FINITE VOLUME METHODS ON SPHERESAND
SPHERICAL CENTROIDAL VORONOI MESHES

QIANG DU AND LILI JU

Abstract. We studyin thispapera nite volumeapproximatiorof linearconvectiondiffusionequationsle ned
on a sphereusingthe sphericalMoronoi meshesjn particular the sphericalcentroidalVoronoi meshes.The high
quality of sphericalcentroidalVoronoi meshess illustrated throughboth theoreticalanalysisand computational
experiments.In particular we shav thatthe  error of the approximatesolutionis of quadraticorderwhenthe
underlyingVVoronoi meshis given by a sphericalcentroidalVoronoi mesh. We alsodemonstrateaumericallythe
highaccurag andthe supercowvergenceof theapproximatesolutions.
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1. Intr oduction. The numericalsolution of partial differential equationsde ned on
spheress avery active researctsubjectin the scienti c community The subjectis relatedto
a numberof importantapplicationssuchasweatherforecastandclimatemodeling. For ex-
ample thenumericalsolutionof linearcorvection-difusionequationsandnonlinearshallav
waterequationsn the sphericalgeometrycanbe usedto testnumericalalgorithmsfor more
complex atmosphericirculationmodels.Thoughthesemodelswereoftensolvedwith spec-
tral methodor traditional nite differencemethodsn sphericatoordinatesmethodghatuse
guasi-uniformtessellation®f the sphereare graduallygaining popularityasthe grid-based
methodoffer greatpotentialwhencombinedwith massve parallelismandlocal adaptvity.

To get efcient and accuratenumericalsolutionsof PDEs, it is well known that grid
quality playsanimportantrole andhigh quality grid generatioris oftena signi cant part of
the overall solutionprocess.Recently mary studieshave beenmadeon the developmentof

nite elementand nite volume approximationgo PDEsde ned on sphereaisingvarious
sphericalgrids, suchasgrids basedon Bucky balls[15], icosahedragrids[3, 30], skipped
grid [21], gridsobtainedfrom agnomonic(cubedsphere)mapping[20], etc. In standardEu-
clideangeometrythe so-calledvoronoi-Delaunagridshave alwaysbeenvery populargrids
usedin both nite elementand nite volume methods.Grids generatedrom the spherical
Voronoitessellationandtheir variationshave alsobeenstudied seefor example[14, 31].

In [7] and[8], we proposeda high quality sphericalgrid basedon the SphericalCen-
troidal Voronoi TessellationSCVT) which canbe usedfor both dataassimilationpurposes
andfor the numericalsolutionof PDEson spheresA nite volumeapproximatiorto asec-
ondorderlinearelliptic equationusingthe sphericaMoronoimeshesvasstudiedin [8], and
a rst ordererrorestimatefor thediscrete  normwasobtainedundersomegrid regular
ity assumptionsPreliminarynumericalexperimentsvasalsoprovidedthereto demonstrate
the good performancevhenthe nite volume schemewasimplementedwith the Spherical
CentroidalVoronoiMesheqSCVM) thatincludeboththe SCVT andits dual (Delaunayri-
angulargrid. A very recentstudymadein [29] on boththe global andthe local uniformity
of sphericalgridsindicatedthatthe SCVT grid with a uniform densitymeasure$etterthan
mary othervariations. Moreover, after examiningthe local truncationerrorsaswell asthe
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solutionserrorsfor a modelPoissorequationon the spherejt wasconcludedhatthe SCVT
basedgrid tendsto produceghe smallesterrorsamongall the gridsunderconsideratiorand
sucha grid would naturallyremainsasa safechoicein practice.

The SCVT canalsobe de ned with a nonuniformdensityfunction and thus malesit
suitablefor adaptve computationln light of theoptimizationpropertieghey enjoy [7], grids
generatedy the SCVM, in somesensemay be viewed as optimal grids: they offer both
excellentlocal grid regularity andglobalmeshconformityaswell as e xible meshadaptvity.
In this paper we make further attemptsto substantiatéhe optimality of SCVM both theo-
retically and computationally Our main resultsinclude a carefully designednite volume
schemdor a generakecondordercorvection-difusionequationde ned on a sphere When
implementedvith the SCVM, we presenfor sucha discreteschemea rigorousquadraticor-
der errorestimatewhoseproof reliescritically onthe geometricpropertiesof the SCVT.
We furtherdemonstratéhroughexperimentshe supercomergentpropertiesof thenumerical
solutionsandtheir gradientssolved usingour modi ed nite volumeschemeandthe SCVT
basedyrid. All these ndings provide compellingreasongor regardingthe SCVT's with the
uniform densityasarguablythe bestalternatve for nearuniform partitionsof the sphereand
the SCVT basedyridsthe optimaltriangulargridsto usefor the numericalsolutionof mary
partialdifferentialequationsle ned on spheres.

