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1. Imtroduction

Given d > 1 and 2 €(0,1) denote by Q ()L) the class of smooth, symmetric,

d
dx d matrix-valued functions a = (a ](x)) on R which satisfy

1 d
Al € alx) € )—L'I . XxeR
in the sense of nonnegative definiteness. Set

d

E ij 8211
Lau - a"(x) Bxiaxj x)

i,3=1

and let
d

i
Lv = Z 35,77, (2" viy)

i,j=

dencte the adjoint of L.

In the first part of this paper we study the interior behavior of nonnegative
e d
s olutions, v, of the adjoint equation, Lav = (0, ina domain 2 of R ., Our main
result is the establishment of an interior ""backward Holder inequality'' for such

solutions. Specifically we show the existence of a constant, c, depending only on

A and not on the smoothness of the coefficients such that

d-1/d
1 d/d-1 A
['BI viy) :l Le Bl viy)dy (1.1)
B

for all balls B whose concentric double is contained in (2. (|E| denotes the Lebesgue
measure of the set E.) The same estimate will also be shown to be valid for the
Green's function, Ga(x,y), of  as a function of y. (Recall L:(Ga(x, Ny) =0,
yEQ\{x} .} The constant, ¢, in this case will also be independent of the variable

X.

As a consequence of the inequality (1. 1) we can find qk > d/d-1 such that



q
sup  sup G (x,¥) )‘dy < 0 {Corollary 2. 3) (1.2)
x€ aead(h) O

This estimate for q, = d/d-1 was first proved by Alexandrov [1] and Pucci [10].
Several other interesting properties of nonnegative solutions of the adjoint equation
and of the Green's function follow from (1.1). Since we will not systematically use
these consequences we will not dwell upon them but will instead refer the interested
reader to [3] for properties of functions satisfying a backward Holder inequality and
to [2] where these properties are applied to Green's functions associated with oper-

ators, La' with uniformly continuous a.

In the second part of this paper we will use the estimate (1.2) to study the
integrability properties of the fundamental solution, f‘a(t, X,v),

(t,x,y) €(0, ) x Rd X Rd, to the parabolic initial-value problem:

d

2
5 ) B _ § : ij, . 9
pr X = Lyultx) w0, = #x) <La A * e axiaxj>

We will show that for the same exponent q)L >d/d-1 mentioned in (1.2),

sup sup "ra(t,x, )u (1.3)

q < O .
A
cepd 2€Q L MrY

The technique for establishing (1.3) for ["a, once the estimate (1.2) for Ga is
known, is due to P.L. Lions [8], who proved (1. 3) with q, replaced by d/d-1 and
r‘a replaced by the Green's function, ga(t,x, y), corresponding to a spatially
bounded cylindrical domain. This observation of Lions will be discussed in detail

in Section 3, along with a discussion of the best possible nature of the estimate (1. 3).

2. A Backward Holder Inequality for the Green's Function

In this section 2 will denote a bounded domain of Rd, Br will denote a ball

of radius r while B r will denote the ball of radius kr, concentric with Br'

k
Throughout this paper the letter ¢ will denote a constant depending at most on A

and d. It is likely different at each occurrence.




We begin our proof of (1.1) by first establishing the so-called "doubling
condition" for the measure whose density with respect to Lebesgue measure on R
is a nonnegative adjoint super-solution. This property was observed in [2] and our
proof here is a slight modification of the one presented there. Since the proof is

relatively short and simple we present it for the sake of completeness.

Lemma 2.0, There exists a constant ¢, depending only on A and d, such that for

all nonnegative weak solutions of L'v £ 0 (i.e., veLlloc(

SV Laug_ 0 for all uz 0, uecgo(Q)) and for all balls Br with B

o, vz 0, and

C 2, we have
2r

viy)dy £ ¢ v(y)dy

By r/2

Proof. We may assumg that the center of Br is the origin. For 6> 0 set

2
h(x) = [(1+ 6)21'2 - x| :I . It is easily verified for & sufficiently small, depending
only on A and d, that

L,h>0 for (1+8) > x|z (1-8&)r ,

2
Lahzcr, c>0, for r>,{x|},(1-6)r, and

|L hl £ cr2
a
Hence,
viyddy < ¢ v(y)La(h/ rz)(y)dy gc V(Y)La(h/ rz)(y)dy
BNB_o)r BNB(1-¢)r Bii+6) e B(1-8)r

Since LZV £ 0 in the weak sense it is easy to see that S v(y)La(h/rz)(y)dyg_ 0.

