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ABSTRACT

1t is shown that the force on a lattice defect in an elastic body is, like
the force on a discliination in a nematic Tiquid crystal, a real force which, for

equilibrium, must pe balanced by an external force applied to the closed surface

enclosiny the defect.,

INTKUDUCT LUN

We refer to an imperfection such as an interstitial and impurity atom,
vacant lattice site or a dislocation as a lattice defect. Nabarro [1] defines
the force on a segment of dislocation in an elastic solid so that the eneryy
which could in principle be extracted by lettinyg the segment undergo a small
displacement is the scalar product of the force and the displacement., A force
on a lattice defect, an inter-phase interface or a crack tip can be similarly
defined. Mathematically, the force F on a defect presently located at the
position y 1in an elastic body may be expressed as (Eshelby [2])

{E

9 ]
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where Lt and t

int ext equal, respectively, the strain energy of the body and
the potential eneryy of surface tractions acting on its boundary. For a linear
elastic body, the strain eneryy density at a screw or edye dislocation
approaches infinity [3]. Similar behavior of the strain eneryy density may
accur at a defect in a nonlinear elastic body. This necessitates the modifica-

tion of equation (1.1) to the following equation
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F=-lim 2. (£ (1.2)

esy O - int * Eext)
E?nt is the strain eneryy of the same elastic body except that it now has a
hypothetical spherical hole (cylindrical tube in 2-dimensional problems) of
radius e centered at y. In computing E?nt the deformation field used is
the same as that employed to find Eint'

Eshelby L2 showed that the force on a defect in an elastic body can be

expressed as the inteyral of an elastic energy-momentum tensor gver a surface
embracinyg the defect. He calls this force a configurational force in order to
distinguish it from an ordinary force which can be directly balanced by a weight
or spring. In a rather recent paper, Eshelby [4] has proved that the enerygy-
momentum tensor appropriate for finding the force on a disclination in a nematic
114quid crystal is, to within an unimportant hydrostatic pressure, the same as
the Ericksen stress tensor [5)] which gives the traction that the fluid exerts
on a surface element in it. This implies that the supposedly configurational
force on a disinclination in a nematic 1iquid crystal is in fact a real force
exerted on the core of the disinclination by the surrounding medium., Here we
show that the configurational force on a defect in a nonlinear elastic solid is
also a true force exerted on the core of the defect by the surrounding medium.
This force can be calculated either by inteyrating the surface tractions acting
on the core of the defect or by inteyrating a quantity, that resembles the
enerygy-momentum tensor of Eshelby, over a closed surface embracing the defect.
In a way, we c]arify the various terms to be used in Eshelby's energy-momentum

tensor for the nonlinear elastic solid.




PRELIMINARIES

We use a fixed set of rectangyular Cartesian coordinate axes and denote the
position of a material particle in the reference configuration by XK
(K =1,2,3) and the present position of the same material particle in the

current confiyuration by x' (i = 1,2,3). Then
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LIS (2.1)
or its inverse
X = Kkt (2.2)

describes the deformation of the body. Here we assume that relations (2.1) and
(2.2) are invertible except possibly in the neighborhood of a defect, if any, in

the body. We use below

K
LlK_1 = XK i = _3__)(_1_ N (2.3)
? ax
tne inverse of the deformation yradient
- i
i _ ax
F K=o, (2.4)

rather than F to describe the deformation in the neighborhooa of a material
point.

Let the body occupy a 3-dimensional, bounded and smooth region @ in the
present configuration and W{G{x),X(x)) denote the strain enerygy density per
unit present volume of the material point X currently situated at the place
X. We note that for a body that is homoyeneous in the reference configuration,
Wowill, in general, depend upon X. We assume that W s smooth enough so

that varjuos operations indicated below are meaningful. Loosely speaking,




W e Cz(-,-) will suffice. Equations governing the deformations of the body are

{e.y., see kricksen L6])

( awK_ } l}( = ( in @, (2.5)
Bb‘]- ’ ax

t.'JnJ = f.] on Blﬂ, (2.6)

X =¥1- on 8,0 = 30 - 3,9, (2.7)

where

is the Cauchy stress tensor, f.

i 1s the surface traction per unit present area

acting on the part BlQ of the boundary 3 of the body, n; is an outward
unit normal on the boundary 3, 51J is the Kronecker delta, ik is a
prescribed function of XK on 3,9, and the usual summation convention on
repeated indices is used. Since det[GKiJ is assumed to be nonzero, egn. (2.5)

is equivalent to t = (0. MWe refer the reader to Ericksen's elegant paper
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£6] for the derivation of egns. (2.%) and (2.6), their relation to other forms
of balance laws, and some other interesting topics is elastostatics.

Now let us assume that an elastic body occupyinyg the reyion @ in the pre-
sent configuration and subjected to surface tractions f; on the part 3,0 of
the boundary and prescribed current position vectors §} on the part 3,2 of
the boundary have only one defect at a point y in the interior of Q.

