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1. INTRODUCTION

Recent advances [1, 2] in the rigorous study of the Euclidean ¢3 field
theory, and the critical phenomena in Ising systems, brought the tools of
rigorous analysis up to the threshold of the critical dimension d = 4., 1In
this work we present further refined results which are relevant for the study
of the logarithmic deviations from the mean-field behavior in four dimensions.

We address here problems which are relevant both for quantum field theory
and for statistical mechanics. The two subjects are intricately related to
each other, although their perspectives differ significantly. In both fields
one is interested in effects which are observed on a scale which is enormously
large compared with the one at which the elementary constituents of the
systems directly interact with each other. The subtle propagation of the
effects across this large gap of scales is a typical feature of systems of
infinitely many degrees of freedom, which are at - or very near, a eritical
point. Characteristicly, such systems have an “upper critical dimension”,
above which the critical behavior simplifies considerably. 1t is a consequence
of this transition, which for the systems discussed here occurs at d =4
dimensions, that the difficulties in statistical mechanics and the quantun
field theory (in the Euclidean regime) are inversly related to each other, In
the low dimensions, the critical behavior is non trivial, and does not follow
the laws which are simply predicted by a mean-field approximation. On the
other hand, field theory can be meaningfully studied by means of a
(renormalized) perturbation theory. Above the upper critical dimension the

critical exponents are gilven exactly by the mean field calculation, and the




scaling, or continuum, limits are described by Gaussian fields. Thus for

d > d, the main problems of statistical mechanics have simple solutions, but
at the same time the task of formulating an interacting local scalar field
theory falls beyong the present reach of the avallable techniques,

This plcture, which by now 1s very familiar to physicists, has recently
been further confirmed and supplemented by rigorous results. These include
proofs that above the dimension d = 4 the mean field approximation yields
exact results for the critical behavior in ferromagnetic systeﬁs, e.g. the
critical exponents af[3] and Y[l}* for Ising systems and $* lattice
fields. Similarily, all the continuum (or scaling) limits of such systems are
Gaussian, that describe a field theory of non-interacting particles,
Conversely, for the low dimension d = 2 it has been shown [1l] that the
critical exponents of general ferromagnetic systems exhibit “hyperscaling”,
which is a closely related condition to the non-vanishing of the "physical
interaction” in the corresponding field theory., For d < 3, where the ¢3
field theory is super-renormalizable, interacting ¢: fields (which yield
Wightman field theories in the corresponding Minkowski space-times) have been
constructed; see [4], references therein, and [53].

The results of this paper are directed towards the analysis of the above
{ssues at the critical dimension d = 4. In Section 2 we briefly recall the
rapresentation of ¢; field theory as a scaling limit of a system of ferro-
magneticly coupled lattice variables. The physical coupling in the theory can
be measured by the renormalized coupling constant g = YEAl/(XZEd), which 1is

dimensionless, Our main results deal with the limiting value of g, and the

*Further such statements (e.g. n = 0) are presumably true - but have not vet
been proven.



critical hehavior of the "magnetic susceptibilitv™, y = T Sp(0,x), in general
X

systems of ferromagneticly coupled variables which belong to the Simon-Griffiths
class, This class consists of the variables which can be described by means of
weighted sunms of ferromagnetic Ising spins (see Section 7), and includes both the
Ising spins and the ¢* lattice fields.

The results presented here do not yet fully resolve the main issues, however
they show that In d = 4 dimensions:

i) 1In the critical regime, X exhibits at most logarithmic deviations
from the mean-field law,

i1) 1In any continuum limit ia which x does exhibit singular corrections,
which are expected to be present in d < 4 and d =4 dimensions (as long as
Ag' — 0), the renormalized coupling vanishes - and the limit is a (quasi - )
free field,

The paper is organized as follows. The basic set-up is outlined in sec-
tion 2, The maln results are stated and discussed in section 3; and in section 4
it is shown that i) and ii) are consequences of a new inequality - whose
derivation is given in sections 6 and 7. Our derivation utilizes the random

currvent formalism of ref, [1], which is briefly recalled in section 5. TIa sec-—

tion 5 we also mention a geometric interpretation of the effects discussed here,

It might be pointed out that the technique which is intreduced in section
6 offers a further simplification of the method of ref. [l]. <Consequently,

although the inequalities preseated here raflae previous results, their

derivaticon (for the ¢4 variables) may actually be even simpler.




