/2zj) e 2p (a-d) [|r||a<l+(a—6) e ||r]]a>




P _
Replacing - zjlézj by the above estimate, we obtain the result.
i
QED

If £ is a function holomorphic in Ca such that g £(g)de/¢ = 0, we have

the Laurent expansion J

{z) = Z t z"

nez \{o} "

If 2(z) = -rY{z)/2z + :r(z)/z2 with r€B we have En = —nrn+2/2, and
20 -|nlo
[Enl <lnle™ e [Irl[a/2 .

It is easy to give a formal expression for the Laurent coefficients of a solution b
of (3), namely

s

b = ¢ .
25(2k+l)  jop  2N(2k+D)

We shall now estimate the Laurent coefficients of b.

LEMMA 5. Assume a€ ]0,1[, and let reB_,and £(z) = -r'(z)/z + r(z)/zz.

There is a constaat £, > 0 such that if [|r|]a..§ £3a200 and condition (4)

is satisfied, then for any k € Z we have

<l

o
by
i=0 2)(2k+1)

Proof. We shall first assume that {2k+1}< 2-1/2[[1‘][;1/66. This implies that we

can find an iateger p sach that

2P S0P e P Y

In particular, we have |2k+1\ < 2p/2. #e shall assume for the moment that

10



2k+1>0, and we set R = 2° -2k -2. We observe that

2P 9

Z exp [4711(2rn+R)t/(2p— l)]

t=0
is different from zero (and equal to 2P 1) if and only if
2(2ru+R) =0 mod(2p— 1) .
This is equivalent to
2rn+R =0 mod(2p— 1) (5)

since 2p_1 is odd. We shall only congider the case 0 <rgp. If n€Z isa
solution of (5) then n+q(2p— 1) is also a solution for any q€¢ Z. From now on,
we shall look for a solution n with 0 n g 2P.g, Assume n and a' are two
solutions for the same r. We can assume n> n'. We must have

Zr(n -nY =0 mod(Zp— 1)
wnich implies

n-n'=0  mod(2’-1).

However, since n-n'g 2P -2, this implies n = n'. We have proven that for a

given r, equation (5) has at most one solution o such that 0 g n, < 2p—2. We

can now write all the solutions of (5):

n = 2p—r(2k+ 1) mod(2p -1}.

We shall now derive some properties of the numbers nr, If r satisfies
2" > (2k+1), we have 2P "(2k+1) < 2P -1, and therefore a_ = 2P 2k + 1),

Assume now 1 < 2° <(2k+1). We have

2
(2k+1) = 25u+v, with 0 <vg2 -1 and 2 ug (2k+ 1) € oP/2,

11




This implies
0= P Tok+1) = ur2Pv  moa(P-1) |

andif r # 0 and p> 1,

5P/ 2

ut 2P Ty Que 2P gP T (P oP/2, 277 <2P-1 .

_ -r
Therefore, we have nr = u+ 2p v. and also

n_ > 2Pty 5 oPT oP/2

n -2Prig 2p/22-r+1_2p-1‘< 2 -2P/? .
This implies that the numbers n_ are of the form 23(2k+ 1), for some jeIN, or
their residues modulo 2P ~1 have a modulus greater than 2p/ 2 -2 (which is greater

than 1 by our hypothesis). Let S be defined vy

k
P_o p-1 +oo
Z Z zﬂ. expl:m'[zr(2t+1)n+23ﬂ/(2p-1):1
=0 r=0 n=-w

From the above computation we derive

p-1 +wm
s.= P -Dexpfomr/2P-1)] > D
=0 g=-co

P_y -
n_+q(2"-1)

Using Lemma 4 and the estimate [!nl <in ]ezae'ln]a“r ]]0/2 we have

- 4 20, 4 P
|5 < 117! [fpieP - 12?4+ p2Pede 2, “I=),

Combining these two estimates, and the estimates on the coefficients En’ we derive

+oo

4, 2 4 20, 4 3¢ -2 —a2P/? 7
R e e e O R e
S:

12




If (2k+1)<0. wetake R = -(2k+1). A similar argument implies that the unique

solution nrez of
2rnr+R =0  mod(2P-1)

with 0 > nr »2- 9P . ig either of the form 2J(2k+ 1) for some jeIN, or its residue

2
modulo 2° -1 has a modulus greater than 2p/ -2, The estimation is then completed
as hefore.