Furthermore, let V denote the spherical region of radius e centered at y,

and
E=/Wdv +E (2.9)
ay ext
where Eext is the potential eneryy of surface tractions fo on 3,9. Since

f. depends upon tne deformation of 319, E

j is to be computed by integrating

ext




the expression

dEg ¢ = - [ fidx,ds. (2.10)
3,0

fhe deformation field (2.1) or (2.2) and hence the value of E will depend
upon, among other factors, the position y of the defect. Egns. {2.5) and
(2.6) will hold everywhere in ¢ - V. For a straight line defect such as an
edye or a screw dislocation through y, we take for V a cylindrical region of
radius e with its axis coinciding with the line defect. Henceforth, this
moaification of V to the cylindrical region for a line defect will be implied
without expressly stating so.

Uur main result is the following

Theorem: Let ¢ Q be a closed surface enclosinyg the defect. Then the force

Fi onn it is yiven by

= MK _ J .
Fi = [ (Wey, - S @ )nds = [ty nlds (2.10)
r ol j
where n 1s an outward unit normal to 3.

Progf of the Theorem.

Let the defect underyo a virtual infinitesimal displacement Ay. Because
of this, the deformation field in g and the current shape of the body wil]
chanye. We denote by 2* the region occupied by the body after the defect has

moved to y + Ay, V¥ the spherical reyion of radius e centered at y + Ay .

Then

K

_ > . K *
T A (A LU S (3.1)

In the followiny we assume that |aX|, |ax| and |aG] are of the order of

lay| where |[+| siynifies the maynitude of the enclosed gquantity. For




1 . .
example, |ay| = (Ayiayi)/2. The change in E because of the displacement ay

of the defect can be written as

AE = | W(§,£)3x1nids - 6 W(Q,K)ijnids +
af d

[ LW(G + AG,X + aX) - W(6,X)]dv - | fimﬂ'ds (3.2)
o=\ ~ - - - Blﬂ
Here and below the unit normal on 3V points into o - V whereas n on 3n

points out into the exterior of . Since XK are co-ordinates of a material

point in the reference configuration, therefore
=0 (3.3)

To the first order in |aX| or |axf, the third term on the riyht-hand side of

{3.2) may be simplified as follows.

J LG + 4G, X + AX) - W(G,X) jdv

Q=Y
= | r 2w A Jav (3.4)
== R 6 ad) e 26K (3.5)
-V a6y ’ ax™
= - f-éﬂ_w GKJ ij nids + f EHK* GKJ AanidS
e 8l j oV 3G i
(3.6)
W 5 X
-2 @y K aday
a-v  oxf Ko 1)

Bbi
In deriviny (3.6) from (3.5) we have integrated by parts, used the diveryence

theorem, and have set axl = Ayl on 3V. The various terms in the integrands

of (3.6) are evaluated at (GK K)

X“). Note that the integrand of the third

-is
integral on the right-hand side of (3.6) is zero because of (2.5). Substitution

from (3.6) into (3.2} gives




8= [ LWs, -2 6K yn g yadds
a9 W aGKi 7
S W LMKy
g\{( i K G J)Ay ans (3.7)

where W and %g are evaluated at (g,&). Because the boundary condition

o~

(2.6) is satisfied, therefore, the first integral on the right-hand side of

(3.7} vanishes. Since, to the first order in | Ay |,

o8 = B 4yl
ay
therefore, from (3.7)
3k _ W
[ Wy, 65X yn.ds
% av e, 47
;
= - [ t..n.ds (3.8}
YR

Let £ be any closed surface (or a cylindrical tube) enclosing V and hence
the defect. Since there is no other defect in the body, various fields such as

t are smooth in the region enclosed between © and aV. If there were
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other defects present in Q, we will need to choose § so that it surrounds V

and has no defect other than the one included in V. Thus the integration in

(3.8) may be performed over I rather than av. Hence

at i

=— = -) t, n.ds.

Wi gy W

Recalliny (1.2}, takiny the 1imit of both sides as e » 0, and notiny that the

right-hand side is independent of e gives (2.10).




REMARKS

Eqn. (2.10) ygives the present force on a defect and since it is obtained by
inteyrating the surface tractions over a closed surface embracing the defect, it
equals the force exerted on the closed surface by the surroundinyg medium. This
closed surface can be taken to be the core of the defect. Uur result (2.10)
ayrees with Eshelby's [4] for the force on a disclination in a nematic liquid
crystal.

Expressions.]ike (2.10), have been used by Rice [7] and others to find the
torce on the tip of a crack. Rice's path independent integral corresponds to
the component of Eshelby's energy-momentum tensor in the direction of the crack.
It seews that one ought to be able to use eqn. {2.10) to find the present force

on a crack tip even though we have not explored this in any detail.
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