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INTRODUCTION

The Fall 1982 program of the Institute for Mathematics and its
Applications was devoted to Statistical Mechanics and Dynamical Systems and
was coordinated by Oscar Lanford. The program began with a workshop which
consisted of a number of lecture series to introduce the participants to
the areas of statistical mechanics, dynamical systems and turbulence.

We present here abstracts of these lecture series together with
reading lists in the hope that they will provide a useful guide to others
who wish to learn these subjects.,

The Institute for Mathematics and its Applications is sponsored by the
National Science Foundation. Additional support for Institute activities
has come from the Air Force Office of Scientific Research, the Army Office
of Research, Cray Research, Honeywell, Magnetic Controls and M
Corporation, as well as the following Participating Institutions of the
Institute: 1Indiana University, Michigan State University, Northern
Illinois University, Northwestern University, Ohio State University, Purdue
University, University of Chicago, University of Illinois (Urbana),
University of Iowa, University of Michigan, University of Minnesota.




INTRODUCTION TO BIFURCATION THEORY FOR MAPS

D. G. Aronson

University of Minnesota

Let Tu(x): Rdx R+ R4 be a smooth function of (x,u) and suppose that Ty has
a fixed point x=x,, i.e., that
Tol(Xg)=Xge
We shall assume throughout that T, 1s a diffeomorphism. It is well known that

is stable if
U(DxTo(xo)) < UE{ZE t: |Z 1<1})

X0
where o(A) denotes the spectrum of A. Roughly speaking, x, is stable

means that Ton(x)E(TooToo...oTo)(x) *X, as n*® for all x in some neighborhood
of Xg. By the Implicit Function Theorem, there is a function p+x(y)

defined for p near 0 such that x(0)=x, and T“(x(u))=x(u) provided that
DyTo(%x4)~1 is invertable. The invertability condition 1is satisfied if
0(DyTy(x5)) € U. Now suppose there exists a pu*>0 such that x(y) is defined
on [O,U*), t%: . x(p)=x* exists and is in the domain of T,*, and
G(DXTU*(X*))(\BU#¢. Thus either x=x(u) cannot be extended beyond p=p* or
else 1t can be extended but looses its stabllity. Bifurcation theory for
maps provides a description of the behavior of the invariant set for Tu for

u near u%.




Case 1. Saddle-Node Bifurcation Suppose that

a(DyTy (x(u)y={x,} UR,
where R,cU for ue[O,u*], IA“|<1 for ue{0,u*), and Ay*=1l, i.e., at p=p*
a single elgenvalue of DxTu(x(u)) hits the unit circle at 1 and x=x(u)
cannot be extended beyond p=p*. Using the Center Manifold Theorem [3]
we can reduce to a one dimensional problem. Specifically, let_g be a
nonzero vector such that

DxTux(x*)e=e.
Then there exists a neighborhood V of (x*,u*) in Rdx R and a two dimensional
manifold M tangent to the plane of e and the p-axis at (x*,u*) which is
locally invariant and locally attractive. For each n near u* let Mu denote
the p-section of MAV and consider the map GUETUIMU: Rx R+ R. Observe that

Gu*(y*)=y* and DyGx(y*)=1,

where y* =x* IMM*. Although we cannot solve Gu(y)=y for y as a function of
u in a neighborhood of u*, we can solve for y as a function of y provided

that

DGy (yx)#0.

Indeed the result is

B =ur Vo (y=y#) “p (yr) 4, L

provided that

Dzycu*(y*)¢o. (*)

Here
W 2
H (y*) =D yGu*(y*)/Ducu*(y*)'
Our assumptions on x=x(u) assure us that u"(y*)(O. Thus we get the following

picture.
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Case 2. Flip Bifurcation In the notation of Case 1, suppose that R,cU for

u>0, lku|<1 for O<u<u*, and Apx=~l. In this case x=x{p} extends beyond u=u*

but is not stable for p>u*. We shall show that, under appropriate conditions,
new invariant objects are created at pu=p* which take up the stability lost by
x(p). Again we use the Center Manifold Theorem to reduce to a one dimensional

map y+Gu(y) with
Gu*(y*)=y* and DYGU*(y*)=-l.

