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Abstract. Westudyin thispapera �nite volumeapproximationof linearconvectiondiffusionequationsde�ned
on a sphereusingthe sphericalVoronoi meshes,in particular, the sphericalcentroidalVoronoi meshes.The high
quality of sphericalcentroidalVoronoi meshesis illustratedthroughboth theoreticalanalysisandcomputational
experiments.In particular, we show that the ��� error of the approximatesolutionis of quadraticorderwhenthe
underlyingVoronoi meshis given by a sphericalcentroidalVoronoi mesh. We alsodemonstratesnumericallythe
high accuracy andthesuperconvergenceof theapproximatesolutions.
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1. Intr oduction. The numericalsolution of partial differential equationsde�ned on
spheresis averyactiveresearchsubjectin thescienti�c community. Thesubjectis relatedto
a numberof importantapplicationssuchasweatherforecastandclimatemodeling.For ex-
ample,thenumericalsolutionof linearconvection-diffusionequationsandnonlinearshallow
waterequationsin thesphericalgeometrycanbeusedto testnumericalalgorithmsfor more
complex atmosphericcirculationmodels.Thoughthesemodelswereoftensolvedwith spec-
tral methodsor traditional�nite differencemethodsin sphericalcoordinates,methodsthatuse
quasi-uniformtessellationsof the spherearegraduallygainingpopularityasthe grid-based
methodsoffer greatpotentialwhencombinedwith massiveparallelismandlocaladaptivity.

To get ef�cient and accuratenumericalsolutionsof PDEs,it is well known that grid
quality playsan importantrole andhigh quality grid generationis oftena signi�cant partof
theoverall solutionprocess.Recently, many studieshave beenmadeon thedevelopmentof
�nite elementand�nite volumeapproximationsto PDEsde�ned on spheresusingvarious
sphericalgrids, suchasgrids basedon Bucky balls [15], icosahedralgrids [3, 30], skipped
grid [21], gridsobtainedfrom agnomonic(cubedsphere)mapping[20], etc. In standardEu-
clideangeometry, theso-calledVoronoi-Delaunaygridshavealwaysbeenverypopulargrids
usedin both �nite elementand�nite volumemethods.Grids generatedfrom the spherical
Voronoitessellationsandtheir variationshavealsobeenstudied,seefor example[14, 31].

In [7] and[8], we proposeda high quality sphericalgrid basedon the SphericalCen-
troidal VoronoiTessellation(SCVT) which canbeusedfor bothdataassimilationpurposes
andfor thenumericalsolutionof PDEson spheres.A �nite volumeapproximationto a sec-
ondorderlinearelliptic equationusingthesphericalVoronoimesheswasstudiedin [8], and
a �rst ordererror estimatefor thediscrete��� norm wasobtainedundersomegrid regular-
ity assumptions.Preliminarynumericalexperimentswasalsoprovidedthereto demonstrate
the goodperformancewhenthe �nite volumeschemewasimplementedwith theSpherical
CentroidalVoronoiMeshes(SCVM) thatincludeboththeSCVTandits dual(Delaunay)tri-
angulargrid. A very recentstudymadein [29] on both theglobalandthe local uniformity
of sphericalgrids indicatedthat theSCVT grid with a uniform densitymeasuresbetterthan
many othervariations.Moreover, after examiningthe local truncationerrorsaswell asthe
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solutionserrorsfor a modelPoissonequationon thesphere,it wasconcludedthattheSCVT
basedgrid tendsto producesthesmallesterrorsamongall thegridsunderconsiderationand
sucha grid would naturallyremainsasa safechoicein practice.

The SCVT canalsobe de�ned with a nonuniformdensityfunction and thusmakesit
suitablefor adaptivecomputation.In light of theoptimizationpropertiesthey enjoy [7], grids
generatedby the SCVM, in somesense,may be viewed asoptimal grids: they offer both
excellentlocalgrid regularityandglobalmeshconformityaswell as�e xible meshadaptivity.
In this paper, we make further attemptsto substantiatethe optimality of SCVM both theo-
retically andcomputationally. Our main resultsincludea carefully designed�nite volume
schemefor a generalsecondorderconvection-diffusionequationde�ned on a sphere.When
implementedwith theSCVM, we presentfor sucha discreteschemea rigorousquadraticor-
der

���

errorestimatewhoseproof reliescritically on thegeometricpropertiesof theSCVT.
Wefurtherdemonstratethroughexperimentsthesuperconvergentpropertiesof thenumerical
solutionsandtheir gradientssolvedusingour modi�ed �nite volumeschemeandtheSCVT
basedgrid. All these�ndings providecompellingreasonsfor regardingtheSCVT's with the
uniform densityasarguablythebestalternative for nearuniform partitionsof thesphereand
theSCVT basedgridstheoptimal triangulargridsto usefor thenumericalsolutionof many
partialdifferentialequationsde�ned onspheres.