B( 1+8)r
Hence

vy)dy < ¢ v(y)dy

T B(l-é)r



By a simple iteration argument it follows that

viy)dy < ¢ vi(y)dy

Br B1'/2

We are now ready to prove (1.1), the backward or reversed Holder inequality
for nonnegative adjoint solutions. The principal idea, explicitly observed by Alex-
androv and implicitly by Pucci, is that estimates for a function u in terms of Lu
when Lu2 0 follow from corresponding estimates for the solution, z , of the

Monge-Ampere equation

det{Hessianz) = (Lu)d

Theorem2.1 There exists a constant c)t depending only on A and d, such that for

all v> 0 in Q satisfying L v =0 there and for all balls, Br with Ber Q,

d-1/d

1 d/d-1 1
[ 3 v(y) dy] ey rd v(y)dy
t B
T

Proof. We can bound the Ld/ d_1--norm of v over BI_ by estimating the
P
sup{ viniy)dy : feC (R}, £>0, Hf]] d) }
L (R
B (
r

Given such an { we consider the smooth convex function, zr(y), satisfying:

822
r d
et (39=f inB, , =z =0. [49
Qiyiayj 2r rlaB .

g’ {Write Lz = i{a, ¢. where O'.>?t,
=

i=1, ,d, and ¢ are the elgenvalues of the Hessian of Z - Then

Lz > )Lmax(;’ > Al T'T(,E)llg

Note that f(y) <X 1L zZ (Y) in B

Now pick ¢ €Cy (B, ,.) satistying: ¢r =lonB, |V¢rl.§c/r and

3r/2

£ c/r for all i and j. Clearly

32;6

ayiayj




v(iyi(y)dy < ¢ v(y)sér(y)Lazr(y)dy £ 0{ V(y)La(gSrzr)(y)dy

B
r

1 1
= v(y) V2 (»] dy + :2- V(y)lzr(y)idyjl
3r/ 2By B3r/ 2

Since I_.';v =0, the first integral on the right side of the final inequality is zero.

It is easily seen that if Yo denotes the center of Br’ we can write

_—y
_ 4l (0
Zr(y) = 4r w(yzr >

where w(y) is a smooth convex function on Bl(O) satisfying:

2
o wiy)\ _ fv + opnd -
i’] 1
The arguments in Pucci [10, pp. 17—19] show that
1/d
d ~
lwl < e Pygrepef | < 2lell < 2.
0 T Ld T

(0

Since w is convex and zero on the boundary of Bl(O), | 7w N <1 -7 _1|w('jf)]

< vy vz 9)ldy < T v(y)dy
BSr/2\Br BSr/Z
and
ri2 vz mlay < 2\ vindy
Bar/2 Bay/2



We conclude that

vEdy < 2\ wndy
B, Bar/2
and, hence,
d-1/d
[ vip ¥/ d-ldy:J <7 v(y)dy
By 3r/2

An application of Lemma 2.0 concludes the proof of Theorem 2.1.

Theorem 2.2. Let G{(x,v) denote the Green's function corresponding to € and the
operator La' There exists ck, depending only on X and d, such that for all balls

Br with B rcﬂ, we have

4
d-1/d

1 d/d-1 1

{ q G(x,y) dy] £ c, rd G(x, yydy

B
T r

Proof. If x¢B2r then the conclusion of Theorem 2.2 follows from Theorem 2. 1.
Therefore assume xeBzr and let Gr(x, y} denote the Green's function corresponding

to I, and B_ .
a 3r

Since G(x,y) > GI_(X, V),

d/d-1
1 d/d-1 1
r_d G{x,y) / dy < c[;g [G(X.y) —Gr(X. y):l dy

B B
T r

1 d/d-1
+ rd Gr(x,y) d{l .