By a translation of coordinates we can assume that the fixed point y(u)=0.

Assume that
DuDyGu*(O)¢O.

For example, 1f it is negative then DyGu(O) decreases as p increases through

u*, Reparameterize so that
DyG), (0)==VT4u—u*

for |u-p*| sufficiently small and consider the second iterate
HU(Y)E(GHOGH)(Y)-

The idea is to show that Hu has nonzero fixed points for udu* and that these

points are not fixed points of Gu.




Some computation shows that DyHu*(0)=l but D%Hu*(0)=0. Thus condition
(*} is violated and we do not have a generic saddle-node bifurcation. Further
computations using Taylor's Theorem and the Implicit Function Theorem show that

for sufficiently small u>u*, Hy, has fixed points
t H-p*
Yu = 2 TRt 0Cu=u®)

provided that

o= 37 (2006, (0-310§6,4(0)}2] # o

Moreover these points are stable (unstable) if a<D {(>0) and satisfy
+ S
Gulyy) = vy

+
i.e. y, are period 2 points for Gu
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Case 3. Hopf Bifurcation Suppose that

o (DeTu () = iUy,

with Ru(:U and Kuiiu for all p near p*. Suppose further that

IAU|<1 for pdu*, |lu*l=1, and IAM|>1 for pru*. Again x=x(y) can be
continued through p=p* but the fixed polnt looses stability. The Center
Manifold Theorem permits us to reduce to a problem for a two dimensional map.
Specifically, the center manifold M is tangent to the eigenspace of

{Au*s Xu*} and the p-axis at (x*,pu*) and we work with the map GUETMIMH:
R2+R2. Translate the coordinates so that the fixed points y(u)Ex(u)‘MHEO.

(1) If %ﬁhu*bo and Alﬁ* + 1 for k=1,2,3, or 4 there exists a
p-dependent change of variables oan2 such that

Gu:(r,¢)+([1+u—u*)r+f1(u—u*)r3+..., ¢+ﬁ(u—u*)+f2(u'u*)r2+...)
where (r,¢) are polar coordinates on IRZ.

(II) Set 8=f;(0). If 6>0 then, for sufficiently small u>u*, G, has a
one dimensional attracting set Fu which is topologically a circle, If 8<0 the

invariant set T is not attracting. 1In either case, radius Iy ~ Yu-p*.

Note that Fu is not an orbit: it is an invariant set. For some values of

p there may be periodic orbits in Fu.




Applications. Consider the system of ordinary differential equations

*

¥ = Fu(x) (*%)

with x, Fje Rd and F {(x) smooth. Suppose that for y=0 there is a periodic orbit

x = ¢o(t) with period T, 1i.e., $o(t+T) = $,(t) for all te R. Fix a point £ on the
orbit and take a small
(d-1)~dimensional surface I which

is transverse to the orbit at £.
Define the map P,:Z xfR>I. as follows:

For each reZ and sufficiently small

ue IR let Pug=¢“(?;g) where ¢,(+;z)

denotes the solution of (**) through the point (r,0) and
2
t = inf{t>0: ¢p(t;Z)el}.

By standard results in the theory of ordinary differentialeﬁuations £¢4e
and P, 1s well defined for all (z,u)eVx(-§,6), where V is a neighborhood of

E in E. 1In view of the uniqueness of the solution of (¥*), P, is a dif-

u

s
feomorphism., P, is called the Poincare map.
Observe that £ 1s a fixed point of Po. If
1¢O(DTPOE)

then the Implicit Function Theorem implies the existence of a z=r(u) such that
z{0)=t and Puc(u)=c(u). By the definition of P, there exists a %is+ such that
¢u(g;c(u)) = z(u) = ¢,(05z(1)). Therefore the periodic orbit persists for p

near 0.




