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Introduction

In 1958 Nash published his fundamental work on the local Holder continuity
of solutions of second order parabolic equations with non-smooth coefficients
([(81). The primary purpose of that work was to study the properties of the
fundamental solution corresponding to the parabolic operator and to derive from
these properties the regularity for a general solution. Though the work is
often cited in the literature about weak solutions of elliptic and parabolic
equations, one feels that Nash's jdeas were never fully understood {and maybe
still are not) and that because of this the more understandable and seemingly
more fruitful ideas of DeGiorgi ([4]) and Moser ([6], [71) were subseguently
adopted.

In the present article, we return to Nash's ideas. In particular, by
modifying and persuing his arguments, we establish directly what we feel is the
logical goal of this line of reasoning, namely: the estiamtes for the fundamen-
tal solution first proved by D.G. Aronson. {See [1] and [2].) From Aronson's
estimates the parabolic Harnack inequality of Moser ([7]) and, consequently (as
was shown by Moser [7, p. 108]), Nash's local Holder continuity of weak solutions
to parabolic equations follow. That is, our approach reverses the chronological
order in which these results were derived originally.

To make the above statements mathematically precise we introduce the basic
notations and definitions to be used throughout this work. We will be studying
parabolic operators of the form

n
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where t is a real number and x = (xl,...,xn) e R". OQur basic assumptions on

the matrix a(t,x) = (aij(t,x)) are symmetry, (ie. a.. = ), and the
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existence of a number X ¢ (0,1] such that for all (t,x) e M1 and all
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We may and do make the qualitative assumption that the matrix a(t,x) is
smooth; however, we emphasize that all quantitative estimates are only allowed
to depend on the dimension and the number . Besides x, the letters y and
£ will be used to denote points in R" and the letters t,s, and r will be
reserved for real numbers.

We let r(t,x;s,y) = ra(t,x;s,y) denote the fundamental solution of the

parabolic operator L. As stated above the purpose of this paper is to use the

ideas of Nash to obtain the following estimates: for s < t

) 2
exp{-C li*iL“} ke

— C F_‘Xp{- T(t - S)}
(*) b= S < r(t,x;s,y) <
C(t - s)N/2 (t - s)N/2

where C depends only on A and n. The inequalities * were first obtained by
Aronson in [1]. (See also [2].) His proof, however, relied on Moser's parabolic
Harnack inequality ([71). Our point here is to first establish the estimates (*)
and then derive the Harnack inequality as an easy consequence. The outline of the
paper is simple; the upper bound is obtained in Section 1, the lower bound in

Section 2, and Harnack's inequality in Section 3.




Section 1: The upper bound

Our proof of the upper bound for the fundamental solution is essentially
due to Nash., In particular, Nash used the same proof to derive the right side
of (*) without the exponential factor. There are various ways of passing from
his result to the one including the exponential factor. The one which we have
adopted is based on a method which was introduced in this context by E.B. Davies
([31).

(We wish to point out that Aronson's original proof ([1]) of the upper
bound in (*), like the one given here, does not depend on Harnack's inequality.
Qur reasons for presenting a proof here are completeness and unification of the
arguments. At the same time, it should be emphasized that the upper bound
itself is an important tool for our understanding and simplification of those

ideas of Nash needed to obtain the lower bound in Section 2.)

. + n + n
Fix an element & R and set ¢{x) = a « x = § Xy Let
n i=1
A, = 1_ §=10xi(a1j(t,x)ij) and A = exp(-y)A, expy. If f e S(R";(0,%))

{i.e. f 1is a positive function from the Schwartz test function space)

(adr, %P1y = AE’f(x)pr'l(x)dx

Ja(3) -2 (x)dx - 2(1 - bl‘ )| a(vpfP)-v(P)dx.

2 1
- (3-;5 )j a(vfPy « vfPdx.

Hence, setting ufup = (] |f|p)1/p’
Rn

2
2p-1 A 2 2
(Ade,£PY) < - 35 1 1912 e o p ufnzg, p o1,



where o« = |a

. (This observation is the key to Davies's analysis.) At the

same time, (27)N nfn§ < C[RN nfnf + R°2 ﬂvfug] for all R > 0; and so

IS <o f 1A (e

with g = 4/n, (This inequality is the one from which Nash's upper bound

comes.) Combining these, we arrive at

150 P
1.1 AVr, f2P-1 - 2, ap py2p > 1,
(1.1) (A ) < L 5 p * P
P

for some e > 0 which depends only on n and A, Finally, let

f ¢ S(R"; (0,=)) and define fo by

Fo(x) = exp(-w(x))] Fly)r(t,x;0,y)exp(w(y))dy,

where T =T . Then t e [0, » f. € S(R";(0,=)})) 1is smooth and, for p > 1:

d 2p - P 2p-1
a¥-uftnzg = 2p(AYf, ,fLP7 1),
Hence, by (1.1), for p e [1,®):
_ 2
d 1+8 -B @
(1.2) af'“ft"Zp < - gﬁ 1y igp P P00 P+2p uftn2p , t>»0.
In particular,
2t/
(1.3) 11, <e® i, , t >0.