B
r

As a function of y, G(x,y) —Gr(x,y) is a nonnegative solution of L;v =0 in BSr‘

By Theorem 2.1




B
T

d/d-1 d/d-1
—r-la [G(x,y) -Gr(x,y)] dy < C[rid SE [__G(x, y) -Gr(x,y)] dy:]
T

For simplicity we assume that the center of Br is the origin and we write
[ A fd s . L ~ d"2 N
Gr(x, y) = Gr(rx, ry) where |x]§ 2 and |y| £ 3. The function Gr(rx, TY)T is

the Green's function, é(?f, 37), corresponding to B3 and the operator La where
r
ar(;{) = a(r¥X). Using this observation together with the result of Pucci and Alex-

androv [10, 1] we have

1 d/d-1 ar,a o dfd=1 2-d.d/d-1
- Gr(X,y) / dy = G(X, ¥) / dy < elr -d) /
T
BSr B3
Also
Al A LY 2
inf —ld- Gr(x,y)dy = inf 1'2_d G{x,v)dy > cr -
xeB2rr B ieB2
3r 3
These inequalities imply
d/d—l
i d/d—l 1
] 3 Gr(x, ) dy < ¢ Ld Gr(x, y)dy:]
Br 3r

and from Lemma 2.0

Gr(x, ydy € ¢ Gr(x, y)dy
B3r Br

The conclugion of Theorem 2.2 is now immediate.

Corollary 2.3 Let G(x,y) again denote the Green's function corresponding to 2

and La' There exist positive numbers A and qk, with qh> d/d-1 and depending

only on A and d while A depends only on A, d, and the diameter of {3 such that



4
sup Glx,y} "dy € A .
xef? O

Proof. Take any cube, Q, containing Q and also with the property that the
dist(9Q, Q) > 1. Let G denote the Green's function corresponding to 2Q, the sym-
metric double of Q, and the operator La' As a function of v, f}v(x,y) satisfies the
""backward Holder inequality" of Theorem 2.1 over any subcube of Q. From the
theory of AOD weights [3] there exist q. and A satisfying the conclusion of

A
Corollary {2. 3) such that

~ q)_
sup G{x,y} "dy < A
XE
Q Jq

Since G > G on Q2 X{2 the same inequality for G over 2 is immediate.

3. 1P —integrability of a Fundamental Solution in the Parabolic Case

Given a(x) = (au(x)) € Qd()t) we recall that r’a(t, %y, {t,x,y)e(0,m) X Rd X Rd,

denotes the fundamental solution to the initial-value Cauchy problem:

g—: (6% = Lt , (t,9€(0,00) xRY and u(0,% = f(x) , xcRO .
(3.1)

2
dXx,0x,
1 3]

(As before, La = z all(x) .) Once and for all in this section we fix the
i,]
exponent q>L > d/d-1 given in Theorem 2.2 and Corollary 2. 3.

The main purpose of this part of the paper is to prove that for each
g€ [l,qh] there is a finite constant, cd(h,q) such that

-d/2q’

sup  sup |1 At,x, )] = c Lot ., 1>0, (3.2

q
copd 2€QM) LYRY

where q' denotes the Hblder conjugate of q. Some preliminary remarks may be

helpful in understanding the above equality.



Remark (3.3): The form of (3. 2) is imposed by the underlying structure of (3.1). To

be precise, let q€(0,) be given and set

(n,q9 = (1,0, ) .
e = e 1000 g

Then (3. 2) holds, with this choice of Cd(h,q) for all t> 0. Indeed, since the class

ad()t} is invariant under translation of the independent variable, it is clear that

 (1,x,")
aESZZOL) " a " "L Rd7

is independent of xeRd and is therefore equal to C_(,q) for all xeRd. In addition,

d
given T >0 and ae€ ad(l), define aT(x) = a(Tl/zx), xeRd. Clearly aTEad()L).