2. THE ¢4 FIELD THEORY AND ISING SYSTEMS

a. The lattice approximation

The Euclidean ¢: Quantum Field Theory derives from the action:
e A2 2 A
T = [1vsl? + B + Tre41 a%x (2.1)

and is described by its Schwinger functioans which, formally, are:

Sicontinuum)(Xl,-..’ %) =\ 26Rdd¢(x) e—(1(¢)¢(x1)...¢(xn)/Normalization (2.2)
Thus (2.2) represents an average over "all field configurations", ¢(x),
with a weight which is determined by the action. It is well known that such
inte grals are rather problematic. An easy case is when A = 0, since then the
integral in (2.2) reduces to a Gaussian measure, which is well defined for any
A, B > 0, Gausslan fields are characterlzed by the Wick indentities,
Szn(XI,-..,in) i Pairiigs of SZ(xil,xjl)-..sz(xin,xjn) (2.3)
(1,2,404,2m)
which express all the Schwinger functions as simple combinations of just the two
point function. The physical content of equation (2.3) is that the scattering is
trivial and the particles described by the corresponding field theory do not
interact.
The teébook prescription for the construction of an interactiang field theory
usually starts with the perturbation expansion of (2,.2) in A. The perturbation

theory is renormalized in a process which involves ths introduction of cut-offs

and counter-terms in the actions, which are adjusted simultaneously with the cut-



off removal. The well kunown renormalizability of ¢: means that at the
perturbative level such a program can be carried out, with counter-terms which
are only of the type which appears in the ¢* action in equation(2,2),
Therefore, this approach can also be presented igthe following way.

To make sense of equation (2.2), one may introduce a lattice approximation
to the continuum, approximating it by the cublc lattice aZd, with the lattice
spacing (i.e., short-distance cut-off) a - which is eventually taken to zero,

Thus we represent the field ¢(x) by a system of lattice variables {¢x}. To
maintain unity with the statistic-mechanical applications of our analysis, we
shall typically use the subscript x to dencte the position as measured in units
of the lattice spacing. Hence, in by x 1s always in zd, The relation with
the continuum is given in equation (2.7), below.

In the lattice approximation, the action is given by the (formal)
"Riemann-sum” version of equation (2.1), which is obtained by the replacement of
de with L ad, and the substitution of the difference operator (times a_l)

>
for the grazfgnt in the kinetic term. The resulting distribution of the lattice
fields {¢,} can be expressed as the probability measure

h i i 2
2L Jyy ¢X¢y}/10rmallzatlon (2.4)

(1 dég 0oy))exp(5
erd 2 X,y

with p(g) = exp{-(B¢% + A ¢*)] and
L‘,.

J (2.5)

X,y © 61x-y[,1

(or, rather, the infinite—volume limit of (2.4)). The quantities (B,B,A) are
simply related to the coupling constants (A,B,A), in the continuum notation of

equation (2,1), In particular:




B =aad"2, 3 =2aga""d, with = A (2.6)
32 A2
In the picture described previously, (A,B,X) correspond to the action with the
counter—terms which are appropriate for the given value of the ultraviolet
cut-off a™l,

The continuum Schwinger functions of (2.2) can now be recovered as the

scaling limits of the expectation values:

(continuum) '
Sn (X{,0s0,%,) = lim bix. /a]***¥[x_/a)” (2.7)
a+0 1 n
where ([y] 1is the nearest site in AR Ve

The main question is whether there is a way of adjusting the parameters
(B,;,;) (or, equivalently, (A,B,\A) ) as a »+ 0, so that the limit (2.7) exists
and describes a field theory of interacting particles, i.e. one which is not
Gaussian,

It should be pointed out here that it 1s often the custom to keep the
parameter A constant, A =1 or B = ad'z, by means of a "field strength
renormalization™,. 1In that terminology, the right hand side of (2.7) has an
additional coefficient, which is the nth power of an adjustable parameter. We do
not have such terms, but instead we treat B as freely adjustable, The two
terminologies are obviously equivalent.

