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ABSTRACT

We utilize a modern continuum mechanics framework to
reconsider an old problem for fluid interfaces, alsc address-
ed by Maxwell and van der Waals. We prove that their results
need not be valid necessarily. This conclusion is arrived
at as a consequence of guestioning the existence of thermo-
dynamic potentials and the validity of usual thermodynamic
relations within unstable (spinodal) regions. One central
result is that Maxwell's equal area rule needs not be valid
and certain statistical models are shown to be internally
inconsistent. Precise conditions for the validity of Max-
well's rule and the variational theory of van der Waals are
established in terms of the coefficients defining the inter-
facial stress. Finally, a generalized continuum thermo-
dynamics framework is developed which provides an alternative
derivation of van der Waals variational theory and properly
extends it to dynamic situations. However, other possibili-
ties exist which allow a thermodynamics of fluid interfaces
not necessarily restricted by the conditions of Maxwell and
van der Waals. The results of the paper could be viewed as
a convincing argument to utilize this framework (with the
necessary modifications) to interpret more complex phenomena
of phase transformations.

1. IRTRODUCTION

The purpose of this presentation is to indicate that there are situa-
tions where use of standard variational thermodynamics may lead to restric-
tive results. This is illustrated by confining attention to the simplest
problem of phase transformations: an equilibrium liquid-vapor transition.
Standard approaches to this problem by Gibbs, Maxwell and van der Waals and
later by Cahn-Hilliard and Davis-Scriven have assumed the existence of usual
thermodynamic functions and validity of thermodynamic relaticns within the
spinodal (unstable region of the p-p diagrams). This practice has led, among
other things, to a rather questionable derivation of Maxwell's rule. More-
over, it has produced expressions for the interfacial stress which could
probably be of limiting validity. To overcome these difficulties an alter-
native framework is proposed. This proposal is delivered in two parts.

In the first part of the paper we dispense with thermodynamics and con-—
sider the liquid-vapor interface within a mechanical framework only. The
interface is viewed as a continuum supporting a stress tensor whose constitu-
tive form (expressed in terms of a gradient approximation) is restricted to
obey Cauchy's differential equations of equilibrium. This gives rise to an
overdetermined system of differential equations which in one dimension yields
a non-linear second-order differential eguation which can be integrated to
give an analytic expression for the interfacial density profile. Existence
conditions for this analytic solution are established. These relations are

essentially the condition of mechanical equilibrium {equality of pressures
in the gas and liquid phases) and a modification of Maxwell's rule by a




weighting factor defined by the constitutive nature of the interfacial layer.
Conditions for the validity of Maxwell's rule and van der Waals variational
thermodynamic theory within the mechanical theory of interfaces are estab-
lished. 1In view of these conditions it is shown that certain statistical
models for the interfacial stress are internally inconsistent.

In the second part of the paper we construct a continuum thermodynamics
of fluid interfaces. It is shown that such thermodynamics is possible only
when the usual law of balance of internal energy is modified to include, an
extra term, associated with surface effects. Various thermodynamic models
for fluid interfaces are obtained depending on the form of this extra term.
When the extra energy is delivered by a divergence, it follows that a dynam-
ic generalization of van der Waals variational thermodynamic theory is de-
rived. As a result, both Maxwell's rule and a very special form of the in-
terfacial stress (the vanishing of a stress coefficient) are obtained. A
slight generalization of the form of the extra energy produces a second ther-
modynamic model where the above restriction is removed but Maxwell's rule and
van der Waals variational conditions for the interfacial stress cannot be
escaped. Finally, a non-trivial generalization of the extra energy yields a
thermodynamic model which implies neither Maxwell's rule nor van der Waals
variational conditions. Thus, an underlying thermodynamics of the mechani-
cal theory outlined in the first part is now available.

The concluding section of the paper contains a brief discussion concern-
ing the extension of the method to describe a rather general program of phase
transformations.