Moreover, given f¢ CO(Rd), it is easily seen that the function u(t,x) defined by

d/2

wt,x) = T r'a(Tt,Tl/ 2 208 pdy . t>o0,

satisfies (3.1) where a is replaced by a5, on the right hand side of (3.1). Thus
d

d/2 1/2 1/2
T / f‘a(Tt,T / x,T / y) = F’a (t,x,y) for all (t,x,y)€{0,m) XR XRd; and so
T

I (T,0, ") 74/ I .(1,0,T'1/2-)
aeSlCIIZ(A) Ir. | L4rY affijm Ir. ﬂ LYY

d/2q'

il

Cd()t,q)/T

In other words, in order to prove (3.2} it suffices to prove that for q¢ [1,{1?{] :

sup ﬂf‘a(l,O, )" a < . (3.4
ac QM L%rY
Finally, since “F {1,0, )" =1 forall ae(l d()t), Holder's inequality tells us
a LY
that it suffices to prove (3.4) when q = qh.




Remark (2.5): If is interesting to examine in what sense (3.2) is optimal. We first
point out that there is no analogue of (3. 2) when the coefficient matrix a is allowed
to be time-dependent. In fact, even when d =1 and a: [0, w) XR' —9[7L, 1/)(] is
uniformly continuous, the example constructed in [5] shows that the fundamental
solution to (3. 1) may not be absolutely constinuous with respect to Lebesgue measure
for fixed t> 0. On the other hand, if p :(0, ) —> (0, ™) is a nondecreasing function
satistying lim p(8) = 0 and (l (A, p) denotes the class of ae @ ()L) such that

6V 0

la@ -a < ot |x-y) . x.yer?

then it is known ( [11, Chap. é], for example) that for each t> 0 and q¢ [l,oo)

s r(tx, ) <
ol 2€a0.0 I ”Lq(Rd) ?

Moreover, the technique used to prove the preceding is perturbation and can be modi-
fied to show that for each qe(0,m) there is a A €(0,1) such that

sup nl" (t,x, ) t>0 .

gl ac a "0 " Lir%

Finally, we will show below {(3. 10)) that when d » 2: for each A €(0,1) there is a
qge(d/d-1,m) and for each gqe{d/d-1 ,m) there is a 1 €(0,1) such that

(1,0,
ac L&i(x) Ir u L4rY

= @

We now turn to the proof of (3.4) when ¢ = q)t. As will be apparent, the con-
tribution of the present authors in minor. Indeed, our starting point is the following
clever observation communicated to us by P. L. Lions [8] Let a€ ad()t) and r> 0
be given. Denote by g_ (t x,y), (t,x,y)€(0, o) XB_ XB_, where

{XGR lx} <r }, the Green's function for the 1n1t1al-va1ue Cauchy problem:

10




Ju _
ot (t,x) = Lau(t,x) ,  (t,x)€(0,c0) XBr ;
w(0,x) = f(x), XEBr s (3.6)

u(t,x) = 0, (t,x)€(0, o) X BBr

What Lions showed is that there is a Cd()t,r) < oo such that

sup  suwp g (t.x, )| -éCd(k,r)/tdﬂ, t>0. (3.7

xeB aed 0 T L3/d-1g
T d T

As we are about to see, (3.4) with q = q>L is an easy step away from the proof of
(3.7) with d/d-1 replaced by qk. However, before making this step, it will be
necessary to repeat Lions's argument for the exponent qh. This argument rests
on the estimate in Corollary (2.3) and on another estimate due to Krylov [6:] .

What the latter author had shown is the existence of K d()L,r) < oo such that:

(0 8]

sup  sup q, r(t’ x, (t, y)dydt

xeBr aead(k) 0 Br

< kol f]

1P, o) XB)

(3.8
for all fe CO( [0,00) X Br)' Given Corollary (2.3) and (3. 8), Lions's argument

runs as follows. Let fecgo((l),oo) XBr) and set uft,x) = g g, 1.(t,x,y)f(y)dy.
B >
Then r
t
d+1 o ) d+1
) = - Podts
t " u(t,x) s " La [S u(S.y)] ga,r(S.X.y)dsdy
0 VB
T
t
d
= -(d+1) s u(s,y)ga r(s,x,y)dsdy .
0

