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INTRODUCTION

This 1is a tutorial lecture1 about some one and two
dimensional dynamical problems in continuum physics, Three
problems concerning the physical behavior of fluid and solid
materials in a dynamical setting will be discussed. The first
example is an o0ld, but fascinating problem in the fluid mechanics
of jet instability whose solution I will relate to a rather
remarkable technological achievement by American industry. My
discussion of this problem will demonstrate the gap 1in time
between the creation of important physical and mathematical
results and their conversion to useful technology.

Of course, not every important scientific or mathematical
discovery 1in the physics of continua has the same potential for
technological application. Nevertheless, basic results seem
always to find relevant applications that bear on the advancement
of technology by providing useful supportive information about
the physical nature and mechanical behavior of materials. The
other problems that I will discuss fall in the later category.
These involve the dynamical response of highly elastic solid
continua.

An interesting phenomenon produced in the transverse
vibration of a rubber cord stretched over its entire 1limit of
extensibility will be described both by experiment and theory.
This analysis involves the superposition of small amplitude

1. This lecture was broadcast live on UNITE television from
the University of Minnesota at Minneapolis on May 28, 1985.



oscillations on a finitely deformed equilibrium configuration of
the string. The results will be related to the molecular
structure of the rubber materials tested. Then we shall explore
the finite amplitude, free longitudinal wvibration of a body
supported by a rubber spring. The exact solution of this
nonlinear problem will be outlined, and its physical implications
will be illustrated. Finally, the problem of small amplitude,
free longitudinal oscillations superimposed on a finitely
deformed axial stretch of the rubber support studied in the
previous problem will be related to experimental data, some of

which has application in human biolegy.




CHAPTER 1

APPLIED MATHEMATICS AND TECHRNOLOGY

If one turns on a water faucet and then gradually reduces
the flow rate from the spigot so that the flow is slow but
steady, one usually will observe that the stream becomes unstable
and disintegrates randomly into drops of irregular size, shape
and spacing. Sometimes one may find +that by whistling at a
constant pitch near the stream, the induced vibration will
enhance this readily observed jet breakup phenomenon and produce
somewhat improved regularity in the drops. The general effect is
shown in the series of stroboscopic photographa2 in Figs. 1 to 4.
The Figs. 2 and 3 are enlargements of the regions between the
arrows Jindicated in Figs. 1 and 2, respectively; and Fig. 4 is a

separate illustration of the ultimate jet disintegration.

1.1. Theory of the Fluid Jet Instability Phenomenon

This interesting instability behavior of liquid jets was
first studied by several 19th century researchers. It was
described 1in experiments by Bidone in 1830, Savart in 1833, and
Magnus in 1859. It appears that Plateau, in 1873, was the first
to show, both from theory and experiment, that because of surface
tension, the principal cause of this instability phenomenon, the

cylindrical shape of a jet of fluid in a steady flow is an

2. These photographs were provided by Professor C.F. Knapp,
Department of Mechanical Engineering, University of Kentucky. I

thank Prof. Knapp for their use in this report.



Fig. 1: Instability of a Fluid Jet Fig.2: Formation of the Stream
. into Drops



~~
k"

o

Fig.3: Closeup of the Jet Fig.4: Disintegration of the
Disintegration into a Liquid Jet into Drops of
Drop and a Possible Irreqular Size, Shape
Sotellite Drgplet and Spacing; and
Behind it. Appearance of Some

Satellite Droplets.



unstable configuration of equilibrium whenever its length »
exceeds its circumference ndj, as shown in Fig. 5. Thus,

Plateau's criterion for the Jet instability is that x > wd

g

Plateau's Criterion (1873)
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JET STREAM GEOMETRY

Fig. 5: Stream Geometry and its Unitorm Breakup
The droplets in a uniform stream are spaced a distance A apart.
Each droplet of diamater dy is composed of fluid previously contained in
a fluid cylinder of length A and diameter aqual 1o the mean jet diameter

dj. See [3]

However, 1t was 1878 when the subject received a particular-
1y elegant mathematical analysis at the hands of Lord Rayleigh
[1-2]. A pericdic pressure variation acting on the fluid jet
produces undulation of its Jlateral surface. Surface tension
effects act to 1induce jet instability where the jet stream is
narrowest. Since the surface tensions become large where the
curvature is high, they act to further reduce the stream diameter
until the stream breaks into separate drops, as described above.