The formulation of the problem given lhere offers a natural framework for a
non perturbative analysis of the ¢: field theory. It permits to refer to all
the possible limits in the parameter space, for which the lattice approximation
stays within the class of ferromagnetic probability measures. Of course, even if

none of these limits produces a satisfactory field theory, one should not feel

that the bounds of human ingenuity have been exhausted. Consideration:of




assymptotic freedom in ¢;, for d » 4, have led to the suggestion that one
should try to make sense of a theory with A < 0 [6] ~ in which case the
probabilistic interpretation suffers. A seemingly less radical proposal has been
made in ref, [7], where it 1s pointed out that the renormalized perturbation
theory may yield, under certain manipulations, negative values for 8. Our
results do not apply to this case, in which the measure (2.4) is no longer
ferromagnetic., Such a lattice approximation may however be gquite unstable,
exhibiting a sensitive dependence on the lattice structure and the way the

kinetic term is interpreted (e.g. the range of the interaction .J in (2.4)).

X,y

The results presented in this work are relevant to the ¢: field theory
within the framework outlined above, As we shall see next, the properties of
this construction are closely related with the critical behavior in statistic-
mechanical models, which are of independent interest,

A striking aspect of (2,7) is that it presents any two sites of the
continuum as infinitely separated, on the scale of thé lattice, This is a
manifestation of the fact that in a local field theory there is no action at a
distance, and all the effects propagate only via local intevactions. Wowever, it
is well known in statistical mechanics that typically correlations in such
systems either die out rather fast, or rapidly approach a constant value,

Neither case would lead to an interesting continuum limit. The exception to this
rule is when the values of the parameters (B,;,;) approach a critical manifoild

in the parameter space. In such a case, the continuum fiald theory acquires a

structure and corresponds to the scaling limit of a critical, or nearly critical,

lattice system. The physical interaction 1n the theory is manifested by
deviations from the free field law (2.3). A convenient, and widely used measure
of the interaction is the renormalized coupling constant g, defined by (2.13),

below.




b, Ferromagnetic lattice systems

We shall now focus our attention on lattice systems of variables ¢,
X & Zd, which interact ferromagneticly, with the Hamiltonian,
1
H=~ 2 Z 4 Ix,y PxPy> Jx,y >0 (2.8)
X,VEZ
The corresponding Gibbs states, at the inverse temperature g, have precisely
the form of (2.4), with p(¢)d$¢ describing the non-interacting single site
("a-priori"”) measure,
The Ising model is of course an example of such a system. In this special
case, described by p(9) = &(¢2-1), we denote ¢ by a.
In fact, the ¢* variables and Ising spins are interwined. WNot only
is the Ising model the strong coupling limit of a ¢* system, via
“A(e2-1)2 - -
§(43 = 1) = Uim e M92-D?/[qy o~ MWE-1)2,
A+
but there 1s also a converse relation (based on the Simon-Griffiths [8]

representation), The ¢“ single-site measure p{¢) d¢ (along with others, like
n

p(e) = ki—n S(d=k) or p(d) = x[|6]<1l] ) belongs to the class of measures which

are generated by welghted sums of ferromagnetically coupled Ising spins (see sec-

tion 7)., Lattice fields based on single site measures in the zbove class may be

regarded as describing blocks of Ising spins, in finer Ising models.