2. REVIEW

2.1 Gibbs Thermodynamics and Maxwell's Rule

If the interface in a liguid-vapor transition is assumed to be sharp,
i.e. the density profile consists of two straight segments p; (density of
vapor) and Po {density of ligquid) with a discontinuity at the interface, the
following conditions are assumed to hold within Gibbs framework of macro-
scopic phenomenological thermodynamics

P(pl) = p(p2) =p, (2,1)

. (2.2)

=

u(pl) = u(pz) =

The first relation is the condition of mechanical equilibrium (equality of
pressures of the two bulk phases) and the second relation is the condition
of chemical or thermodynamic equilibrium (equality of chemical potentials of
the two bulk phases). Conditions (2.1) and (2.2) together with the usual
thermodynamic relations

w=1", p=pu-f£f, (2.3)
where f denotes freé energy (per unit volume) and f£f° its derivative with re-
spect to p, vield

p
2 —
Fp-p %-0, (2.4)
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a celebrated relation, first noted by Maxwell in 1875, Maxwell's rule (2.4)
is offered as a means to determine the characteristic transition numbers

E} P1r P2 from a pressure-density diagram. The straight line p is drawn such
as to cut off equal areas (with a weighting factor 1/p2) above and below.




This derivation of Maxwell's rule is to be guestioned as based on the
assumption that the thermodynamic relations (2.3} are valid within the
spinodal set (3p/3p < 0) which is clearly an unstable region. Remarks con-
cerning the validity of Maxwell's rule were offered by Pippard in 1957 who
noted that the arquments leading to its derivation are nonsense but the re-
sult is probably correct., KXahl in 1967 suggested that Maxwell's rule is not
true unless the specific heats of the two bulk phases are equal., Davis and
Scriven in 1983 pointed out that Maxwell tie-line constructions of coexisting
phases are correct and that thermodynamic functions can be computed by inte-
grating the equation of state over any desired density domain. On the other
hand there is no experimental basis for the validity of the rule. For exam-
ple, for water at 0°C, the steam tables give a value for py/pp = 1/1500 while
Maxwell's rule with van der Waals equation of state predict py3/pp = 1/15. A
more elaborate discussion and detailed references on Maxwell's rule can be
found in [1].

2.2 Van der Waals Variational Thermodynamics

If the interface in a liquid-vapor transition is assumed to be smooth
and density gradients are introduced to round-off the discontinuity involved
in the sharp interface, we are led to van der Waals approach to interfaces.
The interface is assumed to be an inhomogeneous continuum extended from -« to
= with a Helmholtz free energy of the form

F=F (f+2%cpdax , (2.5)
= 2 x

where f = f(p) is the usual homogeneous part of free energy per unit volume
c = c(p) is a thermodynamic influence parameter measuring the contribution of
stabilizing density gradients to the total free energy.

At equilibrium, the functional F is assumed to be a minimum (§F = 0).
Minimization of (2.5) subject tc the constraint of conservation of mass

[ (0 - pyax =0, (2.6)

{e o]

yields the differential equation

1,2 =

cp  tscle, =M -, (2.7)

XX

where p = £' is the usual homogeneous part of chemical potential per unit
mass and the constant ¥ is the Lagrange multiplier associated with the mini-
mization problem (2.5) and (2.6}. Physically, the gquantity T represents the
constant value of the chemical potential of inhomogeneous fluids at equilib-
rium.,

For vapor-liquid transitions, the interfacial density p is determined as
a sclution of (2.7) subject to the boundary conditions

g > pl as x > =% , p *> Py as x -+ +» , (2.8)

As shown in [2], this solution must satisfy the following conditions at
infinity

lim p = lim p =0 . (2.9)
X prod
x> 40" x4

It follows from (2.7) and (2.8} that




rlpy) = wey) =1, (2.10)

which establishes the equality of chemical potentials of the {bulk) vapor and
liquid phases and confirm the macroscopic postulate {2.2) on a microscopic
thermodynamic basis., oOn multiplying (2.7) by Py, using the chain rule, and
integrating with respect to x, we obtain

1
E-cpi = (L = Wdp + const. (2.11)

Next, we recall the thermodynamic relations (2.3) and substitute them into
(2.11) . Then on using (2.10), (2.9) and (2.8) we conclude that

p(pl) = p(pz) =p . (2.12)

which establishes the equality of pressures of the (bulk) vapor and liquid
phases and confirms the macroscopic postulate {2.1) on a microscopic basis.
We see that the condition of mechanical equilibrium (2.12}) is implied here by
the condition of chemical equilibrium (2.10).

Obviously, the condition of chemical equilibrium (2,10}, together with
the thermodynamic relation

dp = pdyp , (2,13)

which is a direct conseqguence of (2.3), gives

£2
T
‘[ Ea=0. (2.14)
b P
1
Integration by parts yields
P o
2
P |72, f B g =0, (2.15)
p 0 p2
1 “1

which in conjunction with the condition of mechanical equilibrium (2.12} im-
plies Maxwell's rule

p - p) —%—dp =0. (2.16)

p

[

= o— N

It thus follows that Maxwell's rule cannot be escaped within the thermo-
dynamic structure of van der Waals theory of fluid interfaces.