We pointout thattheconclusionsgivenin this papercanbereadilyadaptedto problems
de�ned on thetwo dimensionalEuclideanplane.Theanalysisfor thesphericalcaseis some-
what more involved than the planarcasesincewe mustdealwith the differencesbetween
sphericaltrianglesandplanartriangles.

Thepaperisorganizedasfollows: we�rst introducesomenotationandassumptionsused
in thepaper, thenin section2, we brie�y recall thebasictheoryof thesphericalcentroidal
Voronoimeshes.The�nite volumeschemefor linearconvection-diffusionequationson the
spheregivenin [8] is discussedin section3. With asuitablemodi�cation to the�nite volume
scheme,a rigorous

���

error estimateis given in section4 for sphericalcentroidalVoronoi
meshes.In section5, a superconvergentgradientrecoveryschemeis providedandin section
6, wepresentsomenumericalexperiments.Someconcludingremarksaregivenin section7.

We now introducesomebasicnotationusedin thepaper. Let �
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Notethat,since �
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hasnoboundary, thereis noboundaryconditionimposed.
We use the standardnotation for Sobolev spaceson �
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(viewed as a compact,two-
dimensionalRiemannianmanifold)[13]:

��N

�

�

�O��
QP

*

���,�

�SR

5
7

�

*

�0�,�

�

NUTWV

���,�YXKZ\[

�

2



���

.

N

�

�

� �-


�

*

�

�

� �

�

� �

�

'��

(

*

�

� N

�

�

� �

for ���

� �Y�

���

"

�

where
�


 �

�

� �

�

�

�

�

� �

, '

�

(




'

�
	

(/.

�

'

�

7

(+.

�

'

���

(/.

�

, and
� �Y�




�

�

C

�

�

C

�

�

. Also,

 

*

 �


��� ���

5 7��




�

� �

>������! 

�

 �

�

 

'

�

(

*

 

N "

� �

5�7 �

E

�$#

N

for %&�('

XKZ

)+*�,

�-�� 

�

 �

�

 

'

�

(

*

 

"/.

�

5�7 � for '


 Z

M

For thecase'


10

, we let �

�

�

�

�

�-


�

�

.

�

�

�

�

�

.
Let thedatain (1.1)satisfythefollowing setof assumptions.
ASSUMPTION 1.
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2. Spherical centroidal Voronoi meshes.Let
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forms a Voronoi tessellationor Voronoi diagramsof �
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generatorsP
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is an openconvex sphericalpolygonon �
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geodesicarcsmakingup its boundary. It is alsowell-known that thedual tessellation(in a
graph-theoreticalsense)to a Voronoi tessellationof �
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consistsof sphericaltriangleswhich
form theDelaunaytriangulation.
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Given a densityfunction � de�ned on �
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As in [7, 8], a Voronoi tessellationof �
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is calleda constrainedcentroidal Voronoi tessella-
tion (CCVT) of �
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It can be shown [7] that
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are a sphericalcentroidal
Voronoi tessellation.Consequently, sphericalcentroidalVoronoi mesheshave many good
geometricproperties,see[7, 8]. If the densityfunction �
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is a constanton �
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, then the
SCVTgeneratorswill beuniformlydistributed.Alternatively, anon-constantdensityfunction
providessystematicallyanon-uniformdistributionof pointswhile theaccumulationof SCVT
generatorsstill remainslocally regular.

Constructinga constrainedmasscentroidfrom (2.1)maybecumbersome.In [7], it has
beenshown thatonecancompute�rst thecentroidin
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. Bothdeterministicandprobabilisticalgorithmshavebeenprovidedin [7, 8] to
constructa SCVT. The deterministicversionrequiresan explicit geometricconstructionof
generalsphericalVoronoitessellationswhich wasdoneby thealgorithmsgivenin [28]. One
mayalsoextendthework in [18] to parallelizesomeversionsof theprobabilisticalgorithms.