Consequently, such systems are amenable to analysis which originates in Ising

spin systems.
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In order to deal simultaneocusly with both situations we dencte

<¢x1 e ¢Kn>

- ——

Sn(xl""’xn) =« or

——

Gy «osl, >
*1 *n
for =xXjysscerx, € zd,
It is well known that for any finite range ferromagnetic interaction, .J # 0,
and p of either the ¢“ or Ising type, there is Be < =(for d > 2) such that

for B < B,
S4(x,¥) < const (8) e~lx~y|/% (2.9)
with & > 0 ,and [9])

E(B) » = (2,10}
3”84
where £&(B) 1is the correlation length, defined by taking the supremun over £'s
in (2.9). Furthermore, the magnetic susceptibility, ¥, diverges at that

critical point [10]:

X =) sz(o,x) > © as B _78,. (2.11)
X

Thus, there is a eritical manifold in the parameter space. The scaling {or
continuum) limits discussed above are of interest precisely when the parameters -
(B,;,;) for ¢" systems, and 8 for the Ising model - approach critical
values,

The main results of this paper concern the critical behavior of the
quantities x and

z us(0, x5, %3, %) ,
X9,X3, X4

el
£~
i
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where

u!‘(xl,X2,X3,X4) = Sa(xl, e ’XQ)—[SZ(XI’XZ)SZ(XB’XZ&)-*-

+ 89(x7,%3)82(%0,%4)+59(x1,%4)S9(x9,%x9)]
For any Gaussian system
ug, = 0 (2,12)
(see (2.3)) whereas for Ising-generated systems, as the ¢* Field:
uy ¢ 0 (Lebowitz inequality [11]), (2.13)

A measure of the physical interaction in the field theory which 1s described by
the scaling limit (2.7) is provided by the following “"renormalized coupling

constant™, which is a normalized value of wu; at "zero momentum”,
g = Juyl/(x%ed) (2.14)

The above expression is dimensionless, and is, therefore, equal to a similar ratio
of the continuum versions of u,, x and £,

It is known that if g vanishes at the coatinuum limit then the theory is
Gaussian - i.e, a generalized free field (Newman [12], and [1] - eq. (3.12)). (A
hint of this effect is contained in the fact that in a ¢“ field theory uy
has a definite sign)., In the next section we shall describe our results on the

critical behavior of x and g.
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3. MAIN RESULTS

1) A bound on the susceptibility

Let us first recall that the expected behavior of the susceptibility in the

Ising model ,in the limit t = (B,-B)/B,.Vv 0, is:

{ =Y y > 1 d < 4
|

x = < tV|1n ¢]# vy =1 d =4 (3.1)
ey y=1 d> & - proven [1]

Y,

(with the value +# = 1/3 predicted on the basis of renormalization group
arguments [13], and the general bound 1 <€ Yy € 2 proven in [14]).

The fact that y *» | was proven by Glimm and Jaffe [l4] — utiliziug the
following simple consequence of the Lebowitz inequality (2.12):

9‘&-1

38 [ <) Jox »  for B < B 3,2

X

The rigorous proof that in d > 4 dimensions Y takes its mean-field value,
i.e. Y =1, was obtalned by supplemeanting (3.2) with a uniform positive lower
bound {1}. 1In the following proposition we improve this lower hound - and extend
the analysis to .d = 4 dimensions.

Nur results extend to the Simon-Griffiths class of wvariables which can be
generated by Ising spins. Tts definition is given in section 7. We use here the
symbol of partial-differentiation to emphasize that the derivatives 3/38 are
taken at zefo magnetic field - i,e, the coefficient in the usual symmetry-
breaking hreaking term hzcx, which is omitted in the Hamiltonian (2.6}, is

h = Ol
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4

Proposition 3.,l: Tor Ising, 9 and other variables in the Simon=Griffiths

class, with the nearest = neighbor interaction (2.4) on zd,

ct™! (|1n t]+1) d =4 ,
Lelcg () < 3.3)
2d e [l_iLigglE cd] ¢~} d>4

where t = (8,-8)/B., ¢ is a finite factor, and

d
cqg = _1 [ dp [4 ) sin? (py/2)]72 ¢ =, for d > 4.
d d d
(2m)¢ [-7,7] 1=]

For more general translation invariant ferromagnetic interactions Jx,y >0, we

have, in the single phase regime (8 < B8,):