(1.4) Lemma: Let w: [0,=) + [0,=) be a continuous non-decreasing func-

tion and suppose that u ¢ Cl([O,m)) is a positive function which satisfies

t(p-2)/8p Bp

2
u'(t) < - ;E ( T R ) u1+8p(t) + E%R u(t), t » 0.



where p e [2,=). Then, for each & > 0 there is a K = K{g,8) < = such that

2
ult) < (sz)llﬁpw(t)esa t/ip t(l-p)/Bp, t > 0.

2
Proof: Set v = e ¢ ptMu. Then

(v 5 28 exp(BaZpt/AtP 2 wfP |

and so
2.2 t
exp(Bapt/2) , B [ exp(Ba®pZs/n)sP2ds.
u(t)8p 2w(t)PP D
Note that
2 2
t Ba'p /A
[ exp(pa®p?s/2)sP2ds = ()Pl T etSsPZgs
0 Ba'p 0
2 2
-1 a’p” /A
> ;tz P7" expl(Bp%a® - 88a7)t/2] f )
Ba'p 8aZp2(1-6/p2)/x
p-1 -
=L 1 - (1 - ep®)P  expl(ep%a” - 88a’)t/Al.
Combining these, we get
2.2
Ba’p t/x p-1
= b expl(gp”a” - 68a’)t/2],
u(t)fp pzw(t
where
%-s =8 4nf (pl1 - (1 - &/p*)P~11 > 0.
p»2
(p -2)/Bpk
Now set P = zk, uk(t) = “ft"pk’ and wk(t) = max{s K uk(s):

By (1.3), if Iflz =1, uy(t) < exp{azt/x}, and by (1.2) and the lemma,

Sp-st

O<s <t} ,
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w, .. (t) k

Hence, there is a C < «, depending only on n,x and § > 0, such that

(1.5) sup W, (t) < C exp[(1 + &)a’t/AT.
k

{1.6) Theorem: There is a C < =, depending only on n and A, such that

Fa(t,x;s,y) < t”fz exp(-ly - x}?/ct)

for all 0 <s <t <o and x,y ¢ R".

Proof: Since I (t,x;s,y) = T, {t - s,x;0,y) where ag(r,g) = afs + r,g),
3

we may and will take s = 0. Now define

PE?(x) = exp{-9(x))f f(y)Pa(t,x;o,y)exp(-w(y))dy (i.e. = fy). Then, from the
preceeding, (with § = 1)

" C 2

for each t > 0. At the same time, it is clear that the adjoint (Pf)* of Pg

is given by

(P £(y) = exp(u(y))] Iyl(t,y30,x)exp(~p(x))F (x)dx,

where a(r,£) = a{t - r,£). Hence,

Py* ¢ 2 .
TC M A MY exp(2a’t/A) Ifi,;
and so, by duality,

¥ _C 2
nPtfll2 < ;ﬁ71 exp(2a t/A)ﬂle.




Finally, note that P, = qf o p¥, where

fof(x) = exp(-9(x)) [ fly) I‘at(t.X;D,y)exp(w(y))dy,

and a (.,s) = a(+ + t,+). Hence,

2
Y L 2
HPthum < /2 exp(vya t/A)Hfﬂl,

which is equivalent to
2

] C 2 >, .
I‘a(Zt,x,O,y) < t—h-]—z- exp(4a t/h + a (X Y)).

We now get our estimate upon taking a

Ay -x
BT fy - %[ °
It is clear that we have not fully utilized the estimate (1.6) since we

simply took & = 1. Had we carried & through the proof of Theorem (1.6), we

would have arrived at

r(t,x38,y) < f%%% exp(-ly - x|%/(1 + §) at)

for each § > 0, where A= max{n « a(r,&}n: {r,g) e (0,t] x R" and n e Sn'l}.
[t is the power of his method to get such precise exponential estimates that

justifies the word "explicit" in the title of Davies's article [2].