Rayleigh showed that a superimposed small sinusoidal diametral




3 .
disturbance grows exponentially in time, as diagrammed™ in Fig.

6, until ewventually the stream breaks into droplets at the dis-

Rayleigh's Analysis (1878)

Nozzle

Drop
Breakoff
Point

Fig. 8: Stream instability of the Steady Fiow of an Ideal Fluid Jet. See [3].

turbing rate. He found that the stream perturbation growth §d

J
is given by

i/2

éd, = 6djo exp! I(z) e t (1.1)

wherein dj is the jet diameter, ¢ is the surface tension, p

denctes the fluid density, 6djo is the initial stream

3. Several of the illustrations herein are modified reproduc-
tions of figures that have appeared in IBM publications [3-4]. I
thank Mr. W.L. Buehner of the Office Products Division of IBM for
permission to reproduce these for educational use.



disturbance, and

1/2

z I'{(z) wd
H(z) = | 59— (1 - 2% with z = —1 . (1.2
0

Herein, Io(z) denotes the modified Bessel function of the first
kind. The function I(z), therefore, is the measure of
instability, so it has been named the instability factor [4}].
This measure is highly dependent upon the stream factor k = x/dj,
the ratio of axial drop spacing x and jet stream diameter dJ
described in Fig. 5. The instability factor is the measure of
the ease with which a stream breaks up into uniformly spaced
droplets. A plot of the instability factor as a function of the

stream factor is shown in Fig. 7. Theoretically, below a stream
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Fig.7: Rayieigh's Instability Curve Showing that A must Exceed the Stream
Circumference before Uniform Breakup can Occur, and Showing the Optimum

Jet Instability at the Stream Factor ?dea 4.5. See(3].
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factor of w, that is, for k = >\/dj <m, we have z > 1 in (1.2}
and only random stream breakup may occur. Therefore, in order
that z < 1 may hold in (1.2), the length » must exceed the stream
circumference ndj before uniform breakup can occur. Hence,
Plateau's criterion for jet breakup falls out naturally from

Rayleigh's analysis. But there is more. According to Rayleigh's

calculation, as shown in Fig. 7, the maximum instability occurs

at a stream factor of 4.51, after which the instability gradually

decreases. This extreme is the value of the stream factor at

which the jet disintegrates with greatest ease into droplets of

uniform size and spacing; it characterizes the optimum condition

for jet instability. Experiments ([3] confirm that the best

operating range for stable, satellite-free drop formation occurs
between stream factors of 4.5 and 6.5, as indicated in ¥Fig. 7.
Hence, the stream factor introduced by Rayleigh turns out to have
critical importance in the formation of stable, satellite-free

drops. We shall see further on why this is significant.

1.2. A Technological Application of Rayleigh's Analysis

In 1965, Richard G. Sweet of Stanford University showed that
an electrical charge could be impressed on the dreops that form
out of a jet of electrically conducting ink [5]. He discovered
that even when the drops were generated at the rate of 100,000 or
more per second, the charge on each drop could be determined
independently so that the trajectory followed by each could be
controlled by passing them through a uniform electric field. His

interest was in the construction of a high speed oscillograph



11

for recording rapidly changing electrical signals on a moving
strip chart. Hence, Sweet had in mind the application of
Rayleigh's theory of jet instability to electronically controlled
graphics. 1In modern terms, this would be identified as a form of

computer graphics.