We now consider the case |2k+ l] > 2 In this case we have

D

[alz12k+1]

-1/2“r”;1/66_

o))

<e® e axp 27 ale |, < )%

2
s=0  25(2k+1) n

QED

Corollary 6. Under the hypothesis of Lemma 4 we have

s+1
/4, JBa 2 -2 [2ktl]a =1,

Proof. The proof is cbvious from Bn = —nrn+2/2, and the equality

8 o8]

S 3,

. . - ¢
=0 2'2krl) oo 2UZkD) gy 2(2kFD)

(m)

Given an integer m, we shall denote oy b the function

8
(2) = Z Z2 (2k+1)

selN,keZ j=0 2)(2k+1)

8

|D(m)
[2%(2k+1)| < m
()

We shall now show that b is a good approximation to a solution of (3).

13




LEMMA 7. Let @€ ]O, l[ be given. There is a number 4> 0 such that if

||r "04 846!200, and if meN satisfies m4< [lr“;]', and

s We

mZ> 1+ (lome)4 + 2(10g2m)2, then for any '€ 0,e[, and any Z€C,

have

(

12 b5 + b

()2

< 46301‘1‘12(& _ o -2 Blr |l2/462ma' N e—ma/ "r Ila+e—2m(a-a') ”I‘ "Q:I .

Proof. It is easy to verify that

(@) - 5™ @) + 8D = 0 (2) + 002
where
s 8
0'1(2) = Z z2 (2k+1) ZJZ j
selN, ke i=0 27(2k+1)
m < |2°%(2k+1)| < 2m
and

1

o,(z) = Z ¢z
nez
[nj>2m

We shall now estimate “"1“0_:' and ”ozna From the bounds on the

T

coefficients En we obtain

2o -af
2a/e oo )(a

o)l < e - e,

We now estimate Hclnaf" Using Corollary 6, we have

14



“01”0, < 2m 1og2m ezma‘ "r ILZ/4

(s+1) s
. Z Qo2 -2 7 2krife L2 2kl fet

el

s.k
m < |2%(2k+1)| <2m

< 2m¥(1+ 632079 ("r nz/clezmai 4T "‘"”a> _

Collecting the estimate we obtain the resalt.

QED

Corollary 6. Assume the same hypothesis as in Lemma 7, and let a(m) be such
that

a(m)'(z)—a(m)(Z)/z= b(m)(z), and g a(m)(t)dt’/tz = Er(t)d§/§3 ,
J J

then for any a‘e]O,a[, and any z€ CQ,, we have

r(z) + 2za(m)(2) - a(m)(zz)i
< 301re7°‘m2(a- o) 2 ﬁlrlﬁ/4ezma~+ Rt "r“a+ 2m(a-a') e M _

Proof. The proof follows at once from the formula

Z
r(z) + 222" () -2l ™ (2% = -2z28 (e o™+ ag/e]

%o

- z2 [r(zo) —r(m)(zo)]/zg

{m)

where r satisfies

{m) Z2 (m) (m) 2

(2)/2°, and % ™0 - r(eiag/e® = 0
J

b ™) b ™ (2D = ™ (/204 x

QED

15




III. PROOF OF THE THEOREM

The proof is an adaptation of the usual Arnold's argument. For a related
method see [8]

We assume that o> 0 is given and denote by a the sequence

-n
o =o3
n

n
_ £(10/9) _r -1 _ .
= EO , and m ., [-7/32 a logﬁn], m, = 1, where 80 is small

enough. We shall define a sequence of maps hn by ho(z) =z, and

Let £
n

hn(z.) =z+ an(z)

7/8 _
en-l’ and ay = 0.