Fig.2.1shows someexamplesof SCVT's associatedwith a constantdensity. More ex-
amples,includingSCVT'swith nonuniformdensities,canbefoundin [8].

3. A �nite volumemethodonsphericalVoronoi tessellations.GivenasphericalVoronoi
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FIG. 2.1. Sphericalcentroidal Voronoi tessellationsof a sphere for a constantdensityfunctionwith 162(left-
top),642(right-top),2562(left-bottom)and10242(right-bottom)generators.

it is known that  

�
Q

�
^

is perpendicularto �

Q ^

andtheplanedeterminedby �

Q

.

^

andtheorigin
bisects  

�]Q<�_^

at its midpoint
�]Q ^

[28], seeFig. 3.1.Thus,
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wheretheouterunit normalvectorto theboundaryof Z

Q

, denotedby
3

4

9W. 	
� , is takento lie in

thetangentplaneof �

�

at
�

.

x i

x j

x k

V i

ij

FIG. 3.1. A sphericalVoronoi region andits dual triangles.

Meshesof the type �




P

�fQ

�

Z

QTS�U

QWV

�

are usedas control (or �nite) volumesfor the
discretizationmethoddiscussedbelow.
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3.1. A �nite volume discretization scheme.Denoteby
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thespaceof all piecewise
constantgrid functionsassociatedwith a sphericalVoronoi mesh �
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Basedon theGreen's formula,a �nite volumemethodfor seekingtheapproximatesolution
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For all Z
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, let
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Then,the�nite volumeschemegivenby [8] is de�ned by thefollowing system:
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REMARK 1. An approximateconvection�ux which leadsto a central differencescheme
is de�nedby
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*

�

Q

C

*

�

^

�

M

(3.7)

Then,a stabilityconditionsuch as

�

Q



)+*�,

^

��� �

�

�/Q ^

��$W 

�]Q?1 �_^

 

0

�

�

�

Q ^8�F@
Q ^

� % for
d 


%

�

$ $=$

�;a)�

is needed,where
�

Q

is calledthelocal Pecletnumber[17, 25].
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3.2. Previous results. For givengrid functions *

�;:

�

���

, we de�ne, similar to [25],
the following discreteinner productsandnormsassociatedwith a sphericalVoronoi mesh

�




P

�]Q

�

Z

QTS�U

QWV

�

:
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

*

�;:

�

�




U

�

QBV

�

�

�

Z

Q �

*

�0� Q �

:

�0� Q �

�

 

*

 

�

�

.

�


 �

*

�

*

�

�

�

�

*

�

�

�

.

�




%

0

�

�

QBV

�

�

^

��� �

�

�

�

Q ^��

T

�0�]Q

�

�_^��

�

*

���]Q � 1

*

�0�_^��

 

� Q 1 � ^

 ��

�

�

 

*

 

�

�

.

�




 

*

 

�

�

.

�

C

�

*

�

�

�

.

�

M

Normsfor generalfunctionspacescanalsobede�ned.
We de�ne themeshqualitynorm � by

�




)+*�,

QWV

�

.������ .

U

�

Q

�

where �

Q6


)+*J,

�

�
	 �

T

�0�]Q

�;G

�

M

Thus, �

Q

gives the maximumgeodesicdistancebetweena particulargenerator
�

Q

and the
pointsin its associatedcell Z

Q

and � givesthemaximumof all �

Q

's. Theabovemeshnorm �

hasbeenusedin [7] in thecontext of polynomialinterpolationon thesphere.
Givena Voronoimesh�




P

�fQ

�

Z

Q;S

�
QBV

�

, we de�ne themeshregularity norm � by

�




)����

QWV

�

.������ .

U

�

Q

�

where �

Q



) � �

^

���
�

�

Q ^

and �

Q ^



T

�0�
Q

�

�
^

�

0

�

Q

M

(3.8)

� canbeusedasa measureof theuniformity of a mesh;the larger thevalueof � , themore
uniformis themesh.In addition,thevalueof � providesusameasureof themeshregularity,
i.e., the local uniformity of a mesh. Again, if a meshis locally uniform in the sensethat
thecells in a neighborhoodof any cell arenearlycongruentto thatcell, thenthevalueof �

will againbe large. We will refer to � asregular if � is not too small. To geta reasonable
theoreticalestimate,wewill needto requirearegularityconditiononthemesh.Thefollowing
resulthasbeenprovedin [8].