1.2A. A Technological Achievement

The same technique has found use in other applications, such
as the sorting of cells in blood specimens, the atomization of
fuels, and in the printing of alphabetic characters, which Sweet
himself was among the first to investigate [6]. To get a feel
for the performance speed in Sweet's printer application, let us
estimate that the drops are formed at a rate of 100,000 per
second and that an alphabetic or other character is composed of
100 drops. Then the maximum printing rate in Sweet's device would
be roughly 1,000 characters per second. Of course, actual rates
would be much slower because not every drop in the jet stream can
be used. Nevertheless, it appears reasonable that rates of
nearly 100 characters per second could be readily obtained in a
practical printer without the use of high speed mechanical impact
printing elements, well-known for their inherent problems of
wear, fatigue and typical acoustical noise generation. A
business office printer of this kind was first developed by the
A.B. Dick Company; but I know nothing of its description, nor
when it was first produced.

In 1976, however, these theoretical and experimental

developments culminated in a remarkable modern technological
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300 m  (~1/1000 in) in diameter, fired from a drop generator
crifice the size of a human hair. Ink is pumped from its
reservoir into the drop generator wherein a synchronizing signal
induced by the vibrations of a piezoelectric crystal creates
drops uniform in size, velocity and spacing at the synchronizing
frequency rate of 117,000 drops per second. The periodic
pressure variation applied by the crystal produces undulation of
the lateral surface of the jet stream, and surface tension
effects cause the stream to breakup into droplets, in accordance
with Rayleigh's theory, as described before. The disintegrating
ink jet then passes between charging electrodes where the
conducting drops are selectively charged electrostatically
following instructions from programmed electronic contraol
circuits that describe the image characters in terms of charge-no
charge language. Moving at about 40 mph (730 in/sec) initially,
the charged droplets pass through a constant electric field that
directs them onto the paper. While the vertical scanning occurs,
a control mechanism moves the printér carriage parallel to the
paper at a constant speed of 7.7 in/sec, i.e. fast enough to
traverse a standard page width in about one second. 1In this way,
the ink jet printer composes about 80 characters each second,
that is to say, a full line of type across an 8 !/, inch page in

about one second or less.

1.2B. The Working Principle of the Ink Jet Printer

To perceive the working principle of the ink jet printing

operation, we may consider a fluid droplet P of mass m and charge
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g given an initial velocity Yo = VOE relative to the printer

carriage, as illustrated in Fig. 9. To simplify the analysis, we
may ignore aerodynamic drag and wake effects, and the influence
of electric repulsive forces between droplets. Then the total
force acting on the drop is the constant force due to its weight
W = -mgj and the applied electric field force Fe = gqE = gEj.

Thus, the egquation of motion W + F = mg(P,t) yields the

~

following motion for the trajectory of P:

=1 - 2
§(P,t) =3 (cE gt g + vot }. {1.3)
That is, the droplet path is the parabola
1 2
yi(x) = ) {cE - g)x with ¢ = gq/m. (1.4)
2v0

Let us suppose for simplicity that the deflection plates of
length d extend from the origin at the charger to the paper

surface, as suggested 1in Figs. 8B and 9. Then (1.4) holds
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Fig. 9: Warking Principle of the Ink Jet Printer. See [19].



for 0 € x £ d. Hence, at x = d, the droplet deflection or scan

height h = y(d) at the paper surface is determined by

h =—- (cE - g). {1.5)

The result shows that when an electrostatically charged drop
enters the uniform electric field, the electric force alters its
free fall trajectory and deflects it vertically by an amount
proportional to its charge. An uncharged drop passes straight
through the field in free fall and is captured by a gutter
catcher that returns the unused ink to its reservoir, as
illustrated in Figs. 8 and 9. A charged drop strikes the paper.
The alphabetic or any other characters are formed by directing
the ink drops onto the paper in proper overlapping patterns
determined by the printer electronics. An example (4] is shown
schematically in Fig. 8B. The decision to charge or not to
charge is made automatically 117,000 times each second. The
formula (1.5) shows that the character height is inversely

proportional to the square of the stream speed v, which, in turn,

0
is a function of the pump pressure. The printer controls the
character height automatically by its pump control circuit. Some
interesting style effects may be produced by varying the printer
carriage rate. In this way, the 1ink jet printer is able to
generate rapidly characters of typewriter quality.