N

where a isin B
n 2

, h{c, Yec . flafi
-1 B 2&n 20n_1 n Zan L

We shall also define a sequence g, by

=f +
&n f0 T
where r € Ban, “rn“an{\ c‘fn, and Sp(gn)lC is isomorphic to Sp(fo)lC . Moreover,

o 04
n

hn+1o gn+l - gn ° hn+1

The construction is recursive, and we shall assume that hrl and g, have already

been constructed with all the above properties.

We first observe that we can apply Theorem A3 of the appendix for any value

of n.

)

{m

In order to construct a ., we first form the approximate solution b

n+l
of the equation

b z) —b(zz) = —r;l(z)/22+ rn(z)/z2 s

d defi '
and we define a1 by

16



“ (m_ ) 0 (m_ )
o+l n+1 2
= 4+ - -
am_l(z) z b (©)de/¢ - = , b (e)de/e zpn(zo)/z.0
% %0
where Py satisfies
(m_ ) (m_ )
+1 +17, 2 2
b © {z) - b n (z) = -pr'l(z)/2z+ pn(z)/z .
and Zg belongs to 02&[1' We first observe that a does not depend on Zg- We

also notice that if (an+1( z}, pn(z)) is a solution of the above equations,
(an+1(z) + Az, pn(z) -Az )is also a solution. We eliminate this indeterminacy by

imposing that
3
& [p,(0 - r (0]de/e” = o,
J

i.e., the terms of degree two in the Laurent expansion of r and P coincide.

(m_ )
+

b " L is a polynomial, therefore this function belongs to Bza Using

Corollary 6, we have n
+
l{b(mn+1)l] < 2 a—l e(zmﬂ+1 1)a[1 “I‘ “7/4 " 2 e3aﬂ a-2 m "‘[‘ "
2 “"n o n o+l iy
It n
3 2m o
n -2 n+ln, 7/4
£ 2e @ G [[rﬂa + mn+1ur"a )
n n
Using Lemma 1 and a dimensional estimate, we derive
S 2m o
n -2 ntlng 7/4 ) 7/8
fones] < e e T e el )< €78
2a n n
n

Since 2o _+ 61/2 L2, h =Id+a maps C into C . Moreover

ntl n T Tn’ atl n+1 2a*n+1 2an ’
using the usual implicit function theorem, one ean deduce that hn+1 has a well

17




-1
defined inverse on Ca . This inverse hn+1 is holomorphic in Coz and satisfies
n n

-1

h
n+

12 = 272,

z} + dn+1(z) = Z+Dn+1(Z) ,

with

2 7/8, -2 5/4
][dn+l”a'n\< 2“an+l” 2an(an -2 en/ 8) S En/ '

We now observe that for &0 small enough,

gno hn+1(ca ) e Ca
n+1l n

Therefore, for zECa +1, we can define gn+1 by
n

{(z) = h ognon

nt1 n+1(z) '

gn+1

We shall now estimate rm_l(z) = gn+1(z) —fo(z). We have

2
rn+1(z) - 22‘a'n+1(z)d‘-an+1(Z)2+rn (z+an+1(z)> +Dn+l ((z+an+1(z)) +rn (z+zn+1(z)))
= Rl(z) +R2(z) +R3(z) +R4(z)

where
Rz =2za (2)-a (zD)+r (2)
1 n+1 nt+l n z

2

RZ(Z) =g (z2)+Dn+1(z2) = dn+ (z)

n+l 1

2 2 2
RS(Z) = Dn+1 z+an+1(z)) +rn(z+an+1(z)) —Dm_l(z )+(an+1(z))

Ry2) =1 _(a+a, (2) -1 () .