1f
0 (D, P8l
then the orbit x=¢,(t) 1s attracting. As u increases from O either g=r(u)
leaves the domain of P, or else the spectrum hitsdU. We consider
briefly the latter case. In what follows we assume tacitly that all

the appropriate generic conditions are satisfied

(1) o(DgPyz(w) = {3} U Ry with Ry C U,

a) Saddie-Node Bifurcation: [A,IK1 for udu*, Aysx =1.

<batle crhit The orbits coinclde
for py=p* and there
are no periodic orbits

for uduk,

b) Flip Bifurcation: 1lu|<l for pdp*, ku* =1,

Without loss of generality we can assume that z(u)=E.
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(2) Hopf Bifurcation: o(DrPyz(u))={a,,X,} UR, with R, cU.
Suppose |Au|<1 for p<p*, lku*|=1, IAU|>1 for p>u*, and Ai#l for k = 1,2,3,4.

Again change variables so that z(u)=zE.
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Notes on Sources The idea of reducing bhifurcation problems in [Rd

(or infinite dimensional spaces) to the lower dimensional center manifold

seems to be due to Ruelle & Takens [6]. A very elegant account of their

methods can be found in Lanford's paper [4], the book of Marsden & McCracken
[5], and (in somewhat less detail) Henry's monograph {2]. Reference [SJ

also contains a detailed account of the Hopf Bifurcation Theorem for flows which
we have not touched on here. Arnol'd’'s paper [1] gives an account of the Hopf
Bifurcation Theorem for two parameter families of diffeomorphisms. Alternate
approaches to bifurcation theory which use the Liapunov-Schmidt method rather
than the Center Manifold Theorem can be found in the books of Sattinger [7]

and of Tooss & Joseph [3], as well as in the paper of Weinberger [8].
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Remarks on Chain Recurrence and Hyperbolicity

C. Conley

University of Wisconsin

The representation of a flow on a compact space as the
extension of a chain-recurrent flow by a strongly gradient-like
flow was discussed first. Pursuing the gradient-like flow one
finds things like the Morse theory of critical points of gradient
flows or more generally, of isolated invariant sets, Following
the chain-recurrent part, one is led, among several other things,
to hyperbolic invariant sets. The basic dynamical results for
hyperbolic sets were then discussed in terms of Wazewski's prin-
ciple. The idea of proofs of the structural stability, the
shadowing lemma and the stable manifold theorem were based on the
construction of tubes of uniformly small diameter about orbits of
the displacement equations. These tubes are 'Wazewski sets' and
their 'non-triviality' together with the near linearity of the
displacement equations gives the results.

Finally, a way of abstracting the ideas of hyperbolic sets to
arbitrary invariant sets of flows on compact metric spaces which
have a global surface of section was outlined. The result is that
tubes can always be constructed about bundles of orbits which are
'held close together' by the flow. In this approach, the ideas of
isolation and index, seen in the general Morse theory, appear again.

~11-




Dynamical systems approach to turbulence

J.-P. Eckmann
University of Geneva
In this introductory lecture, the main motivations of
dynamical systems theory are outlined and illustrated. One
studies general properties of differential equations of the form

-

f{t): f(iﬁt)) , where ﬁ*, F ¢ R"

£ g = 6(x)
» or of maps X_, 4 = X )
+

heZ . When such equations are dissipative, i.e. div F<0 ,
ldetds| <1 , the motion of a typical initial point approaches an
attractor. In the absence of a classification of attractors,
scenarios are outlined for l-parameter families of maps and
flows, leading from trivial attractors to more complicated ones.

In particular the period-doubling scenario is emphasized.

Reference: Rev. Mod. Phys. 53, 643-654 {1981).
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ORDER AT LOW TEMPERATURE

William G. Faris

University of Arizona

0. INTRODUCTION

The purpose of these lectures is to explain how microscopie short range
forces can lead to macroscopic long range order, even in the presence of random-
ness. The obvious mechanism 1s that the influence simply propagates from neigh-
bor to neighbor throught the macroscopic body. This 1is essentially correct, bhut
there are a few subtle points to consider.