We pointoutthatthe conclusiongjivenin this papercanbereadilyadaptedo problems
de ned onthetwo dimensionaEuclideanplane.Theanalysisfor the sphericaktases some-
what more involved thanthe planarcasesincewe mustdeal with the differencesbetween
sphericaltrianglesandplanartriangles.

Thepapelis organizedasfollows: we rst introducesomenotationandassumptionssed
in the paper thenin section2, we brie y recallthe basictheoryof the sphericalcentroidal
VoronoimeshesThe nite volumeschemeor linear corvection-difusionequationson the
spherggivenin [8] is discussedh section3. With asuitablemodi cation to the nite volume
schemearigorous  error estimateis givenin section4 for sphericalcentroidalVVoronoi
mesheslin section5, a supercorergentgradientrecovery schemas providedandin section
6, we presensomenumericalexperiments Someconcludingremarksaregivenin section?.

We now introducesomebasicnotationusedin the paper Let  denotethe (surfaceof
the)spherehaving radius ,i.e.,

where denoteghe Euclideannorm. Throughoutthe paper the term sphee denoteghe
surfaceof aballin . Let  denotethetangentialgradientoperatof10, 13 on  de ned

by

where denoteghe generalgradientoperatorin and is the unit
outernormalvectorto  at . We considerthe secondorderelliptic equationon the sphere
givenby

for (1.1)

Notethat,since  hasno boundarythereis no boundaryconditionimposed.
We usethe standardnotationfor Soboles spaceson  (viewed as a compact,two-
dimensionaRiemanniarmanifold)[13]:



for

where , , and . Also,
for
for
For thecase , welet .
Letthedatain (1.1) satisfythefollowing setof assumptions.
ASSUMPTION 1. , , , and sud that
, ,and ,a.e.
For ary , de ne thebilinearfunctional suchthat
1.2)
thenwe have (for someconstant )
(1.3)
Since is compactjf Assumptionl holdstheproblem(1.1)hasauniqueweaksolution
suchthat
(1.4)
where
isthestandard innerproduct,andconsequently satis es(for someconstant ) the
estimate
(1.5)
2. Spherical centroidal Voronoi meshes.Let denotethegeodesidistancebe-
tween and on ,i.e.,for ,
Given a setof distinct points , the correspondingsphericalVoronoi regions

arede ned by
for and

forms a Voronoi tessellationor Voronoi diagramsof ~ associatedvith the setof
generators . EachVoronoicell is anopencorvex sphericalpolygonon  with
geodesiarcsmakingup its boundary It is alsowell-known that the dual tessellation(in a
graph-theoreticadense}o a Voronoitessellatiorof  consistsof sphericalriangleswhich
form the Delaunaytriangulation.



Given a densityfunction de nedon , for ary sphericalregion , the con-
strainedmasscentoid of on  is givenby the solutionof thefollowing problem:

where (2.1)

Asin [7, 8], aVoronoitessellatiorof s calleda constainedcentioidal Voronoitessella-
tion (CCVT) of  or speci cally SphericalCentioidal Voronoi Tessellation(SCVT) if and

only if the points which sene asthe generator®f the associate@gphericalMoronoi
tessellation arealsotheconstrainednasscentroidsof thoseVoronoiregions.
Givenary setof points on andary sphericaltessellation of ,we

de ne thecorrespondingnegy by

It canbe shawn [7] that is minimized only if are a sphericalcentroidal
Voronoi tessellation. ConsequentlysphericalcentroidalVVoronoi mesheshave mary good
geometricproperties,see[7, 8]. If the densityfunction is aconstanon , thenthe

SCVTgeneratorsvill beuniformlydistributed. Alternatively, anon-constantlensityfunction
providessystematicallya non-uniformdistribution of pointswhile theaccumulatiorof SCVT
generatorstill remaindocally regular.