18




We shall now estimate the o norm of each Ri' Using Corollary &, we

n+l
have
Ta 2m o -m @
: n -2 2 7/4 nt+l n n+l n
“R1“an+1 < 100e (an _an-l-l) mr1+1 [n e te E’n
-2m  {a -a )
+e ntl n n+l £ :'
n
9/4
< 611/
Since an > Zan+ 1 we have already estimated l[RzllQ , l.e.,
P _ .b/4
uR2“a = udn+1”a = Sn )
n+1 n
We now estimate RS' We have for ze Ca
n+1
dD
_ n+l 2 2
R3(z) = "4z (Zl) I:Zzan+l(z) + an+1(Z) + rn(z+an+1(z))] + an+l(z)
5/4 , . . ,
for some z, €(C where B = 2a + £ . From the dimensional estimate we obtain
1 Bn n ntl n
o
”R ” < (o -2¢ - 85/4)-1 w2£7/8 ¥X3e o+l £7/S+ 87/4 < &‘5/4
3 ozn+1 n nt+1 n n n n n

if o is small enough.

Similarly we have for ze¢ Ca
nt+1

dr
R4(Z) = —n(zz) a

dz (2)

n+l
for som €C.  where = + 85/4 Thnerefore
© Z9 Yn ’Yn n+1 n

5/4 -1 T/4 hid
“Rélna'tﬁl~€ (an B an+l - En/4) En En/(j < 611/ :

provided &_. is small enough.

0

19



Summing up the above estimates we obtain

“ +1“ < 48‘ r110/9 Eh1

We define a sequence of functions Hn’ holomorphic in Ca by
n

Hn(z) = hlo...Ohn(z) ;

i = [}
notice that Hn+1 Hn hn+l'

For zed, let An(z) = Hnﬂ(z) ~Hn(z). We have
hn+1(z) dHn
An(z) = T {t) dt

Z

where the integral is along J. Let ” HJ denote the sup norm on J. We have,

using the chain rule,

1 .dn
o, <+ T T
ntl i=1

dz. n 2a, ”am-l“ 2o
j ntl

n
Q. .
<m l |(1+ P PUEYUL
s ] J n
j=1
/8 . . .
< 4€n if {-_‘0 is small enough (independently of n).

Tnerefore Hn converges uniformly on J to a continuous function h. Let

$ =H og -H of , we have as before for zeJ
n n n n 0

gn(z) dH
¢ (2 = - Mat
fy(2)

therefore

20



“‘f’nHJ s ]—j [% 2a, llanllzan

éer(l)az/“.

This impiies

”Hno f0 " & OHn”J - “Hno fO_Hno gn”J—)O it n—>w,

ramely
nof = i
n fo gyo -

w
We now ghow that h isa C~ diffeomorphism. Let p pe any integer, then

from uAn”‘af £ 4 EZ/S, we derive
ntl

Phr1 /G

[Pl < 4aPite ™t e

Therefore the sequence Hflp) is uniformly convergent on J and hence h is in Cp(J)

for any integer p.

We have also the following three inequalities,

/8 -2 a /8 -3 2a ,7/8
”h-Id[]J<5£O/ : ]ln‘-1|[J< 5a eaé’,o/ o bl < se e“’ao/ ,

which imply that h is a COO diffeomorphism (see [3:] for example). This ends

the proof of the theorem.
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APPENDIX

. 2
In this appendix we give a proof of the local Q stability theorem for ¢
expanding endomorphisms. This is a well know result, however explicit estimates
do not seem to be available in tne current literature. Let © be a closed compact

‘ 2
set in ]Rp, and let ¢ bea C map from a closed neighporhood V of §2 into
RP such that Ve (P(V), and

Q :{XEVM)“(X)ﬁ VYy ne]N} .

We also assume that D(I)x is invertible for any x in V, and that there is an integer

m and a number K > 1 such that
sup “(D(I)x) - ”-.{\ K-1 ,
XeV

i.e., €2 is a repeller.

Let & be a positive number, we define W6 by

w, = {x|ax.o < s} .

