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In the context of continuous mappings of the interval, one of the most
striking features may be Sharkovsky's theorem [6] which, among other things, shows
that the existence of a period 3 point implies the existence of periodic points of
every period {see also [2], [5]). Therefore, for a one-parameter family of
interval mappings, the determination of period 3 bifurcation points may be
interesting. In recent years, the logistic mapping fa(x) =1- axz has been
extensively studied {[1], [4)). By using computer simulation for this family
fa(x), as the parameter o is increased from 0, we can observe the Feigenbaum
"cascades" [3] That is, stable periodic points of double periods accumulate in
a geometric and universal way. As the parameter o is approximately equal to
1,7498 ([1], p. 129), there seems to be a period 3 bifurcation. In this note, we
show that this family fa(x) does have a period 3 bifurcation exactly at a = 7/4.

Theorem Let fa(x) =1 -axz. Then
(a) when o < 7/4, fa(x) has no period 3 points.
(b) when a = 7/4, fa(x) has 3 period 3 points, each with multiplicity 2.
(c) when a > 7/4, fa(x) has 6 period 3 points, each with multiplicity 1.

The proof of this theorem will be based on a series of lemmas. Let
fa(x) = l—ax2 and let gla,x) = fz(x) -x. Then, by direct computation, we have

gla,x) = pa(x)h(a,x), where
p(x) = 1-x-ax2
3 3 3 2 2 32 33
and hia,x) = -g [pa(xﬂ - 4o x[pa(x)] + (20 -6a x )pa(x) -40 x
+ azx2+(4a2 -o)x+i-a

= a6x6 - a5x5+ (04 - 305)x4+ (20'4 - a3}x3 +(3cr4 -303+ az)x“2

+ (—03+202-a)x-a3+ 202- a+l .

Note that h{0,x) = 1.




satisfy 1-x_ -~a x2 =0or 1+x_ -« x2 =0, then h(afo,xo) # 0.
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Lemma 2 h(ao,xﬂ) = 0 if and only if X, is a periodic point of fa (x) with minima)
0

period 3.
Lemma 3 If h(ao,xo) =0, then all zeros of h(ao,x), as a polynomial in x, are

real,

Proof. This follows from Lemma 2 and the fact that any odd degree real polynomial

must have at least one real zero.

Lemma 4 Let a be a fixed number satisfying @ 3 3/4 and --013+2|:1r2 ~o+l <0,

Then h{e,x), as a polynomial in X, has 3 positive zeros and 3 negative zeros.

Proof. Under the assumptions on @, there are 3 changes in signs of the coefficients
of h{e,x) and 3 changes in signs of the coefficients of h(a, -x). By Descarte's law
and Lemma 3, we have the desired result.

= 8 = . - -
Lemma 5 h(ao,xo) = 0 and P b(ao,xo) = 0 for some @y X, if and only if &y = 7/4

and 343x§ - 98}% - 252x0+ 8 = 0. In particular, ‘

n(7/4, x) = (1/64)2[343x3 - 98x° - 252x + 8%,

Proof. Let us fix a= 2, and consider h(afo,x) as a polynomial in x. Since
h(cro,xo) =0 and 8% h(ao,xo) = 0, the multiplicity of x. is at least 2. By Lemma 2,
h(afo,x) must be a complete square. Let h(ao,x) = (ax" + bx2+cx+d)2. We may

assume a>(0. By comparing the coefficients of xﬁ, x5, x4, and x3 of both sides

respectively, we obtain that a = 03, b = —02/2, c=- 1_;_02_’_ %a, and d = %- 'i% .
- . 2 . 1 4 3 2
By comparing the coefficients of x“, we obtain that 51 (48a" - 1040™ + 35a°) = Q.

So @ =0, 5/12, or 7/4. By checking with the coefficients of x and constant fterms
of both sides, we obtain that a = 7/4 is the only solution and
h7/4, x) = (1/64)2[:_343)(3 - 98x2 - 252x+ B]z. The converse is trivial.




Proof of the theorem. By Lemma 4, h(2,x) =0 has 6 real solutions. By

Lemma 5 and Implicit Function Theorem, h{a,x) = 0 has 6 real solutions (each
with multiplicity 1) for all o > 7/4. This proves (c). (b) follows from Lemma 5,
and (a) follows from Lemma 5 and Implicit Fuaction Theorem since h{0,%x) has

no real zeros.

Open Problem. With reasonable assumptions about the coefficients, every period
3 bifurcation point of a one-parameter family of polynomial mappings will satisfy

a polynomial equation. Therefore, these points are algebraic numbers. It would
be interesting to characterize the class of all one-parameter families of polynomial
mappings whose period 3 bifurcation points are rational. However, this class will
not contain all polynomial mappings as shown by the family ga(x) = czx+x2 whose

period 3 points bifurcate at = t2 \f5‘+ 1.
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