Constructinga constrainednasscentroidfrom (2.1) may be cumbersomeln [7], it has
beenshovn thatonecancomputerst thecentroidin -~ by

for

thencompute usingthe factthatit is the projectionof  onto  alongthe normaldi-
rectionat . Bothdeterministicandprobabilisticalgorithmshave beenprovidedin [7, 8] to
constructa SCVT. The deterministicversionrequiresan explicit geometricconstructionof
generakphericaMoronoitessellationsvhich wasdoneby the algorithmsgivenin [28]. One
may alsoextendthework in [18] to parallelizesomeversionsof the probabilisticalgorithms.

Fig.2.1shavs someexamplesof SCVT's associatedvith a constantdensity More ex-
amplesjncluding SCVT's with nonuniformdensitiescanbefoundin [8].

3. A nite volumemethodon sphericalVoronoitessellations. GivenasphericaMoronojj
mesh , following the discussionn [8], we referto a pair of generators
and asneighbosif andonly if T . Notethat,for Voronoimeshes,
canonly beapointor ageodesi@arconthesphereLet

theareaof if it isanonemptysubdomairof
thelengthof if it is ageodesiarcon

Then, for each , we denoteby the setof the indicesof its neighbors 's suchthat

, i.e., of thoseneighborsfor which is a geodesiaarc. We alsodenoteby
— thevectorfrom to , by thegeodesiarcjoining and , andby the
midpointof thegeodesiarc . Fromthe constructiorof sphericalMoronoitessellations,
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FiG. 2.1. Sphericalcentoidal Voronoitessellation®f a sphee for a constantdensityfunctionwith 162 (left-
top), 642 (right-top), 2562 (left-bottom)and 10242(right-bottom)geneators.

it is known that is perpendiculato

andtheplanedeterminedy andtheorigin
bisects atits midpoint

[28], seeFig. 3.1. Thus,
and - for

(3.1)
wherethe outerunit normalvectorto theboundaryof , denotecby , istakentolie in
thetangentplaneof at .

FiG. 3.1. A sphericalVoronoiregion andits dual triangles.

Meshesof the type

are usedas control (or nite) volumesfor the
discretizatiormethoddiscussedbelow.



3.1. A nite volume discretization scheme. Denoteby the spaceof all piecavise

f:onstantgrid functionsassociatedvith a sphericalVoronoi mesh of
ie.,
is constanbn eachcell (3.2)
Set anddenoteby theapproximatediffusion ux de ned by
(3.3)
where

Basedon the Greens formula,a nite volumemethodfor seekingthe approximatesolution
of (1.1) wasproposedn [8]. It usedanup-windapproximatecorvection ux
[17] de ned by

(3.4)
where
- - and
Forall ,let and denoterespectielythemeanvalueof and on ,i.e.,
- and - (3.5)
Then,the nite volumeschemagivenby [8] is de ned by thefollowing system:
e for (3.6)

REMARK 1. Anapproximatecorvection ux which leadsto a cential differencescheme
is de ned by

— (3.7)
Then,a stability conditionsuc as

for

is neededwhere s calledthelocal Peclethumber{17, 25].
6



3.2. Previous results. For givengrid functions , we de ne, similar to [25],
the following discreteinner productsand normsassociatedvith a sphericalVoronoi mesh

Normsfor generafunctionspacesanalsobede ned.
We de ne themeshqualitynorm by

where

Thus, givesthe maximumgeodesiadistancebetweena particulargenerator andthe

pointsin its associatedell and givesthemaximumofall 's. Theabose meshnorm

hasbeenusedin [7] in the contet of polynomialinterpolationon the sphere.
GivenaVoronoimesh , we de ne themeshregularity norm by

where and  — (3.8)

canbe usedasa measuref the uniformity of a mesh;thelargerthevalueof , themore
uniformis themesh.In addition,thevalueof providesusameasuref the meshregularity,
i.e., the local uniformity of a mesh. Again, if a meshis locally uniform in the sensethat
the cellsin a neighborhoodf ary cell arenearlycongruento thatcell, thenthe value of
will againbelarge. We will referto  asregularif is nottoosmall To getareasonable
theoreticakbstimateye will needto requirearegularity conditiononthemesh.Thefollowing
resulthasbeenprovedin [8].