Finally, it can be shown within the framework of van der Waals theory
(by taking properly the derivative with respect to area of the total free
energy [3] that the appropriate thermodynamic expression for the surface
tension is

g = J cpidx . (2.17)

(=]

. . 2
In passing, it is noted that the second variation 8“F has not been com-
puted by van der Waals himself. Stability questions within this theory can
be conveniently addressed by considering the sign of the second variation.




This problem has not been addressed clearly in the literature even though
some attempts are outlined in [3]. One of the difficulties involved is the
fact that one deals with infinite domains and the usual theory of classical
caiculus of variations needs some modification. A conclusive discussion of
the second variation is given in [4]. The second variation (of the modified
functional te include the constraint) is computed as

3 :m = ] {cuhl +on’ ) ax , (2.18)

where

" l " 2 _
Q(x) = £"(p(x)) + Fc"lp )P [C(D(X))]xx ' (2.19)

and h = §p is such that
Jhxax=o0. (2.20)

The classical necessary conditions for a minimizer reduce to the
following

Legendre: clp) > 0> .
Weirstrass: %-c(p) [r - px]” > 0 for r €R, (2.21)
Jacobi : c{p) > 0 and J [p; h] > 0 ¥ h.

If it is assumed that c > O only the positivity of J[p;h] is to be con-
sidered. The classical sufficient conditions for bounded domains require
strict positivity of J since then it is implied that J is coersive (due to
Poincare”'s inequality). For infinite domains such ineguality is not avail-
able and the only applicable sufficient condition is coersivity. This condi-
tion which is overlooked in [3], is established in [4] and leads to the proof
of the following.

Theorem 1. Only the monotone sclutions of (2.7) are minimizers.

As we shall seethis needs not be the case in the mechanical theory where
a condition of stability if not postulated.

3. MECHANICS OF FLUID INTERFACES

As discussed in [1], in the mechanical theory of fluid interfaces, the
interfacial layer is viewed as a continuum which obeys the conservation laws
of mass and momentum. At equilibrium, the conservation of mass is satisfied
identically, while the momentum equation simply reads

giv T =0, (3.1)

where T is the interfacial stress. The constitutive eguation for the stress
T should reflect the effect of surface tension which, in some sense, provides
an approximate measure of the long-range interatomic forces. It is essen-
tially this surface tension which under certain conditions leads to the for-
mation of fluid microstructures. We adopt a gradient-approximation to repre-
sent the constitutive equation for T as follows

E
T = -plp}l + 1T , {3.2)
where the first part of the right-hand side is the appropriate stress in the

absence of transitions and ?E is the surface tension dependent extra stress
component. This is, in general, of the form




E E 2
T =T, Vo, V7o) , (3.3)

-~

which by assuming to be polynomial of second degree and order reduces to

E 2
T" = [a(@)do + 8o} [T 11 + v(0) V% + 6(Vp @ Vo . (3.4)

where the various coefficients are functions of p and the symbol @ denotes
dvadic so that (Vp @ Vp)i. = PoiP,5e Thus, the system of equaticns which is
to be solved for defining~ the struc%ure ©f the interface is

2 2
T=1(p+olp+B|V|HLl+y9% +sVp @V ,

{(3.5)
divg = 0.

Upon substitution of (3.5)1 into (3.5)2 we obtain the following over-
determined system of non-linear differential equations for the density

~ 2
V{-p + agp + bIVpI ] = (cop)Vp , (3.6)
where
l1c¢” ~ -
0Dz A+ 3-5-|v|2 , b=Db+ %—(c -as) ,
¢ ¢ (3.7)
aza+y ,bZB+8,cz=vy" -6

with a prime denoting derivative with respect to p. As is pointed out in [1]
one can establish the following

~

Theorem 2. If b Z 0, then the solutions of {3.6) are of either, of the
forms

p=pix) ,
p=or) ;r=vVx+y?, (3.8)
p =p{R) ; R= /xz + y2 + 22 .

i.e., they are either parallel planes, or concentric cylinders, or concentric-
spheres.