The first is that there is a qualitative change as the temperature (a
measure of randommess) varies continuously. At high temperatures there is no
macroscopic order. It is only below a certain critical temperature that the
ordered phases appear.

The second point is that the situation depends strongly on the dimension d
of space. When d=1 the critical temperature is absolute zero and any amount
of randomness destroys macroscopic order. The dimension of space must play a
role in the analysis.

1. CONTOQURS

The first method for attacking the problem is the use of contours. This
dates back to a note of Peierls in 1936. The method gives a proof of the
existence of multiple phases for the ferromagnetic Ising model.

This model is an idealization of a magnet. Let A € 29 be a finite set of
integer lattice polnts; think of this as a crystal. Let s: A+{*1} be a
function; this is supposed to be a microscopic configuration of the magnet.

Then s(n) is interpreted as the value of the atomic spin at the site n in
the crystal A. -

The energy of a configuration s 1is defined to be

H(s) + 1 z fs(n) - S(g)l2 ,
Jn - m f=1

where the sum includes nearest neighbor pairs {E)m} in the crystal. Note that
each such pair that 1is aligned contributes zero to_the energy; each misaligned
pair contributes 2. Thus alignment produces low energy.

The sum should alsc include nearest neighbor pairs with only one member in
the crystal \; we make the convention that s{n) = +1 whenever n 1is not in A.
This is a boundary condition that tends to make positive spin coﬁftgurations
have somewhat lower energy.

-13-




The probability of a configuration is given by the Gibbs prescription as
-1
P({s}) = Z = exp(-L(s)}/T)

-1
where T 1is the temperature parameter. The coefficient 2 is simply a nor-
malization constant designed to make the probability of the set of all con-
figurations come out to be one.

Ehe main result says that if the dimension d » 2 , then for every fixed n
in Z

lim sup P(s(n) = -1) =0 .
T + 0 A

Thus the plus boundary conditions propagate their influence into the interior of
the crystal, no matter how large it may be and how far n may be from the boun-
dary.

It follows in particular that for T sufficiently small

P(s(n) = -1) < e < 12

for all A . This behavior persists in the thermodynamic limit A\ - Zd - Thus

the bulk magnet is magnetized in the plus direction. On the other hand, if we
had used minus boundary conditions we would have gotten the opposite behavior.
This shows that there are two phases in the thermodynamic limit.

It is important to stress that the result is false when the dimension
d =1. In this case an ordered state Is a chain of aligned spins, and there
are so many places the chain can break that there will surely be chains of
gspin up and chains of spin down in roughly equal proportion.

There is no point repeating the proof of the theorem in thils outline.
There are many accounts. One that 1 found particularly readable is in lectures
by Spitzer [1} . The basic idea is that any site with spin that is not aligned
with the spins on the boundary is surounded by a contour separating adjacent
misaligned spins. Long contours are improbable at low temperature. But when d
> 2 there are relatively few short contours surrounding the site. Thus the
non—-conforming spin has small probability.

2. Infrared bounds

There 1s another method of proving the existence of multiple phases at low
temperatures, the method of infrared bounds. 1In one respect this {8 less power-
ful, in that the results are only for dimension d » 3. On the other hand, the
method gives a picture of phase transitions that applies not only to Ising
models but also the continuous spin models. The picture that emerges is that

d =2 1is a borderline case, but multiple phases are to be expected as a matter
of course in higher dimensions.

-14-




The original 1976 paper on infrared bounds is by Frohlich, Simon, and
Spencer [2] , This is still a very readable account. There 1s a more abstract
and general treatment in a paper by Frohlich, Israel, Lieb, and Simon [3], and
this should be consulted by anyone who wishes to apply the method. Their ver-—
sion uses generating functions (Laplace transforms) in a systematic way. The
version I present uses only expectations of quadratic expressions and so is
crude by contrast, but perhaps more elementary.

The framework is now an infinite crystal Zd «+ A configuration s 1is a
function from Z to the reals. There is a probabllity measure on the space of
configurations, and E 1is used to denote expectation. The measure is assumed
to be translation invariant.