THEOREM 1. Supposéhat Assumptiorlissatised.Let , ,and bede nedby
(3.3)-(3.5) Thenthe discrete system(3.6) hasa uniquesolution . Furthermoe,
assumehat the uniquevariational solution of (1.1) belongsto , thenthere existsa
constant onlydependingpn , ,and sud that

(3.9)
whele for

Note that Theorem1 holds for generalregular sphericalVoronoi meshes. For more
existing studiesonthe nite volumemethodsgspeciallywhenappliedto solve secondorder
elliptic onthetwo dimensionaplane wereferto[2, 4,5,9,11, 12, 16, 23, 22, 24, 26, 32, 33).

4, error estimate on spherical centroidal Voronoi meshes. An improved error
estimatein the  normis generallyexpectedfor nite elementand nite volumeapprox-
imationsof secondorder elliptic equations. However, in this section,it is shavn that the
guadraticordererror estimatefor the schemeunderconsideratiorherecanonly be proved
whenthe grid satis escertaingeometricconstraints.In fact, a partof the estimatedepends
critically onthe propertythatif is a sphericalcentroidalVoronoitessella-
tionof  correspondindgo adensityfunction , then,

(4.1)



where is standardmasscentroidof , whoseprojection(throughthe standardnap )
ontothe spherecoincideswith

Withoutlossof generalitywe set , thatis, we considerthe caseof the unit sphere.
For therestof the section,only thoseschemedasedSCVM areanalyzed.

If and areneighborsfor eachotherin |, we denoteby the spherical
triangledeterminedy and ,andby thecorrespondinglanartriangle(seeFig.
3.1). We usethe notation

areneighbordor eachotherin

and

It is easyto seethat is the correspondingphericaDelaunaytriangulationof ~— associated

with the generators . We canalsoview asaone-to-onesmoothfunctionthatmaps
to
Clearly, . Forary and , we have
(4.2)
where denotegheareaof thetriangle . Set
we seethat and . For ary , de ne the function , the

extensionof in , by

Thefollowing resultshave beenestablishedh [8]:
PROPOSITION 1. For any and ,and ,

(4.3)

FromPropositionl, we naturallyhave
COROLLARY 1. Thee exista constant sud thatfor any , ,

(4.4)

Wecall apiecaviselinearfunctionon if andonlyif



where arethe barycentriccoordinatef in the planartriangle . Denoteby
thespaceof all functions on  suchthat

where isapiecaviselinearfunctionon  with ,i.e,

Let  bethetangentialsurfacegradientoperatoron |, i.e.,for ary function de nedon

where is the unit outernormalvectorto . Similarly, we could de ne the standard
Soboler spaceon . It is easyto get for ary using(4.3) andthe
factthat . In addition,asin Propositionl andCorollary 1, aftersome
technicalderivation,we have, for ary ,

(4.5)
FromPropositionl and(4.5), we obtain,
COROLLARY 2. Thee exista constant sud thatfor any ,
(4.6)
Let , using (4.5) with Propositionl andCorollary 1, we alsogetthat, there
existssomeconstant ,
4.7)
for ary . We now give estimate®n theinterpolants.
PROPOSITION 2. For any , let and betheinterpolantsof on
and respectivelythenthere exist someconstants sud that
(4.8)
Proof. The proofrequiresonly standardechniquesDe ne
then . Furthermoreupsingthe estimatefor thelinearinterpolation

on planartrianglesandtherelation



we obtainby (4.2)that

(4.9)

The otherestimateganbeprovedin similar mannersWe omit the details.O

Next, we provide someequialencebetweenvariousnorms. For corveniencewe make
the assumptiorthat that all three anglesof arelessthan in this section,sucha
statemengenerallyholdsfor the trianglesin the sphericalcentroidalVVoronoi mesheswith
sufcient large (nosmallerthan42, for examplefor the constantdlensity)numberof vertices
(generators)pr equivalently; sufcient small .

