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ABSTRACT

In this paper we shall prove the following theorem: Let K be a
differential field of characteristic zero. Laet ¢ and v be eslemants
of a differential field extension of K such that (i) ¢ # O and ¥ # Q;
(ii) ¢ and ¢ satisfy non—-trivial linear differential eguations
with coefficients in K , say, Pip)=0 and RQ(¥)=0; (iii) ¢ = *n for
some positive integer n such that n > ord F . Then the
logarithmic derivatives of ¢ and ¥ are algebraic over K . (Naote

that ¢ /79 = Ny /¥),)
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THE n—TH ROOTS OF SOLUTIONS OF LINEAR
ORDINARY DIFFERENTIAL EQUATIONS

by William A.Harris,JR. and Yasutaka Sibuya

1. Introduction: Let K be a differential field of characteristic
zero. We denote by 9K the ring of linear ordinary differential

operators with coefficients in K, that is

m k
k=0 3 D 3 a

2.={ Z Kk

K e K , me NI ,

k

whereg D denotes differentiation in any differential field extension
of K and N 1is the set of all non—negaive integers. In a previous
paper[2] we characterized those functions which toagether with their

reciprocal satisfy linear differential equations:

THEOREM A: let ¢ be an element of a differential field extension of

K such that

(1)} ¢ ¥ 0 ;
(ii) Flg) = 0O for some P & DK - {0} ;
(iii) R(i/¢) = O Tor some Q € DK - {0} .

Then, the logarithmic derivative of ¢ (= ¢ /f¢) Is algebraic over K .

In the present paper, utilizing a similar method we shall prove the

following result:



THEOREM B: Let ¢ and ¥ be elements of a differential field

extension of K such that

(i) ¢ # O anrd ¥ ¥ O 3

{ii} FPlg) = 0O for some P ¢ DK - {0} ;

(1ii) Gy) = 0O for some GO ¢ DK - {0} ;

(iv) ¢ = v for some positive integer n such that
{(1.1) n > ord P .

Then ¢°/¢ = nily'/¥) is algebraic over K .
Theorem B gives the following two corollaries:

COROLLARY C: In case K is the field of rational functions of x with
coefficients in C , if ¢ and ¥ satisfy the hypothese of Theorem» R,

then ¢°'/¢ = niy /¥) Iis an algebraic function of x .

CORDLLARY D: In case K is the quotient field of C{x} (the ring of
convergent power series in »x with coefficients In C ), iT ¢ and ¢
are formal power series In x with coefficients in C , and if ¢
and ¥ satisfy the hypothese of Theorem B, then ¢ and ¥ € C{ix)}

(i.e. ¢ and ¥ are convergent).

The following examples illustrate these results:

Example 1: The power series {cos x}lln

and 3 60" (n22) do not
satisfy any linear ordinary differential equation with polynomial

coefficients (cf. also [11).



Example 2: The divergent power series {2;=0m! xm}lln (n>2) do not
satisfy any linear ordinary differential equation with coefficients in

Cix3.

2. A fundamental leamma: The following two important steps were

utilized in our previous paper[2]:

1} S5et

_ M+l b _ whntl b
2.1) P = Eh=0 phD y B = 2h=0 th '

where m and n € N Ph and q, ¢ K 3 in particular

For an element of f of K , let us set

£ t

f= £ % e KLEx3D

where KI[Ix1] is the ring of formal power series in x with
~
coefficients in K . Then, T(f) = f defines an injective homomorphism

of rings:
T: K —m——> KI[Lx]1]
such that

T(F')Y = dT(f)/dx .



Corresponding to two operators P and 82 of (2.1), let us consider

two operators

m+1-~ h o antl™
h=oph(d/dx) y Q@ Eh=0qh

P=% (dsdx) .

We assume that ¢ is an element of a differential field extension of
Ny
K . Danote this extensian by K . Thmen, P(¢) = 0 and Q{(1/e) = O

imply, respectively, that the formal power series

~ © @(h) h
w = zhzO—FT_x € KLCx11

A FaY Fay P
satisfies Plg) = 0 and ©(1/¢) = 0 .

Observe that (2.2) implies 1/pm+1 € K[Cx1]) and 1/qn+1 e KLECx11.

Therefore
(h)

2 - = = P ———
(2.3 ¥ el 1 + thlw -k
satisfies the differential equation

(m+1) m Pn (h)
(2.4) y * oA Y =0,
Pm+1
e
and ou = ¢/p satisfies the differential equation
q
(2.5) u(n+1) + Eazongl—_ u(h) = 0.

In this manner, the general case was reduced to the case of formal

power series.




2) Let k be a field. We denote by k[yl,...,yp] the ring of
polynomials in p indeterminates Yiv cens yp with coefficients in k .

Far F € k[yl,...,yp] we set
(2. &) w(F) = deg,Fla t,a t2,...,a tP) .
t 1 2 P

he J
where we regard F(alt,a t‘,...,aptp) as a polynomial in t whose

2
coefficients are polynomials in ai,...,ap. The following lemma was

the fundamental algebraic tool in the proof of Thearem A.