The strategy is to choose one direction as a time direction and write n
-1
in 2d as (n',n) where n' is in Zd and n is in Z . We think of n
as a time parameter. (Of course this is still just one of the space

- 2
directions!) For each h: Zd 1 + C with va'h(Ef)l =1 we define

s(n) = I o B s(a’,n) .

Then % 1is a random function of time.
The hypotheses of the theorem are the following. First, the spins must be
highly aligned locally, in the sense that

E(fs(n + 1) -~ 8(n ~ 1)|%) < 21

where T 1is small relative to E(IS(E)IZ) » Second, the random field must
satisfy reflection positivity:

E[(Z ;4 ¢ 3(2)) (Z50 ¢, 52201 > 0.

Finally, we must have d » 3 .

The conclusion of the theorem is that

E(s(0) s(n)) »c >0

as n * ® through even sites n 1n Zd .

This statement of the theorem deserves some comment. First, the alignment
estimate and the reflection positivity are valid for the ferromagnetic Ising
model independently of the dimension d of space. Thus the role of the dimen-
sion of space is isolated in the last hypothesis.

Second, the alignment hypothesis 1s about separation by two time steps.

This allows the axiomatic framework to encompass antiferromagnetic models, in
which the spins tend to have alternating signs.

-15~-




Third, the reflection positivity assumption looks mysterious, but its only
use 1s to ensure a representation

E(E(0) 5(n)) = <f,R'nlf>

where R = R* is a self-adjoint operator (acting in some Hilbert space) with
norm bounded by one, and where f 1is a vector in the Hilbert space. If in some
application 1t is known that s(n) 1s a component of a larger process that is
Markov and time reversal invariant, then this representation may be read off
directly. 1In any case the implication is not difficult to prove and may be
found in a paper by Klein [4] .

Finally, the conclusion of the theorem refers to even sites, again only
because of the possibility of anit-ferromagnetism.

It is worth mentioning why the conclusion implies the existence of multiple
phases. There are two possibilities. If E(s(n)) # 0 , then one applies sym-
metry to construct two measures where the two expectations have opposite sign.
If E(s(n)) = 0, then the expression in the conclusion is E(s{(0)s(n)) =
Cov(s(0),s(n)) , the covariance in the sense of probability theory. The theorem
says Cov(s(0),s(n)) » c > 0 as n » @ through even sites. Thus there are long
range correlations. The sequence_-s(g) of bounded functions has a subsequence
that converges weakly to some s(») . It follows that Cov{s(0),s(=)) =c > 0 .
In particular s(«) 1s not a constant. Thus one may define new probability
measures by taking conditional probabilities given the sign of s{=) . These
then give two different phases and the original phase 1is exhibited as a random
choice of one of these two phases.

The proof uses Fourier gnalysis. The Fourier transform of the correlation
function E{(s(0)s{(n)) on 2 is a measure on the torus T . This measure
satisfies a bound that implies that it can have a singular part only at integer
multiples of m . When d > 3 and the temperature T 1is gsufficiently small,
this component must be present and dominates the asymptotic behavior. A contri-
bution from zero frequency produces long range alignment, while a contribution
from frequency m produces a staggered alignment. The reason the dimension of
space comes in is that the infrared bound implies that the nonsingular part of
the measure is integrable when d > 2 .

-16-
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STATES OF IMFINITE SYSTEMS

L. Gross
Cornell University

The laws of equilibrium thermodynamics (conservation of
energy, increase of entropy; etc.) are idealized expressions of
the directly observed behavior of large scale matter {(chunks of
about 1020 atoms or more). Statistical mechanics on the other
hand attempts on the basis of a microscopic model of large scale
matter, to explain the general form of the laws of thermodynamics,
as well as to predict the value of specific thermodynamic quan-
tities (such as specific heat) for a specific substance.