'ﬂ"l' 5 3] B2 ) Sy (0m2

38 | THB[ID? © 5,(0,m007 3131x (3:4)
x .

where |[J| =} Jo.x+ Furthermore, for Ising models the factors (B|J|)2 in
X ]
(3.4) and (2d)? 1n (3.3) can also be replaced by B|J| and 2d4/8,

correspondingly.
Remarks: 1) It is known that
Be 1J] <6254 > 1 (3.5)

(i.e. a mean - field approximation produces a lower bound on 8.), where <=24
is the 8 = 0 state. Therefore the above substitution for Ising models leads to
a slight improvement of the bounds,

2) It should be noted that while the ¢* field theory offers the

freedom of rescaling ¢ by a constant, the quantities 3%, géfl and
. <@
BZX SZ(O,x)2 are lnvariant under such a "field strength™ renormalization.
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3) The "dressed bubble sum”™ which appears in the denonmlaator in (3.4)
is a pivotal term for various insights on the criticalily of d = 4 dimensions.
It is finite in d > 4, and is expected to diverge for d < 4 (although only
logarithmically at d = 4). 1t is convenient to express it by the Plancherel

identity:

2 2
£5,(0,x)" = .1 fdp la(p)| , (3.6)
: (2m)? [-m,m1

in terms of the Fourier-transform

G(p)= 1elPX 5,(0,%).
For the nearest neighbor model one has the "Gaussian bound" of Frohlich, Simon
and Spencer [15]:

1

G(p) < + c(3)3(p) (3.7)

28 T 2 sin?(py/2)
i=1

with c(8) = 0 for B < B.. This implies that for B8 < Ba:

;/Cd d > 4

B2) §9(0,x)% < (3.8)

T‘ c[1+ln, (Bx)] d =4
with some ¢ < », where for the case d = 4 we combined {(3.6) with the
inequality

G(p) < 2 .
G(p) iyl

' -1
Thus, while proposition 3,1 simplifies the proof of ref, [l] that %%ﬁl

B

is bounded away from zero for d > 4, it is also consistent with the expectad




L5

hehavior (for Ising models)

'EETII + 0* in d = 4 dimensions. (3.9)

a8 BAB_

ii) A bound on the renormalized coupling constant

The next result deals with the renormalized coupling constant g - defined

by (2.13). It has already been shown [l] that, in the nearest - neighbor case:

2
2(2d) [1+0[1_JJ (3.10)

g s
Ed—l-l EZ

(To be more precise ~ the prefactor 2 is our improvement over the factor 3 in the
bound proven in ref, [1], and rederived in ref. [2]. Otherwise, the results of
ref. [l] are even better than (3.10), which can be strengthened by the factor
(1~exp[~c;/82]) for ¢* fields, and by dropping the term (2d)2 for Ising
models.) The bound (3.10) demonstrates that in d > 4 dimensfons

lim g =0 (3.11)

Ero
(828.)

Since g 1is known to be universally bounded (Glimm and Jaffe [16]), (3.10)
is clearly a very inefficient bound for d < 4 (although the above-mentioned
factor drastically improves the situation for a ¢ field at a fixed
AO'T' = A/A%), vyet it is marginal in d = 4 dimensions. The following result

is an improvement of (3.10) whose main relevance to g is in that critical

dimension.
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Proposition 3,2: 1In the single-phase regime of a ferromagnetic system of

variables in the Simon-Griffiths class (¢“ lattice fields and Ising spins
included), with the nearest neighbor interaction (2.4), the renormalized coupling

constant satisfies:

- 2[24] ay~! 1
g <_Eq — ({ = ‘+o[_£.2_]] (3.12)

More generally, for any translation invariant interaction:

lugl < 28081907 & (a4 Ly (3.13)
38 3x

For Ising models, the factors [2d] in (3.12) and [8]J]1 in (3.13) can be

ommitted, and the other factors B 1in (3.13) can be replaced by tanh 8.