Section 2. The Lower Bound

In this section we will establish the lower bound for the fundamental solu-
tion (i.e. the left hand side of (*)). Our procedure is, once again, basically
due to Nash. However, the upper bound Just established allows us to simplify

his argument and to carry it to completion.

Lemma (2.1} (Nash's Lower Bound)

There is a constant B < = depending only on X such that for all

Ix] <1

2
J e-lyl®/2 log T (1,x;0,y)dy > -B.
Proof.
Observe that

P {t,x;t-s,y) = Fat(S.y;U,X)

where

3 = a{t - +,¢). In particular

Talt,x;0,y) = Fal(l,y;O.X)-
2,5
Set u(s,y) = I, (s,y;0,x) and 6(s) = fe™ '“log u(s,y)dy.
1
Since [ u(s,y)dy =1, G(s) < 0 and our goal is to estimate G(1) from

below. We will obtain this from a differential inequality satisfied by &G.

Namely :




2
~tyl4/2
-] wl ?—u—g—l,w—) * 4 9u(t,y))dy

[rp]

—
—

—
]

i e"h"z/2 a '|¥|2/2v 1 . 1 d
ye2a; (v logu(t,y))dy + [ e y Tog u = a,(v 109 u)dy

2 2
-zl W1/ 2y a(y)dy + 5! e W /2(y + w og u)eay(y + v, Tog uldy
1 o-ly|?/2 .

tx /e (Vy log u) « a;(7,log u)dy.

Hence
A ly |%/2 2
(2.2) G'(s) » -A + 2—[ e~ ¥ le log u|“dy.
In particular G(s) + As is nondecreasing on L% ,11. Also since
272 2/2 2
f eV /20109 uls,y) - 6(s) %y <c [ e Y1721y g u)?ay

we have

(2.3) G'(s) » -A+8B | e-ly]2/2 (log u(s,y) - G(s))zdy

for constants A and B depending only on X,

Next observe that ( 109 Uu' G(s) )2 is nonincreasing as a function of u

in [e2+G(S),m). Also from Theorem 1.9 sup u{s,y} < K, an absolute constant,

1/2<s <1
Combined with (2.3), this implies
2
(2.8) G'(s) » -A + B( 1og KK' G(s) )2 / e- ¥l 12y(s,y)dy
u(s,y)»e2*6(s)

for 5 ¢ [%-,1]. At the same time

2 2
/ 246 )e"y| /zu(s,y)dy > f e-lYl /zu(s,y)dy _ (2n)n/2e2+6(5)
u(s,y)»ectGts
2
> eR72 1 y(s,y)dy - (2m)"/2e26(5)
ly I<R

2
- R /2[1 - u{s,y)dy} - (zn)"/2e2+G(S)
ly >R
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Note that, by Theorem (1.4) there exists RA, depending only on X such

Sup [ u{s,y)dy < 1,
2 <s<l ¥R, :

Applying these last remarks to (2.3) and also remembering that G(s) + As

1s nondecreasing on D% »11, we can conclude that there exists GA and MA,

both depending only on A, such that

(2.5) G'(s) » GAG(s)2 for s ¢ E% ,1]

provided G(1) < -M,. But if (2.5) holds then G(1) » - 2 . That is we have
A

proved

G(1) > - max( oM

-

:uoi n

Lemma (2.6}. There exists C, depending only on X such that

1
C(t _ S)H/Z

Fa{tx;s,y) >
for all x and y satisfying |x - y| <+t - s.
Proof.
By rescaling, we may take s =0 and t = 2. We write
Fa(2,%30,y) = [ 1,(1,80,y)rg(1,x;0,€)dE

where & = a(+ + 1,+}). Clearly, this leads to

-1g|%r2
Ta(2,x;0,y) > [ ry(1,80,y)Te(1,x;0,8)e dg

and by Jensen's inequality
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2
Togl(2m) 21 _(2,%30,9)1 > (2m) ™20 fem 1/ 2109 1,(1,x;0,8)d
2
LT I, (1,£;0,y)dE]
> -c, be Lemma (2.1).

(Remember ra(l’g;g’y) = I‘a (l,y;O,E) where al = a(l - -,o).)
1
We are now ready to prove the lower bound estimate for the fundamental

solution.

Theorem (2.7) (Aronson}. There exists C, depending only on X and n, such

that

ry(t,x;s,y) > exp(- C|x - y|%/(t - s)).

c(t - s)N/2

Proof.

Again we may assume s =0, t = 1, and this time we also assume, as we may,

that y = 0. That is, we wish to show that r,(1,x;0,0) > é.exp(-C|x|2).

Because of Lemma (2.6), we may also assume |x| > 1.