LEMMA 1. For any , there existssomeconstants
(4.10)
Proof. First,from (4.2),we have
(4.11)
Since , is linearon . Then
andconsequently
- (4.12)
Let

10



clearly, (seeFig. 4.1),we have

(4.13)
Since for , with (4.11),(4.12)and(4.13),we
have
(4.14)
for someconstants
X
Zj Xj
Xk
FIG. 4.1.
We now consider and . By Propositionl and(4.2),we have
(4.15)
andsimilarly,
- (4.16)
Let , Clearly, for ary , is a constantvectorand
. Since , we have
which leadsto
(4.17)

11



Without loss of generality supposéehat the triangle is parallelto the two dimensional
-plane.Againsince  islinearon , thenwe have

where for . Since , wehaveon ,

- (4.18)
So,we nally obtain(see[23]),
(4.19)
where
Similarly,
- (4.20)
Combining(4.15)- (4.20),we have
(4.21)
for someconstants . From(4.14)and(4.21),we getthatthereexist someconstants

0
REMARK 2. Theresultsof the lemmacanactually be provedfor more geneal Voronoi-
Delaunaymesheghat satis esthelocal meshregular properties.In fact, we need for each
sphericaltriangle , that the numberof sphericalVoronoiregions  havingnon-empty
is boundedby a constantinteger, independenof . Furthermoe, anyspherical
\Voronoiregion canbecoveredbytheunionofthe nite setof . Themaximurmumber

12



of sphericaltrianglesneededn suc a union shouldalso be boundedby a constantinteger
independentf . Underthoseconditionsandthemeskhregularity conditions theaboveequiv-
alenceof normsstill holds. Theassumptiorthat any triangle only hasacuteanglesmales
theabovederivationmud simpler

Since is the spaceof grid functionson  with respecto , theset
of functions where
givesasetof basisfunctionsfor . Forary and , de ne thebilinear

functionals and suchthat

(4.22)
(4.23)
where
Comparing  with the nite volumeschemg3.6),wehavein factreplaced by
and by . Note that no changeis madefor a
purediffusionproblemcontainingonly seconcbrderterms . Ourdiscrete
problemhereis then: nd suchthat
(4.24)

Formulationslike the above for the nite volume methodshave beenused,for instancejn
[23]. Theoriginalschem&3.6) maybeviewedasanapproximatiorof (4.24)throughnumer
ical integration. It is notdif cult to shav thatthe errorestimateof Theoreml still holdsfor
theabose  usingsimilaranalysisin [8]. Combiningwith Lemmal andProposition2, we
have thefollowing result:

THEOREM 2. Supposeéhat Assumptiorl is satis ed. Let and be de ned by
(3.3)and(4.23)respectivelyThenthediscretesysten{4.24)hasa uniquesolution

Furthermoe, assumehat the uniquevariational solution of (1.1) belongsto , then
there existsa constant only dependingon , ,and sud thatfor
, wehave
(4.25)

13



Proof. Noticethat , thenwe have

wherethe conclusionof thetheoreml hasbeenused.O

LEMMA 2. Supposé¢hat is a sphericalcentioidal Voronoitessellation
of  with thedensityfunction satisfying and for any . Then,
for any , there exits a constant sud that

(4.26)

Proof. Letusassumehat , thenit is easyto seethat . Consider
thesphericaMoronoiregion  associateavith , for ary , we have
where denoteghe Hessiamatrix of at .So
where

where isthestandardnasscentroidof — associateavith thedensityfunction .
Usingthe propertieq4.1) of the SCVT, we have

where  denoteghe projectionon
14



Since is compactwe have

(4.27)
and
(4.28)
Combining(4.27)and(4.28),we get
(4.29)
Consider , usingthefactthat and(4.2),we know that
Then,we get
(4.30)
Ontheotherhand,for , by doingachangeof variables andsetting

It is easyto seethat

Finally, we obtain (4.26) for
andinvoking adensityargument[]

, we havethat . Then

. By aproofsimilarto thatgivenin [8], we get

(4.31)

by combining(4.29) and (4.30) with (4.31)

15



THEOREM 3. Let Assumptiorl be satis ed. Supposéhat is a spher
ical centoidal Voronoitessellatiorof  with the densityfunction satisfying

and for any . Let and bede nedby (3.3)and (4.23) respectively
Thenthe discrete system(4.24) hasa uniquesolution . Furthermoge, assumehat
the uniquevariational solution of (1.1) belongsto , thenthere existsa constant
onlydependingon , , ,and sud that
(4.32)
whele
Proof. For simplicity, we assume . Since , accordingto (1.4),
we know thatthereexistsaweaksolution satisfying
Put in theabove equality thenwe get
(4.33)