Remarks: 1) The only additional information which is needed to deduce {(3.12)

from (3.13) is the bound

Bx < g2(1+0(l }) (3.14)
52
which is proven for the former case using coansequences of reflection positivity

(Sokal [17]).

The new bound (3.13) differs from (3.10) by the Ffactor 3%|§%f1[ - whieh,

by (3.2), can only lead to an improvement., TIn fact, the expected behavior (3,9)
suggests that the improvement can be very significant. Thus, (3.13) contains the
following striking manifestation of criticality. If indeed d = 4 is similar to
d < 4 - in the sense of existence of singular corrections to the mean~field
behavior of . x(t) (expressed by (3.9)) then, when judged by g (which is a
measure of the physical interaction in the corresponding field theory) ~ d = 4
resembles d > 4, i.e, (3.11) holds there as well.

In section 5 we offer a heuristic picture of this situation.
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4, REDUCTION QF THE MAIN RESULTS TO A NEW INEQUALITY

The main results of this paper, described in the preceeding sectlon, are
consequences of the following proposition, for which we join the variables B8
and J, in (2.3), into

Kx,y = BJx,y

Proposition 4.1: 1In a finite ferromagnetic system of variables which belong to

the Simon-Griffiths class:

lug(xpseenrxg)| € T Splxy,w) Ky oy Salx2,v) Kyuy 8 Sp(xg,%3)

U,v,w aKv,u
+ T So(xy4,w) Kw’xl So(x3,%1) Sp(xg,%;) (4.1)
w

+ T Sz(XA,W) KW’X3 SZ(XZ’X3) Sz(xl,X3)
w

For Ising systems, the following slightly improved inequality is also valid

|u4(xl,..-,X4)| < I Sz(x&,v) 52(X2,V) tanh(Kv’u) 3 ~ SZ(Xl’x3)

U,V aKv,u
+ So(x4,%x]) S9(x3,%X1) So(x9,%x7) (4.17)

+ Sp(x4,%3) S9(x9,x3) Sa(x,x9)

The explanation and derivation of the inequality (4.1) are postponed to
sections 5 and 6, where we use the geometric techniques developed in ref. [1].
Here we shall show how it implies the main results discussed in section 3. Let
us, however, first remark that the last two terms in (4.1) play no role in our

applications — being negligible in the cases of most interest. Yet these terms
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do belong there, since in the saturating limit B + = we clearly have (for Ising

models): <oo> > 1 and Ju4| > 2, while -2 <q o > » 0,
3 3

s u

Proof of Proposition 3.1: For simplicity let us denote

{XVeea> = SH(X,7000)

Formally (differentiating (2.3)):

3% = L <0xyz>=<0x><yz>
xX

3Ky,z

and

xal g I, . &
g 2 v,z ’ aKy,z .

In the infinite volume limit these relations require some justification, and so
does the continuity of (4.1). This however is an easy task for 3 < 8, - since

all the correlation functions obey exponential upper bounds which are uniform in

the infinite-volume limit. We shall omit here this part of the argument - which
is standard (see, e.g. [17]).

Thus:

.EZ =.£ L Jy,z[(Oxyz>—<Ox><yz>] =
B 2 X,¥,2

-2 T Jy,2[<0p><xa>0z><ayd>-lu, (0,%,7,2)] ]
Xy¥,2

{where -]u4] = uy, by the Lebowitz 1inequality (2.13))




> 2. Iy W R v AR 59___ <0x>
Xy ¥,2 Kv,u
u,v,w
l .
-, Jy,z[<zw> Ka,n <yO<x0> + <zw> K, x <yx><0x>]
X,¥,
W
(by (4.1), with (Xl,XZ,X3,X4) = (O,Y,X’Z))
= y2 9 {
= x“|J|- £ K {zw> <0y> 79X L X (4.2)
l| vz YV, 2 KW,O ( B-+7ﬁ
W
(using translation invariance).
By the Schwarz inequality:
L Ry , <zw> Ky,n <0y> <
Y2
W
172 172
S IRy g Ky o <z (JE %,z K0 <Op>%) (4.3)
¥y2
W