T

Thus, by (3.8):

11




1/d+1

t
dr1 d+1
t u(t, x) € (d+1)Kd()t, r) [ SE [sdu(S: y)] dyds}
0
r

il d/ar1 (% 1/d+1
< (d+1)Kd(>L.I‘) sup [‘3 U(S,y):' [ u(s, y)dyds
O,t|XB
[ -] r 0 VB
r
But, by Corollary 2.3,
w
sup u(s,y)ds < ¢ r”fn ' c
A, B X
y<~:Br o L (Br)

Hence, we conclude that there is a Cd(h,r) < o such that:

1/d+1 1/d+1
sup u(s x)] g C ()t ) sup |s u(s X) ]f” .
[O,GXB[ [b,t]xBr[ ] MrY

Clearly (3. 7) follows immediately from this.

The first step in the passage from (3.7) to (3.4) with q = q>L is to prove
that

A = s P00 4 <o (3.9)
a.eO.d(?L) L "(B.)
1
The argument is basically an application of the maximum principle, but is most
easily seen probabilistically. Set Q = C([O,oo);Rd) and for (t,w)e [O,oo) X use
x(t,w) to denote the position of w at time t. Given ae @ d(x), there is a unique

probability measure Px on £ such that

Px x(t+ s)eE'x(u), 0<ug s) = f‘a(t,X(S),y)dV
E

for all s,t >0 and Ee€@ T Moreover, if
R

12




'ro(w) = inf{t 20:[x{(t,w0)] > 3} ,

then

g
PX(X(t) €k, 'TO > t/ SE ga, S(ts X:Y)dy
AB

3
Now set
Ul(w) = inf{t > TO(LJ) :|x(tw)] < 2} .
—rm(w) = inf{t > crm(w) :[x(t,:o)] P 3} . m3l,

o W) = if{t > 7 @) xt)] €2}, m3»1l

Then, by the strong Markov property:

Po(x(l)eE, 0m< 1< Tm>

= S{- P){}(am(w)'w) (x[l -Um(w)] €E, % 1 —Gm(wDPO(dw)
wio (W<1
m

g [Ssga 3(1 —Um(w), x[crm(w), w], y)dyj\ PO(du)
{w :om(w) < 1}

Hence, for ¢€CO(B1):

Po
Fa(l,O,y){ﬁ(Y)dy = E [¢(X(1))]

Q0

P
2 E ). o <i<r, ]

m
m=0 S{w:cm(w) < l}

[00]

[g 8a, 3(1 -crm(w), x[_?:m(w),w],@gﬁ(y)dy}po(dw)

13




where o 0. In particular:

0.=.

a0, 4,

L (Bl)

P, -
S [H Z X[O,ﬂ(omil s sup g, (tx, )” —y

0<tg 1l [x]=2 B.)

1

] P rm
0
By Lemma (9. 1.6) of [11], E [:2 xI:O 1](0'm)} can be dominated by a finite con-
1 1
stant which depends only on d and ). At the same time, the Krylov-Safanov Harnack
principle [_-7] says that there is a constant M < w, depending only on d and X, such

that

g, 3(t, %,y M g, 3(2, X,¥)

for all te(0,1}, x€dB,, and yeB.. Thus, by (3.7) with t = 2, r=3, and d/d-1

2’ 1
replaced by q)t, we see that
sup  sup g, J(t,x, ) 6,
0<tgl |x1=2 ? L (Bl)

is dominated by a finite constant which depends only on d and Xx. Thus (3.9) has

been proved.