Furthermorefrom (1.5),we know,

(4.34)

for someconstant
Denoteby and theinterpolantof on and  respectiely, thenwe

have
Consequentlywe get

(4.35)
Accordingto Theorem2, Proposition?2 and(4.13),we get

(4.36)

16



Ontheotherhand,by Greensformula,we have

(4.37)
where is oneof thetangentvectorof  whichis theunit outernormalvectortoward
theboundaryon . Also, we have

(4.38)

So,we obtain

17



where

Consider , wehave

(4.39)

where  denotegshe projectionon . UsingLemmal andCauchy-Schwartzinequal-
ity, we get

18



UsingLemmaz2, we have

and

So,we obtain

(4.40)
Asfor ,usingCorollary2 andLemmal, we have
(4.41)
Accordingto the continuity of oneach , we have
sowe get
(4.42)

Additionally, oneachedge of , by symmetry(seeFig. 4.2), we have

which alsoimplies

19



FIG.4.2. are middlepointsof and respectively

Sowe have

(4.43)

About ,wehave

(4.44)

(4.45)
About , usingTracetheorem[13], we have

(4.46)

(4.47)
About ,wehave

(4.48)
By (4.40),(4.41),(4.43),(4.44)(4.46)and(4.48),we get

(4.49)

20



Ontheotherhand,we have

where

with

Noticethat

Since , we know by Propositionl that

Thenwe get

It is alsoeasyto nd that

21
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By the Cauchy-SchwartzinequalityandTheorem?2, we have that

(4.52)
Asfor and ,since , we have

(4.53)
Sowe get

(4.54)

By (4.36),(4.49)and(4.54),we get

which means

This completegheproof of thetheorem[

REMARK 3. Extra regularity on the exact solutionis required to get the quadmatic or-
der error estimatesthoughin the standad nite elementiterature, sud a requirementis
not neededn geneml. Thisis seenasa consequencef the quadmature approximationsto
the standad weakformsof the equations. Theregularity in canin fact be further
wealenedto, for instance for

REMARK 4. The quadratic order error estimatesdependon critically the properties
of the sphericalcentoidal Voronoi meshes.The proof is not valid for a generl spherical
\Voronoi mesh.Sudan  error estimatehasnot beengivenin the literature evenfor the
planar nite volumemethodshasedon the geneal Voronoi-Delaunaymeshes.Wth other
choicesof the co-volumeswhich are not of the Voronoi-Delaunaytype a quadmtic order
estimatehasbeenprovedin [23] for two dimensionaldiffusionequations.A r storder
error estimatehasbeengivenin [16].
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5. Superconvergentgradient recovery. Inthissectionwe discushow to post-process
the nite volume solutionsto obtaintheir tangentialgradientsin the longitudeandlatitude

directions.Let usrewrite theequation(1.1) in the sphericakcoordinatesystem de ned
by

for and
Ignoring the radial componentwe may denote , where

and arethe (orthogonal)component®f inthe and directionsrespectiely, onthe
tangentiakurfaceof at . Wealsohave

- (5.1)
_ — (5.2)
Forary generator in ,dene
We rst project  ontothetangentiaplane of at ,i.e., is perpendiculato
at . Denoteby theunit vectoron alongthe direction. Then,move
to the -planeby anaf ne mapsatisfyingthat is mappedo the -axisand
to the -axis. SeeFig. 5.1. We now de ne amap by the above procedure
suchas
z H;‘Z,xj
y
" vili rTN,x_i
X
FiG. 5.1. Themapping
Oneachplanartriangle , we uniquelydeterminealinearfunction
by setting
Now we de ne
o - _ (5.3)

23



where Card . We alsolet

(5.4)

Theindex set maybetakento bethe setof all Voronoigeneratorsr a large portion of the
generatoset.In light of therecentstudiesonthe nite elemengradientecovery[34] atmesh
symmetricpoints, the closerelationshipbetween nite elementand nite volume schemes
[4, 32], andthenice propertiesof SCVM, we expectthatfor the nite volumesolutionwith
SCVM, thereexiststhe estimate:

(5.5)
Suchresultsareto be numericallyinvestigatedn the next section.