After a brief survey of the basic features of equilibrium
thermodynamic, it was shown how these features can be recovered
from statistical mechanics. The mechanism was carried out in the
technically relatively simple context of a crystal. Because a
thermodynamic system consists of a large number of particles,
the customary mathematical idealization of this is an infinite
system. For a microscopic model of an infinite crystal based on
classical mechanics {rather than guantum mechanics) the state of
the system is given by a measure on an infinite product space.
The noticons of entropy and free energy were defined and their
relations explained in this context.

These lectures were based in large part on the books of
Ruelle [3,4] and Israel [2]. For a survey adhering close to
the spirit of these lectures see [1] , which contains also

further retferences.

1. L. Gross, Thermodynamics, Statistical Mechanics and Random
Fields, Lecture Notes in Mathematics, No. 929, Springer-
Verlag 1982 Ed. Hennequin.

2. TR.B. Israel, Convexity in the theory of lattice gases,
Princeton Univ. Press, 1979.

3. D. Ruelle, Statistical Mechanics, W.A. Benjamin, Inc., N.Y.,
1969.

4. , Thermodynamic Formalism, Addison-Wesley Pub. Co.,
Reading, Mass., 1978.
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Critical Phenomena and The Renormalization Group

J. W. Halley
436 Physics, 3-3720
School of Physics and Astronomy
University of Minnesota

Basic phenomenology of phase transitions including definitions of
critical exponents, scaling and definitions and results for n-d models
were reviewed. The standard renormalization group 'recipe' was outlined.
The exactly solvable one dimensional Ising and hierarchal models were
briefly discussed. Expansions in ¢ where the lattice dimension is 4-¢

were mentioned but not discussed.

References:
C. T. Thompson, Contemporary Physics 19, 203-274 (1978). A very brief
clear description of basic ideas.

Shang-keng Ma, Modern Theory of Critical Phenomena, W. A, Benjamin,

N. Y. (1976). The best introduction from a physicist's point
of view,

C. Domb and M. S. Green, Phase Transitions and Critical Phenomena (in

five volumes) Academic Press. Series started in 1972 and contains
references to all the older physics literature.

P. Collett and Jean-Pierre Eckmann, A Renormalization Group Analysis of

the Hierarchal Model in Statistical Mechanics, Springer-Verlag

Lecture Notes in Physics #74 (1978). The only completely solved,

non-trivial example.
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INSTARILITY AND TRANSITION TO TURBULENCE

D.D. Joseph

University of Minnesota

The Navier-Stokes equations in a bounded domain have the specilal
property that steady-state solutions are uniquely determined by the
prescribed boundary conditions and prescribed forces when the Reynolds
number is small. For larger values of the Reynolds number the solution,
which is unique and stable when the Reynolds number is small, loses
stability to a new motion with less symmetry. For instance, the new
solution may break spatlal symmetry, or time—dependent solutions may
bifurcate from steady ones. In some problems a stable branch of the new
solution bifurcates above the critical Reynolds number. Then the new
motion can be a small amplitude perturbation of the old cne. In the second
case the new solution bifurcates below the critical Reynolds number and is
usually unstable when the amplitude is small, This gecond {subcritical)
case 1s sometimes assoclated with the direct transition to turbulence.

In the supercritical case it 1is possible to get repeated branching
into higher dimensional attractors. Landau and Hopf thought that these
higher dimensional attractors were tori for quasiperiodic attractors. They
thought that this type of behavior might describe turbulence, but such
solutions do not have a decaying autocorrelation and cannot describe
turbulence,

The ideas of RuelleTakens and Lorenz about the transition to
turbulence are in better agreement with ohservations. After a few
bifurcations we can have attracting sets which are not multi-periodic and
which have continuous spectra, decaying autocotrelations and other features
of observed turbulence. The best agreements between theorles of the
RuelleTakens type and experiments is for small systems with widely
separated eigenvalues whose dynamics are actually governed by a small
number of modes.

There is good evidence that the dynamics of the Navier-Stokes
equations are governed by a finite number of ODE's (Foias & Prodi, Foias &
Teman, see refs. 2 and 3) which arise from Galerkin methods after
truncating. The problem is that the truncation number is evidently an
inereasing function of the Reynolds number and may be very large.
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