The step from (3.9) to (3.4) with q = q_ is another application of the scaling

A
arguments used in Remark (3.3). Namely, by the argument used there, for any

n3 0;:

~(nt+1)d r.,a (4-(n+1), 0, 2—(n+1)y) )

n

f“a(l,O,y) = 2

(n+1)

where an(x) = a(2 x), XERd. Thus, by the Harnack principle [7], there is a

finite M, depending only on d and X, such that

-(n+1)d (n+1)

- d +1
M F'a (1,0,2 y) for all yeR satisfying 2n<ly]< 2"
n

Now suppose that d = 1. Then q, = and by (3.9) and the preceding:

F‘a(l,(},y) £2

14




-(n+1)
sup sup sup .y r‘a(l,O.y) < 2

MA_ ()
n n 1
n>0 a€ al(h) 2 °<lylg2

Combined with (3.9), this certainly proves (3. 4) when d = 1. Next, suppose that

d > 2. By the preceding:

4
(0.9 May
d
R \B,
q, < -(n+1)dq, (o) A%
cm*) 2 [, @wo.2™™ ] ey
=0 n

2'[']..‘< ly]< 2n+1

O
q -(n+1)d(q, -1} q
sm? E 2 A [ o] *ay
n=0 n

By

D _(n-Dd(q_-1)
< E\iAd(h):lth2 B
n=0

Combined with (3.9), this proves (3.4) when d > 2. In view of the comments in

Remark (3.3), the derivation of (3.2} is now complete.

Our next project is to show the "best possible’ nature of (3.2) in the sense
explained in Remark (3.5). The result which we have in this direction is that for

dz2, 2€(0,1), and 6> 0:

sup III_'a(l,O,')ﬂ LY = , (3.10)
L

ae G, (B,)

where qd(l) = d/(d—l)(l-)L2).

Our proof of (3. 10) turns on the following observation. Let ne¢ COD(Rd) be 2
rotation invariant function satisfying 0 <ng1l, n=0 on Bl’ and n=1 ofif B2'

For A€(0,1) and n > 1, define

15




s -2 XX
a”n(x)=>tl}i.+(h -l)n(nux)—l—zl »  lgi, jgd

» : x]
2 D -1
2 @ .
Set . =1 » D, ={d-DA"+1, and K =1/ er/@tr A dr. We claim
A-Jn n h— A. 0
that for each fe Cb( [0, w)):
@ —2/g Dyl
lim f([y]){")L (1,0,y)dy = K f(r) e T dr . (3.11)
, 1 A
n— o 0

Supposing for the moment that (3.11) is true, we show how to derive (3.10). To

this end, let 6 > 0 and g€ (1, ™) be given and let fe C([_b, 6]) satisfy

1/q"
,};d e rd_ld{’

where Wy denotes the area of the unit sphere, Sd_l, and 1/q+ 1/q' = 1. Noting

that -{a)t n}cln ca d(>L), we have:

)

VAN
-

(3.12)
0

s [ 0,0, 4 > lim [P (10,
ae@.O) " 4 qu(B ) n—>ow " A;1 "Lq(B )
d 8 8
> lim ]y ) 'y, olls 0 3)dy
n - B
5
5
2 D -1
= K?t f(r)e—r /ar A dr
0

Maximizing the last expression over fe C(EO, 6]) satisfying (3.12), we obtain:

s 1/q
2 D -d
aw [0, ;Kl[.,d T )qrd-ler
aeQ () L% ) 0

In particular, if q = qd(l), then (DPL- d})q = -d and so (3. 10) follows.

16




Although our proof of (3. 11) is based on probabilistic thinking, we have
removed most of the probability theory from our presentation. Let x€(0,1) be
fixed. Foreach n2 1 and t> 0, let ,un, ¢ be the probability measure on [0,00)
given by

f (t,O,rw)dw} rd“1 dr
A,T

d-1

,un’ 1;('::'lr) = [
S

2
Note that for any feC ([0,00)):

t
2 _ 1
f(r )un’t(dr) -f(0) = X \:
0

9 -
Elr i(r) + 2D>Ln(nr)f‘(r)] #n, s(dr)} ds ,
[0, o

o, ) (3.13)

where n{r) = nrw), r>0 and we Sd"l. From (3. 13) we see that

2D
2 A
T “n,t(dr) < ~ t
[0, o)

and that there is a C < 0 such that

sup f(rz).un t(dr) - f(rz)u][1

[ < ce-st]
nxl

’ C, [0, co))