Given x & RM™ with |x| > 1, let k be the smallest integer dominating
k-1
41x}2 and set s = 1 8( B, L )Bly.r) = {¢ eR": |£ -y| < r}). Then,
=1 K 2k -
for (& ,eves8 1) €S0 |E] < —-, max |£, - £ | <L, and
1 k-1 1 vk 1<ack X 1 vk

1, Hence, by Lemma (2.6):

Ix - & o<
K=11 %
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_ _ k-1 k-1 k=2
F(l,X,0,0) = I LR f F(l,x, "F— :Ek_l)r( —Kﬁ'sgk_lg "F—'!Ek_z)

1 .
LRI I‘ ( 'E' ,EI,O,O)dEI LI dgk_l

> P B e rkel e K2 ey
S
1
4 ae P( F L] El;0,0)dgl LI ) dgk_l
KN/2 k-1 (/2 k-1

> (=) I8 = (K T (a (22K

~L O )k
kn/2 2n/2C

Clearly the required estimate is immediate from this.
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Section 3:

In this section we show how to derive both Nash's continuity result as well
as Moser's Harnack principle from (*). Actually, there are a variety of ways in
which this can be done. OQur choice has been dictated by our desire to show that
(*), and nothing more, suggices. The proof here is modelled on the argument
given by Krylov ([9]1) in {(cf. [5] for a similar derivation of the Harnack prin-
ciple for solutions to certain degenerate equations).

In what follows, réE’R)(t,x;s,y) denotes the fundamental solution ot
Lu = 0 with zero boundary data on aB(£&,R). That is, if
(s,y) € (0,») x B(g,r) and u(t,x) = Fég’R)(t,x;s,y), then Lu =0 in
{(s,=) x B(g,R), u =0 on [s,=) x B(E,R), and u(s,x)

8(x - y).

(5.1) Lemma: For each &,y e (0,1) there is an e = e{n,A,8,y} > 0 such

that

l‘gg’R)(t,x;S.y) >—F&
|B(&, 8R) |

for all «x,y e B{(£,8R) and s <t satisfying yRZ <t -s <R

Proof: By rescaling and transiation, we may and will assume that £ = 0 and

R = 1. For convenience, we use f to denote Péo’l). Clearly we need only

treat the case when s = (.

Note that

5(t.x;0.y) = r(t,x;0,y) - r{t,x;r,£ dr x d
[é,t)xaB(O,l) EaxsrsElug,y(ax x de)

where g y is a non-negative measure with total mass less than or equal to

one. Hence, by (*):
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M{t,x:0,y) » 1 expl-Cly - x|%/t] - ¢ sup L expl-(1 - 8)%/¢c7]
Ctn/2 0<t<t Tn/2

for x eB(0,68), t >0, and y e B(0,1). 1In particular, there is an

r e {0,1-8) depending only on C and &, such that

n 1
t,.x; _ -
r(t,x;0,y) » 2Ct”/2 exp[-Cly

x|2/t]

for all x ¢B(0,6), t e (0,r?], and y with |y - x| < r.

>

Finally, we use the reproducing property of to conclude from the above

that

- . a - - 2
r{t,x;0,y) » Eﬁ7?-exp[ Kiy - x|“/t]

for some «> 0 and K < =, depending only on r and C, for all t e (0,1]
and x,y e B(0,68) (cf. the argument used in Section 2 to pass from the lower
bound of r(t,x;s,y) for |y - x[z/(t - s) small to the general result.)
Obviously, our estimate follows immediately from here.

In the following we use the notation O0sc(u;s,&,R) to denote

sup{ju(t,x) - u(t',x"')|: s - R? < t,t' <s and x,x' £ B(E,R)}.

{5.2) Lemma. For each & ¢ (0,1) there is a p = p{n,A,8) ¢ (0,1) such

N

that for all (s,&) e R' x R" and R > 0:

Osc{u;s,&,8R) < p Osc(u;s,£,R)

whenever u e C™{[s - Rz,s] x B(g,R))} satisfies Lu =0 in

(s - R%,s) x B(E,R).

Proof: Let m(r} and M(r) denote, respectively, the minimum and maximum

values of u on [s - rz,s] x B{E,r).
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Set S = {x € B(&,8R): u(s - Rz,x) > (M(R) + m{R))/2}, and assume that
IS1/{B(E, &) | >+ . Then, for (t,x) e [s - 8°R%,s] x B(£,&R):
u(t,x) - m(R) > [ (uls - R%y) - m(R)) r{ER)(t,x55 - R%,y)dy
> NR) - miR) m(R) 's[ l"gg'R)(t,X;S - R%,y)dy
> e(M(R) - m{R))/4 ;
and so m{8R) » M(R)/4 + (1 - e/4)m(R). Hence
M{&R) - m(&R) < M(R) - m(8R) < (1 - e/4)(M{(R) - m(R)}.