Y.2
w
= (8[J])? z<ox>?
Substituting (4.3) in (4,2), and isolating the term 9x we obtain the claimed
a8
_ I8lal1 8lJ] ,Ssz(o,x)zJ
8l1JTx

ralation (3.4):
GX'l' > IJ' [
+[813]1 B[3T T 5,(0,%x)%
X
R|J]

)

in the square

For Ising systems, where one nay use (4.17), the factors

brackets may be replaced by 1.
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To proceed towards (3.3) further information is needed about the behavior of
B2 I Sz(O,x)2 as B 78,. Tor the nearest - neighbor model, which is endowed
X
with reflection — positivity we have the "Gaussian hound"” (3.7) and its

consequence —- the upper bound (3.8). Substituting 1t in the relation (3.4),

which was derived above, we obtain the following differential inequalities, for

0< B < Bas
/r ___fﬁiﬁ___ [1-0(x~1)] d > 4
: 1+(2d)2c
|a l | (':‘ (4.4)
L d =4
1+1n (Bx)

~

(the upper bound is by (2.10)). c¢ 1is a finite constant, and ln+x = max{(1lnx,n).
The initial value for (4.4) is: 1lim x“3(B) = 0 [9,10], supplemented with
B"Be
the condition: x(B) > 0 for ©O < B < 8.. The claimed bounds, (3.3), are now

obtained by an integration of (4.4) — with the aid, for d = 4, of the lemma

which follows. y

Lemma 4.1: Let f(t) » 0 be a differentiable function over (0,9}, such that

1y €(0) =
ii) f.) 1

dt 1+1n+(f_l)

Then, for some universal constant ¢ > 0:

f(t) » min {,_2:__ , e72 | (4.5)
ln+t-l
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Proof: Let h{t) = £(2+In f'l). Then h(t) is differentiable and

i) h(0) =0
ii) E_Egil = (1+ln f-l) E£.> 1, as long as f < e.
dt dt
Thus
t < £(2+In_£71),
for 0 < t < tg. In the smaller regime where £ < e~2

t < 4f 1n £71,

and therefore

Int < 4¢c In f (< )

with an explicitely calculable constant c > 0.

we obtain:

ct ct

Combining the last inequalities

4e 1n £71 1n £~}

which proves the claim.

Proof of Proposition 3.2: The bound (3.13}, om

[u™},

is a direct consequence

of the new inequality (4.1). One needs just to sum over (x2,%3,%4), and apply

the translation invariance. (See also the opening remark in the proof of

proposition 3.1,)

For the nearest - neighbor model we also have the relation (3.14), whose

substitution in the bound on g = ]E“I/(Xzid)

directly to (3.12).

which results from (3.13), leads
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5. A RANDOM - CURRENT REPRESENTATION

Our derivation of the above mentioned results, and their heuristic
explanation, are obtained by means of the random-current representation which was
developed in ref, [l]. We start by introducing it for finite Ising systems with

the general two-body ferromagnetic interaction:

He=we1 J

> L Jx,y 9x0s Jy 4 2 0 (5.1)

Xy Xy¥

We refer to pairs of sites with IJX’y # 0 as bonds, and denote b = {x,v}.

One way of thinking about a current configuration is as a collection of
ctlosed loops - each formed by lattice bonds - and a number of open-ended lines,
We denote by n(b) the total number of times a bond is covered, which we regard
as the flux through b. The contribution of open lines (which do not connect) 1is
manifested by the presence of points at which Z n(h) (=“div_3") is odd. Thus,

. bax
we regard

Lngh)
an = {x|(-1)bx = _3} (5.2)
as the set of sources of a flux configuration n (which is an integer valued
function of bouds),
The ensembles of flux configurations which we consider are actually simpler
than the above picture suggests, since the multiplicity of the dacomposition into
loops, ete., will not play a role. The probability of a flux configuration will

always be proportional to the Poisson welight:

b
win) = I (BJb)n( ) . (5.3)
b alb)!

3y imposing proper source constraints one obhtains an ensemble of random currents