From these it is easy to show that if {nk k> 1} is any sequence of positive integers

tending to oo, then there is a subsequence {nk,} tending to infinity such that u ¢

n
k'’
converges weakly to a probability measure ,ut for all t> 0. Furthermore, since
(3.2) tells us that
t
Iim sup M S(B(S)ds =0

n.l
6\1’0 n 0

for each t> 0, we can pass to the limit in (3. 13) and thereby obtain:
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t
2 1 2
f(r ).Ut(dr) - f(0) = X { Elr f”(rg) + ZD)\f'(rﬂ,us(dr)] ds
0

[0, o) [0, w)

, (3.14)
for all fe CO([O, m)). Now define

2
glt,p) = e P¥ ut(dr)

[0, )

2
for (t,p)e [0, ) . Then, from the fact that

rz;.tt(dr) <
[0, )

combined with (3. 14), we see that g is the unigue solution he C;([O, 00)2) to the

boundary value problem

oh 4 oh
E(t’ ) = -%—gg(t, )+ ——hit,p) , t,p=0
Hence,
D
glt,p} = (Dpt+1) A2
At the same time,
(98]
K 2 2 D -1 D
D>>2 e—prer/‘}ltr>L dr = (pt+1) k/g, t,p =0
¢ r Jo

We have therefore proved that

2 D -1
ul(dr) = K)Le_r /4)\1' A dr

Since ,u1 was the weak limit of an arbitrary weakly convergent subsequence of the
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relatively compact set {“n 1 nz 1} , we can now assert that ,un 1 tends weakly to
a »

.u1 as n —>o. This is precisely the content of (3. 11).

We conclude this note with a couple of additional comments. In the first
place, it may be confusing that although (3.2) is clearly an improvement over Lions's
(3.7 for small t> 0, it seems less good at infinity. This circumstance is a result
of our having dealt with r'a instead of g o Indeed, the following simple argument

shows that, at infinity, the L >L(Br) norm of ga I_(t,x, +) dies exponentially fast.
Note that

+ =
ga, r(t l: xs Y) ga, r(ts x) g)ga, r(la El y)dE

B
T

Thus, for any q€ [1,00]:

“ga‘r(tﬂ, X, )H q g ua,r(t,x) sup nra(l’g’ )n
L (BI') fs’eRd Lq(Rd)
where
0, (¥ =\ g (tx5dE
BI‘

is the solution to

ou _
ot (t,x) = Lau(t,x) , (t,x)e(0, o0} XB,

w0, x) =1 , xeBr

uft,x}y = 0 , (t,x) € (0, o) X BBr

. 22, 2
Now set p = pd(h,r) = dk2/2r and ¢ = cd()t,r) =d A" /4r", and define

vit,x) = exp(-p1x12/2 - ot)/exp(-prz/Z)
Then for all ae (] d()L):
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ov
—_— >,
™ (t,x) > LaV(t,X) , (t,X)E(O,OO)XBr s

vio,x) 21, XGBr .

vit,x) =2 0, (t,x) €(0, o) xBBr

Thus, by the maximum principle, u, r(t’x) £ v(t,x) in [0, @) xBr. In other words,

L

dlzr dzhz
sup sup u I_(1:, X) £ exp T 5 t
X€ Br aeld cl(?L) &, 4r

Combining this with the preceding, we arrive at

2 2.2
sup sup "ga r(t,x, )H ay < Cd(h) exp(d);r +1>exp<~ d 7&2 1)
xeBr aeq] d()L) ’ L (Br) 4r

(3.15)

for t> 1.

A second obvious guestion is what estimate replaces (3. 2) when one allows
there to be first order terms in the operator L. Obviously, the argument we have
given relies heavily on homogeneity and does not go over directly to this situation.
Nonetheless, an easy application of the Cameron-Martin formula allows one to show
that if & d()L,B) stands for the class of pairs {a, b} Where aed d()t) and

b :Rdelf{d is a smooth function satisfying sup |b(x}[ £ B, then for each
X€ER
qe€ [_—l,ql) there exist ,ud(q) €(0,00) and Cd(Q.?L,B) < such that

sup sup ro(tx, )
xeRd {a, b} € Gd(?t,ﬁ) ” P H Lq(Rd)
< [C ECRY Y 2”‘] exp [,u d(q)th/x] . (3.16)
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