Remark: The theorem does not hold when b = 0. 1In that case more genexr-
al shapes for three-dimensional interfaces are possible. Moreover, for radi-
ally symmetric cases the condition b = 0 allows the derivation of results for
three-dimensional interfaces similar to those established for one-dimensional
ones as discussed below.

For planar interfaces the density p = p(x,y,z) and the stress
T = T(x,y,2z) are functions of one coordinate only, say x. It feollows that
the only nonvanishing components of stress are

2 2
T = -p 4+ = = -p + + 3.9
xx P abx ™ bpx ! Tyy T,z ptop . v B (3.9

with the coefficients a and b defined in (3.7). Accordingly, the only non-
trivially satisfied component of the equilibrium equations (3.1) i.e.,

aT

RS (2.10)
ax




gives

ap + bpx (3.11)

XX

Il
e]
1
o]

where p is a constant.

Equation {3.11) governs the structure of one-dimensional interfaces. It
is noted that formally (3.11) is similar to (2.7) but there are deep differ-
ences in the interpretation. For vapor-liquid transitions the interfacial
density p is determined as a solution of {(3.11) subject to the boundary con-
ditions

p +*pl as x + - , p > 02 as x > 4= , (3.11*)

as pointed out in [2] the following holds

Theorem 3. There exists exactly one set of characteristic transition
numbers (B, p ) for which equation (3.11} is solvable with boundary con-

s P
ditions(3.ll€} %hese numbers are determined from the area condition

p

2 (p-PEM@d =0, E() = Sexp2 f 2d0) ,  (3.12)
02 a a
and the pressure conditions
p(pl) = p(pz) =P . (3.13)

Then the scolution p{x)} is unique (up to choice of xo), and monotone increas-
ing with an explicit representation

p (x)

=Xt ;{(x ) 2F (p) /G(p) Fie) = :ar ® - PEEIR G = G 6.9
o] 1

Remark: As shown in [2], (3.11) possesses two more types of non-trivial
bounded sclutions. These are reversals which are symmetric with respect to a
single point where a maximum or minimum is attained and ‘oscillations which
are symmetric with respect to at least two points and therefore pericdic.

The graph for reversals and oscillations is still represented by means of
transition elements (3.14), the area condition (3.12) still holds but the
pressure condition (3.13) is replaced respectively by p(py) = P, plp3) < P and
pl(py) <P < plp1). For more details one can consult [2] and the review arti-
cle [5].

As a result of the area condition (3.12)1 of previous theorem we see
that according to the mechanical theory, Maxwell's line is relocated in con-
formity with the weighting factor E(p} as given by (3.12), rather than 1/p
as given by (2.16). It is thus shown that Maxwell's statement is not a uni-
versal law but rather a relation of constitutive nature {depending on the
form of interfacial stress). On comparing (3.12); and (2.16) we conclude the
following [1]

Theorem 4. A sufficient condition for the validity of Maxwell's rule
within the structure of the mechanical theory of interfaces is

2b a,”
— = {(—) N {3.15)
ID2 92




In concluding the development of the mechanical theory of interfaces we
note that a purely mechanical definition of surface tension is possible in
terms of the surface stress as follows

o= J (T -7 jdx. (3.16)
b Zz2Z XX

On noting (3.12) and (3.9} we conclude that

(=]

o =/ cpidx . (3.17)

-_—
i.e., with the definition
CcC = 'Y‘ - 6 r (3018)

the mechanical and thermodynamic expressions for the surface tension are
identical.

Next we note that some recent molecular theories [3] have proposed cer-
tain statistical models for the interface which, among other things, imply in
our notation the relations

Y=2a,6=28. (3.19)

c = % (a' - b) . (3.20)

In these statistical models, the molecular coefficients a and b can be writ-
ten explicitly in terms of the "third moment of force" u(p) when typical ap-
proximations for the pair correlation function are adopted. Three such mod-
els were discussed in [3]. For the first it turns out that

1 2, 1 1 2 1, 1
-1 1 - L 2.1 -2 u. @
as P u t5pu, b=qgru"+gpu -7 (3.21)

Then, in view of (3.20), the surface tension coefficient c(p) can be ex-
pressed in terms of a single molecular function u(p} by

u+ — pu' ., (3.22)

[N

By direct substitution we see that (3.21) is compatible with (3.15) only
when the function u(p) has the special form

u=cp+C (3.23)

2 r

where C. and C, are constants of integration. It follows that the surface
tension coefficient c¢(p) is also 'a linear function of density, namely

3 1
_ 3,24
c=FCp+iC,, ( )

and the meolecular coefficients a and b have the special form

2 1 1
_ .25
a =3¢ Clp + E—Czp . b = C2 . (3.25)




In view of (3.19) and (3.7)3,64 explicit formulae can also be written for
the interfacial stress T as given by (3.5)] and (3.9). Analogous restric-
tions can be found for the other two molecular models listed in [3]. These
restrictions were not noted in [3] mainly because Maxwell's rule was uncondi-
tionally assumed to hold at the outset and the consistency condition (3.15)
was not utilized.