In other words, we can take p =1 -.g .

(5.3) Theorem (Nash): For each & e (0,1) there exist C = C(u,X,§) < =

and g = g{n,xr,8) e (0,1) such that for all (s,£) € R} xR" and R > O:

2 T
. [t - t'[7vix - x'|
[ = t 4 c )
lu(t,x) - u(t',x")]| < Hu“Cb([s - RZ.R2] x'E(g,R))( R

for (t,x), {t',x'} e[s - (1 - 62)R2,s] x B(E,(1 - 8)R) whenever

u e C%([s - R%,s] x B(£,R)) satisfies Lu =0 in (s - R%,s) x B(E,R).

Proof: Let (t,x), (t',x') e [s - (1 - 62)R2,s] x B(E,(1 - 8)R) with
t' <t be given, and set ¢ = {t - t')1/2v|x -x"f. If 2 » &, then there is
nothing to do. If & < 3R, choose k ¢ 75 so that 6k+1 < /R < sk. Then
[t - (26K*1)2.£7 x B(x,6¥* e)  [s - R%,s) x B(E,R) and

{t,x') e [t - 2,t] x B{x,2). Hence:

lu(t,x) - u(t',x')| < Osc(ust,x,2) < o1 0sc(u;t,x,s-K+1 g)

k-1
< 20U o .

Co(fs - R%,s] x B{E,R))
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Finally, define g by p = 68. Then
lu(t,x) - u(t’',x")| < 2p'2nuﬂ (6k+1)B

C,([s - R%,s] x B(£,R))

< 207 %un ” _ 2P
Cb([s - R 35] X B(‘E:R)

We can now prove the following statement of the Harnack principle for the
operator L. Although our statement is not precisely the one given by Moser, it

can be used to easily prove his Theorem (2) in [7].

(5.4) Theorem: Let 0 < g < B8 <1l and v e (0,1) be given. Then there
s an M = M(n,A,a,8,Y) < ® such that for all (s,x) ¢ RY « RN, all R > 0, and

all non-negative u ¢ Cm([s - Rz,s] x B(x,R)) satisfying Lu = 0, one has that
u{t,y) < Mu(s,x)
for all (t,y) e [s - ﬂRz,s - aRz] x B{x,48R).

Proof: By translation and rescalng we may and will assume that

{s,x) = {(0,0) and R = 1. Also, we assume that u{0,0) = 1.

From Lemma (5.1} we know that there is an e = e(n,x,a) > 0 such that for

all r e [-1,&] and A > 0:
b= u0,0) > f r{%(0,05r, myu(r, nydn
> ex|S(r,A)]

where  S(r,) = {n e 8(0, 138 ): u(r,n) > Ay
Next, let o = p(n,r,12) be the constant in Lemma (5.2} and set
o=(1-p)/2 and K = (1 + 1/0)/2. Also define r{x) = (Z/Qnscl)l/n for

A > 0, where @ = |B(0,1)]. Now suppose that {tyy) e (-1,-a) x B(D;Légiél




-17-

and X > 0 have the property that u(t,y) » A and [t - 4r(A)2,t] x B(y,2r(x))C

(-1,a] xB(0, 252 ). since for r e [-1,a] [S{r,Aa)| < 1/eor and
IB(y,r(A))| = 2/eoxr, there exists an n e B(y,r(A}) such that u{r,n) < oi.
Hence, Osc(ust,y,r(x)) » u{t,y) - u{r,n) > (1 - o)r; and so, by Lemma (5.2),
Oscl{u;t,y,2r(A)) > %-(1 - g}x = KA. In particular, there exists a

(t',y") e [t - ar(M)2,t] x Bly,2r(2)) such that u(t',y') » K.

Finally, define M by the relation

rM) = (LL=8) (1= 8) yq oty

2

and suppose that there were a (t,y) e [-B,~a] x B(0,8) such that u(t,y) > M.

Then, by the preceding paragraph, we could inductively find (tm,ym), m» 0, so

that (tg.yg) = (8,¥), (t4qs¥p) & [t - 4r(K™M),t ] = Bly ,r(K™M)) € (-1,-a) x

B(0, l_%_é ), and u(tm,ym) > K™. But this would mean that u is unbounded in

[-B,-a] x B{(O, 1+ 8 ), and so no such (t,y) exists.
=
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