We now define the inner radius B(V) of V by
Bwv) = sup{6|W6CV} .

Notice that W €V is a neighborhood of 2.

B(V)

We now define a number (V) by

oAV) = ( sup ﬂ(D@x)_lﬂ . sup ]‘D2(PXID-1

erB(V) XEWB(V)
Notice that {V) # 0.

LEMMA Al. Let x and X' in WB(V)/Z be such tnmat x # x!, and (_ﬁ(x) = (}(x').

Then [x -x'][ > Inf(B(V)/2, 2Q(V)) .
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Proof. We canassume [[x-x'|| < B(V)/2, otherwise there is nothing to prove.

We have
1
(_I_)(x') w{I)(x) = Dd)x(x' -x) + {1-1) ch‘bxﬂ-t(x‘—x) {x'-x, x"~-x)dt .
0
Therefore
1
x-0=mp)" | 1-90% (x'-x, x' -x) dt
X X H(x'-x) ’ ’
0

which implies
Ix'-x| < o(v) ™ [x' -

Hence tne result.

QED
Let L = sup ]]Dg[)k]] and define £(V) by
XeEV
eW) = (L-DL ™ V(K -0 i[5V /4, (K - 1) (v /4, o(v) /e].

We now have the following version of the shadowing lemma;:

LEMMA A2. For 86[0, E(V)[, let (xn)nelN be an g pseudo orbit contained

B Ve B0

”(P(xn) —xn+1“ <&, and XHGWB(V) YV aelN

then there is a unique x in 2 such that

—— —— 2

2m+1

18" -x_[| < 261w -0 -1 v nem.
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Proof. Let (yn)n Je the sequence defined by

€N

y =X nelN .

Let 81 = ng/(L -1}, it is easy to verify that (yn)n is an El pseudo orbit

€N
for (I_)m which is contained in WB(V)/2' Let v = 2&1/(K ~1), and denote oy
]-?a(yn,p) the closed ball of radius p centered at x. Let Bn = ﬁ(yn,'r), it is easy

to verify that

(B ) >B@ (), K- L2 ™% /oI L - )>8_,,

Moreover, by Lemma Al, there is a well defined inverse of @m from B whl to ﬁn.
Let K ©« B, ce defined by (pmn(K ) =B , and 4) J(K )CB for j ='0,1, n-1.
n ( n i j
We have
diam(K ) ZTK ) and Kn+1c Kn .
Therefore ) Kn is a point x. This point ¥ shadows the sequence (yn)nEIN’ and

n
'YLm shadows the sequence (xn)r1 Using Lemma Al and hyperbolicity, it is

eN’
easy to verify that x is unique a.d belongs to (2.

QED

We can now prove the local 2 stability theorem.

THEOREM A3. Let V be asin Lemma Al, and let £ pe such that

0< &

—-(3m+3)

< (L-1{K-1}(2L) Intfe(V), B(V), (K-1)o(V), (K-1), L™, (L-1)/2, (1+a(v)L)'1] :

2
Let r Qg C inV aud such that

sup Blr” + [[Dxr” + HDirlﬂ <&

X€Wosv) /3
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Let = ¢+r. andlet @' e defined by

Q= {xevl‘tpn(x)ew v nE]N} .

B(v)/2

There is a nomeomorphism h from to £2' sach that

2m+1

sup [ln(x) -x| < 64&(2L) JAL-1(K-1) ,
X€N
and on 2 we have
hod = gon.
' - . _ x0 .
Proof. Let x be a point in €, and define X, = d) (x). (xn)nelN is an £ pseudo

orbit for . We can now apply Lemma A2 to ¥, and denote by i(x) the unique point

in £2' which shadows (xn) It is easy to verify that n is continuous. We can

neN.
now apply the same construction starting with a point x' in Q'. Let h' denote the

associated map. From the dniqueness property in Lemma A2 we have

h'oh = Ide. Moreover, again from the uniqueness property we have

ho@:gjoh on .

QED
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