A remarkable stroboscopic microphotograph of drops of ink
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CONCLUDING REMARKS

Although the physical principles underlying the operation of
the ink jet printer were understood in the 19th century, it was
virtually 100 vyears before this mathematical physics was trans-
formed into useful technology. Moreover, it is evident that the
development of the ink jet printer for word processing required
the solution of many interdisciplinary dynamical problems in the
continuum mechanics of fluids and solids, aerodynamics, acous-
tics, electrostatics, chemistry and materials science. The
foundations of rubber elasticity, on the other hand, are
relatively new, and there is need for their further development.
While some of the experiments described herein were reported in
1951 and studied on the basis of a theaory developed as late as
1943, the analysis of the vibration problems summarized above
were published only recently in 1983 and 1984. It was shown that
these results are able to explain an unusual acoustical
phenomenon, and they have application in materials science of
rubberlike materials, including the ©behavior of biclogical
tissues. It is clear from these few examples that investigation
of these problems also demands an interdisciplinary approach.
Additional applications presently are being explored. Indeed,
their connection with a vehicle stability problem, which evolved
from conversation with industrial colleagues following my seminar
presentation at the research laboratories of a major tire and
rubber manufacturer, currently is under investigation. I had a

similar experience concerning the ink jet printer.




46

I first learned of the ink jet printer invention at a
Sunday, summer afternoon piano recital held at the home of an IBM
engineer. Our casual shoptalk led to a discussion of a new IBEM
product, and I was presented with a copy of the July 1976 issue
of the 0ffice Products Division Development Newsletter [6] in
which this innovative technology was formally introduced. I am
easily excited by good ideas; and when suddenly I realized myself
the simplicity and basic principle of its operation, I confess
that the ink jet printer captured my enthusiasm. A short time
thereafter, during the Fall Term 1976, in a manner similar to
that sketched above, 1 presented these elementary ideas for the
first time to my undergraduate class in dynamics [19].

I relate this experience because it exemplifies how informal
discussion of "hot topics” may be effective in creating interest
and enthusiasm for further investigation and search for under-
standing of new or unexplored areas in applied mathematics, engi-
neering science and technology. Since my arrival at the Univer-
sity last September, I have witnessed in myself and in others at
this Institute a parallel experience generated through participa-
tion in seven IMA Workshops held throughout the year. By bring-
ing together engineers, physicists, chemists, mathematicians and
others, both analysists and experimenters, and by providing a
forum for the mutual exchange of ideas and the open discussion
among university and industrial researchers of important techni-
cal problems, it is conceivable that the use of costly cut and
try methods in timely industrial applications may be reduced and

the time gap between the discovery and understanding of physical
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phenomena and the conversion of this knowledge to useful applica-
tions and to technology may be narrowed. To accomplish this
goal, mutual interaction between industrial and university per-
sonnel must be stimulated and vigorously promoted by both groups.
I am pleased to have had the opportunity to help promote this
kind of collaboration through presentation of this lecture to
both IMA Workshop participants and to our industrial colleagues
through the medium of television.

I wish to end with a story told, I believe, in a political
speech by John Kennedy. The circumstances are unimportant. The
message is clear.

The French General Lautey one day remarked to his gardener
that he wished a special variety of tree to be planted, so he
directed: "Gardener, plant this tree tomorrow." And the gardener
replied; "But, Sir, that variety won't bear fruit for possibly a
hundred vyears." "In that case," replied the General, "plant it

today."

Acknowledgement: This work was completed in the course of a

research study supported by the National Science Foundation.
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