Next we consider the question of general compatibility of the mechanical
and the variational theory of van der Waals. It can be shown f1] by manipu-
lating on the differential forms of the governing equations of the mechanical
and variational theories (differentiate (3.11l) with respect to X, multiply by
1/p and use a definition such as (2.13)) that the two approaches yield equiva-
lent results when certain molecular conditions are satisfied. These condi-
tions are summarized in the feollowing

Theorem 5. Necessary and sufficient conditions for the compatibility of
the mechanical and van der Waals variational theory are the molecular rela-
tions

-

a+y=pc, B+3E= %—(pc -c) ,c=xy"~-568. {3.26)

On_noting that_the most general form of a quadratic null interfacial

stress T (i.e., @ivl = 0) is given by the expression
T = -{yAp + ¥ inI )1+ yVp + ¥ Vp ® Vo , (3.27)

we also establish the following

Theorem 6. Up to a null interfacial stress, necessary and sufficient
conditions for the compatibility of the mechanical and van der Waals varia-
tional theory are the molecular conditions

1 -
a =pc , B = 3 pc)” , vy =0, § = —c . (3.28)

4, CONTINUUM THERMODYNAMICS OF FLUID INTERFRCES

In this section we provide an alternative thermodynamic framework to
consider fluid interfaces. This framework is based on a generalized approach
to continuum thermodynamics as indicated, among others, by an earlier proposal
of the author for media with microstructure [6]. This approach allows to
study not only eguilibrium but also dynamic interfaces as copposed to the
variational approach of van der Waals which is suited for equilibrium situa-
tions only.

Motivated by [6] we assume the following forms of balance laws

6 + divipy) =0 ,

X (4.1)
pé = T.Vy - divg + pr + € ,
d
. . - pr
+ —— - ———
pT div 5 5 >0 .

where p is the density of the interfacial material, v the velocity, T the
stress tensor, £ its internal energy, g the heat flux, r the external heat
supply, N the entropy and 6 the absolute temperature. The only statement




that is different than classical continuum thermodynamics is the energy equa-
tion (4.1)3 which includes the extra term e. This term is introduced to mod-
el the effects of surface tension and long-range forces.

On defining a free energy per unit mass by
¥=e- bn, {(4.2)

the equation of mass balance (4.1) , momentum balance (4.1)2, energy balance
(4.1) 3, and entropy ineguality (4.1)3 yield the following ineguality which
needs to be satisfied identically

pb+md) - 1.9y + 07976 - ¢ < 0. (4.3)

To proceed further we need constitutive equations for {@, €, N, g}. In
conformity with the analysis of previous sections we assume that these are of
the form

fets
{?r Er TNy q} g

wv =y =0, (4.5)

which drops the dependence of the free energy on the density gradients, thus
requiring an unrealistic zero surface tension cocefficient.

Having thus explicitly clarified the important role of the extra energy
term, we proceed by assuming it to be of the following form

Model 1: € = divh . (4.6)
In this case the appropriate constitutive equations are of the form

fq}s

2
{¢. Me ?r g, g} {pr 6, Vp, ¥V7p, Ve,Vy} . (4.7)

It then turns that (4.3) and (4.7) are compatible only when
v =9, 8, Vp) P = _we ’

ho2 . V3 =0,
Ve (4.8)
B 25 —
EVG . V<8 o ,
2

. R
h=ppva+13(p. 8, Vo, Vo, ve) ,

. _.R -1
{g+[pzwp—pdiv(pva)}}+pva®Vp}.vy+d1v13 -0 7 g.Vve>ao.