6. Numerical experiments. Let  betheunit sphere.We now presentumericalre-
sultsthatare summarizedn the following two exampleswith eachexamplecontainingtwo
separateexperiments(correspondingo two different exact solutions)but with one identi-
cal exactsolution.In our experimentsthe nite volumemeshesretakento bethespherical
centroidalMoronoimeshegorrespondingo aconstantensityfunctionwith variousdifferent
numbersof generators.

For our rst example,we choosethe exactsolutionto be

(6.1)
andstudytwo differentmodelproblemsyhosedataaregivenin Table6.1.

TABLEG.1
Data for two modelproblems.

I | nocorvection 1 0 0 1
Il | corvectiondominated|| 0.05

Approximatesolutionswereobtainedusingthe nite volumeschemeg3.6)with thecen-
tral differenceschemeandthe uniformly distributedsphericalcentroidalVoronoi meshesn
Fig. 2.1 which werebasedon the constandensityfunction . In Table6.2,
errorsin theapproximatesolutionareplottedagainsthe numberof generators.

For the secondexample the exactsolutionof (1.1)is choserto be

(6.2)

In Table6.3, errorsin the approximatesolutionagainstthe numberof generatoraregiven.
Sincethe exact solution (6.2) is more complex than (6.1), the largest2% of the pointwise
gradienterrors o wasremovedfrom the estimatevhencomputingthe
in Table6.3. Theserelatively larger errorsconcentratesiearthe 12 defectpoints
of the SCVM (i.e., thoseVoronoicellswith only 5 neighbors)wherethe meshlacksperfect
symmetry
Fromthenumericalvaluesgivenin thetableswe seethat,for boththe  errorsandthe
gradientrecovery errors , thetrendof quadraticordercorvergenceis very evident
aswere ne themesh.
In Fig. 6.1, the errorsof the nite volume approximationwere plotted (with only half
of the sphereshawvn). The numericalsolutionscorrespondso thosesimulationswith
It canbe obsened that the errorsdistribute very evenly on the sphere thus, the
SCVM with a constantensityis alreadyadequate.
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TABLE 6.2
Finite volumeerrors for (6.1) vs.thenumberof geneators .

162 | | 4.038E-02 1.331E-01
I 6.406E-02 1.655E-01

642 | | 1.021E-02 | 3.444E-02
I 1.612E-02 | 4.214E-02

2562 | | 2.556E-03 | 8.788E-03
I 3.994E-03 1.161E-02

10242 | | 6.362E-04 | 2.221E-03
I 1.004E-03 | 3.072E-03

40962 | | 1.631E-04 | 5.269E-04
I 2.375E-04 | 8.132E-04

TABLE 6.3
Finite volumeerrors for (6.2) vs.thenumberof geneators .

162 | | 4.032E-01 4.313E-00
I 5.962E-01 4.314E-00

642 | | 1.370E-01 1.178E-00
I 1.241E-01 1.115E-00

2562 | | 2.687E-02 3.115E-01
I 3.033E-02 2.908E-01

10242 1 7.445E-03 7.902E-02
I 7.577E-03 7.346E-02

40962 | | 2.080E-04 1.745E-02
I 2.072E-04 1.797E-02

7. Conclusion. High quality sphericalgrids have mary applications.Many stratgies
have alreadybeenstudiedin atmosphericahnd geophysicakimulations[29] for producing
goodsphericalgrids suchasthosebasedon the conceptof discretegeodesiqgridsandthose
basedon sphericaMoronoi-DelaunayessellationsFor global dataanalysispurposesideas
suchastheEASE-grid[19] or gridsbasedn Platonicsolidshave alsobeenexplored. Though
mary of thesechoicedeadto goodquality grids, it canbe arguedthatthe recentlyproposed
conceptof SCVT [7, 8] in generalgivesgrids which are superiorto mostof existing ones.
By providing both theoreticaland computationakvidences,our study hereon a nite vol-
umeapproximatiorof linearcorvectiondiffusionequationsie ned onaspherebasednthe
sphericakentroidaloronoimesheslemonstrateflrtherthe optimality of the SCVT grids.

In thefuture,we will make further studieson the propertieson the SCVT grids suchas
thelocal enegy equipartitionandhierarchicalSCVT grids for multiresolutionanalysis.The
validity of supercomergentgradientrecoveryestimates.5will beexploredthroughanalytical
means. We will also study the applicationof the SCVT grids to more complex physical
problems.
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