LEMMA E: Let n and p be positive integers, and let Fl""’Fp €

k[yl,...,ypl. Assume that

(i) w(F_ — y™") < np;
p Yp Ps
tii) W(F ) = nj (3] = 1y vuu, p=1)3
L. n . .
(1ii) w(Fj(yl,...,yj,O,...,O) - yj) < nJ (j=l,y...,p—1).

Then, the system of algebraic equations
(2.7) Fj(yl,...,yp) =0 (J =1, ceay P?

adwits only a finite number of solutions in any field extension of k

and these solutions are algebraic over k .

3. A lemma on differential aguations: Let k be a field of
characteristic zera, and let &[[x11 be the ring of formal power
series in x with coefficients in k . Then a linear ordinary

differential equatian




m (h) _
ah(x)y = 0 ( a € kLLx31 )

(3.1 y(m+1) + Eh=0

admits a canonical basis of m+l solutions of the form:

Jeg® g

= 1 =
(3.2) f. = j!x Eh=m+1 j,hx (ij=0,1,...,m),

where fj,h e k .

o
Let & be a field extension of k . If a formal power series

m h

(3.3 0 = Ep_o€,x

-

with coefficients in k satisfies (3.1), then we have

m

(3.4) ¥, i')c . .
¥ J=0(J chJ

Let us consider anather linear ordinary differential equation:

+ 2P b oou™ 20 (b e krrx3i1 .

(p+1)
u h=0"h h

2.5)

This equation also has a canonical basis of p+1 solutions of the

farm:

S h _
(3.6} gj = j!x + 2h=p+lgj,hx (1=041 ... 4p),
where gj,h e k .

As in our previous paper[21, in order to prove Theorem B it

suffices to prove the following result:



LEMMA F:There are at most a finite number of solutions of the form:

= f_ + . F
b4 o z @ (
(3.7)
= + 5P
u 94 zF. lﬁ.g. (

et (3.1) and (3.5) respectively such that

(3.8) y ="
if
(3.9) n > m+l

xe

=

),

For these solutions, the coefficients “1""'“m'31""'°p are

algebraic over k .

(h2m+1),

(th>p+1).

N @ h _ w h
Proof: Set vy = Zh=okhx and u = Eh=0”hx ¢« where Ah and n
Then
.-
%0 =1 , Ko = 1,
. | .
Aj = ?1“j (i=1l,...4,m),
_1 ._
(3.10) l.LJ_ -—-'3“18) (J—-l,...,p),
A = § + 5™ (iE. AL
h O,h J=1 B I £ Y
B, =g + ZF? (ild)g. | TR
h O,h J1=1 .]gh J

h

A

kl



In order that

@ h _ ® h.n
(3.11) = Ax = (Eh=0"hx )

it is necessary and sufficient that

(3.12) A = p uy, for h>0.

e uafA
h 1 hn

hy+...+h =h,h_ >0

Let us define w(F) far F e k[ul,...,np] in the same way as

(2.6}, and let us make the following aobservations:

(1) utilizing the last formulas of (3.10), we regard ny (h2p+1) as

elements of k[nl,...,upj; then

(3.13%) w(uh) <p <h for h > p+i H

(2) utilizing Ah = Z B eeenp for h =1, ..., m {cf.{(3.12)), we can
1 n

regard Al,...,Am as elements of k[ul,...,upl; then
(3.148) w(%j) = j (i=1,...,m});

(3} utilizing the formulas for Ah th2m+1) of (3.10), we can regard

Ah (h>m+1) as elements of k[nl,...,up]; then

(3.159) w(%h) <m < h for h > m+l .




-0

Now, regarding (3.12) for h>m+l as a system of algebraic equations

ON  Hyg--eslt let us consider the system of p equations:

p*

(3.14) A, - z B, .a.l = Q
h h1 hn
h,+...+h _=h,h >0
1 n 3
where h = ny 2n, ..., pn. Set
: = - z - i=lgean -
{(3.17) Fj(ul,...,up) mjn = uhl uhn (i=1, P}
h,+..h_=nj
1 n
Note that, if (3.9) is satisfied, we have
(3.18) w(ljn) < nj (i=1,...,p) (cf. (3.15)).
Therefore,
(3.1 w(Fj) “ nj (1=1,...,p)
if (3.9) is satisfied. Furthermore, since
FJ. (ul,.. ,uj,O,. - s0) = ?\jn—zuhl...uhn

if uj+1=0,...,up=0, where the sum is over all n-tuples (hl,...,hn)
such that h1+..+hn=nj ’ hjZO, it follows that



n . R
(3.20) WiF (nysuyn y0,..,0) - s < nj (3=1,...,p).

Thus applying Lemma E to (3.16) we can complete the proof of Lemma F,

and thus Theorem B.
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