» —_—

While it is possible to seek explicit solutions of (4.8)3'4 by utilizing re-
sults from the theory of null Lagrangeans and invariants, we consider for
simplicity special solutions such that

= = = =0 . .9
22 Thyg=0>h , =hy,=o. (4.9
Vp V'

Then evaluation of‘(4,8% at equilibrium (Vv = V6 = 0) yields




o 2ot =t (e, (4.10)
“p vp ~ ~

which in conjunction with invariance considerations reduces (4.8)g to the
simple form

ho=pp by (4.11)

Vp
and (4.8)g to a residual dissipation ineguality of the form

2 -1
{T + - pdiwv( 3] 1+ @ Vpl. Vv - 8 .v8 >0 . {4.12)
T fo wp p ova 11 pva p v q b

Instead of listing the implications of (4.12) in the general case, we confine
attention for simplicity to non-viscous isothermal interfaces, i.e.,

Vv =V =0 , {4.13)
Then (4.12) implies

_ 1.2 . _
T = [-p%y, + 0divieyy )] 1 - p¥g, @ V0 , (4.14)

which under the classical assumption that the free energy density is a qua-
dratic form

c 2
= — 4.15
v =0 + o el , ( )
with ¢ = c{p) denoting the surface tension, becomes
1 - 2
T = [-p(p) + p c Bp + F(pC) 96l“1 1 - c Yo @ Vp . {4.16)

Tt thus follows that this particular thermodynamic model restricts the me-
chanical theory summarized in (3.53); by imposing the conditions

1 -
0‘=pcl8=3(pc) ,'Y=0,(5=-C, (4.17)

which are precisely the conditions of Theorem 6 implied by van der Waals
theory up to a null stress. We thus conclude that Model 1 implies both the
vanishing of one of the four coefficients in the expression for the inter-
facial stress and also Maxwell's rule, i.e.,

v =0 , MR holds . {4.18)
Next we note that restriction (4.18)4 can be removed but (4.18)2 re—
mains valid by including into the form of € the work done by null stresses.

We thus assume

Model 2: £ =

1>

Vv + divh , (4.19)

with h being as before and @ being a null stress, i.e.,

L

div =0, {4.20)

such that the momentum balance remains unchanged. On restricting attention
as before to a quadratic free energy density function ¢ and therefore to a

quadratic null stress T, it follows that

Boo(ydp + v [W]H 1y V0 + 'V @ Vp . (4.21)




Then, the expression for the total stress becomes

2
T=1I-plp) +adp + glvp|“] 1+ szp + 8V @ Y , (4.22)
where the molecular coefficients are given by the expressions
- l L
o +y=pc, B+ 8§ = 3(pc -c) , c=vy' ~§ , (4.23)

which are precisely the conditions of Theorem 5. We thus conclude that
Model 2 gives the same equilibrium results as the variational van der Waals
theory and implies again Maxwell's rule, i.e.,

Y # 0 , MR holds . (4.24)

A thermodynamic structure compatible with the mechanical theory which
neither imposes a restriction to the form of interfacial stress nor implies
Maxwell's rule is possible if we further generalize the constitutive repre-
sentation for the extra energy € and allow it to be delivered by o form not
necessarily of a divergence type. We thus assume

£ ~

~ Model 3: E = @.Vv + ap + b.Vj5 , (4.25)

where a is a scalar and b a vector function of the variables o, Vp, Vzp).
It turns out that (4.25) allows the mechanical theory to survive without
imposing any restriction, i.e.,

Y # 0 , MR needs not be valid . (4.26)

A brief discussion of the continuum thermodynamics for fluid interfaces
was also given in [7]. A rather detailed discussion of Model 1 is presently
being studied in [8] and an elaborate discussion of all three models will be
presented in a forthcoming article [9].

5. EXTENSIONS

In this concluding sectionwe wish to point out that the analysis given
in the previous sections can be utilized for other problems in phase trans-
formations. A detailed discussion of such possibilities is presented in
[5]. It is shown there how the concept of "excited" and "normal" states can
lead to constitutive equations of the gradient type for other phase trans-
formation phencmena such as spinodal decomposition, localization of dis-
locations intc slip bands and localization of strain into shear bands and
necks.

It will suffice to indicate here that for certain problems the concept
of "excited" and "normal™ states allows one to identify a stress-like gquan-
tity T which relates to an appropriate internal variable o by an equaticn
of the form ,

~ ~ - 2 ~_2Z ¢
T = (-pla) + a(a)da + B(a} |Ya]T)1l + YV o + §Va @ Vo , (5.1)
which together with an equilibrium-like relation for T leads to differential
equations for o of the form that we already studied in this paper. Solu-
tions of these equations yield phase transformations governed by modulations
in the variable a.
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