THEOREM 1. Supposethat Assumption1 is satis�ed. Let �

Q ^

,
�

Q ^

, and
HFQ

bede�nedby
(3.3)–(3.5). Thenthe discretesystem(3.6) hasa uniquesolution * �

�

�
�

. Furthermore,
assumethat theuniquevariational solution * of (1.1)belongsto �

�

�

�

�

�

, thenthere existsa
constant

2

�	� onlydependingon
3

D ,
H

, and � such that
 
	

�

 

�

.

�

�

2

�

 

*

 -@

7

�

5
7

� (3.9)

where
	

�

�0�,��


	

�

Q




*

���]Q �21

*��

Q

for
� �

Z

Q

.
Note that Theorem1 holds for generalregular sphericalVoronoi meshes. For more

existingstudieson the�nite volumemethods,especiallywhenappliedto solvesecondorder
elliptic onthetwo dimensionalplane,wereferto [2, 4,5,9,11, 12, 16, 23, 22, 24, 26, 32, 33].

4.
�

�

error estimate on spherical centroidal Voronoi meshes.An improved error
estimatein the

���

norm is generallyexpectedfor �nite elementand�nite volumeapprox-
imationsof secondorderelliptic equations.However, in this section,it is shown that the
quadraticordererror estimatefor the schemeunderconsiderationherecanonly be proved
whenthegrid satis�escertaingeometricconstraints.In fact,a partof theestimatedepends
critically on thepropertythat if �




P

�RQ

�

Z

Q;S�U

QBV

�

is a sphericalcentroidalVoronoi tessella-
tion of �

�

correspondingto a densityfunction � , then,
R

	
�

�

���,� ��� �

Q

1L�,�

TWV

���,��


�

�DC

d6


%

�

0

�

M=M M

�$a

(4.1)
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where
�

�

Q

is standardmasscentroidof Z

Q

, whoseprojection(throughthe standardmap
�

)
ontothespherecoincideswith

� Q

.
Without lossof generality, we set �




% , thatis, we considerthecaseof theunit sphere.
For therestof thesection,only thoseschemesbasedSCVM areanalyzed.

If
�]Q

�

�_^

and
�

� areneighborsfor eachother in � , we denoteby �

�

Q ^

� the spherical
triangledeterminedby

� Q

�

� ^

and
�

� , andby
�

Q ^

� thecorrespondingplanartriangle(seeFig.
3.1). We usethenotation

�




P

d

`

�

�

d

�

`

�

�

areneighborsfor eachotherin �

S

�

�

�

Q ^

�




�

�

�

G

��


G

�

 

G

 �

G

�

�

Q ^

�

"




�

�

�

Q ^

�

�

�

�

�




P��

�

Q ^

�

�

d

`

�

�

�

S

�

and
�




P

�

Q ^

�

�

d

`

�

�

�

S

M

It is easyto seethat �

�

is thecorrespondingsphericalDelaunaytriangulationof �

�

associated
with thegeneratorsP

�fQgS�U

QWV

�

. We canalsoview
�

asa one-to-onesmoothfunctionthatmaps
� �


	��


� �

�

�
�

�

Q ^

� to �

�


����




� �

�

�

�

�

�

�

Q ^

� .

Clearly,
�

�

�

�

�




P

�
Q

S�U

QBV

�

. For any
� �

�

�

and
�

�
�

�

�

�

�

�

Q ^

� , we have

�

�

�

�

�

 

� 1

�	�

�

�0�,�

 

� �

�

�J0

�

�

%

1 0

�

�

�

T

�0�

�
�

�

�

�

�

 

�	�

�

���

�

�21

�	�

�

�0�

�

�

 

�

�

%

C 0

�

�

�

T

���

�
�

�

�

�

�

� �

�

Q ^

�

�

���

�

�

�

Q ^

�

�

�

�

%

C 0

�

�

�

�

� �

�

Q ^

�

�

(4.2)

where
���

�

Q ^

�

�

denotestheareaof thetriangle
�

Q ^

� . Set

�




P

�

�

%

1

�

�UX

 

�

 

X

%

C

�

�JS

�

we seethat
�

Q ^

�

X

�

and �

�

Q ^

�

X

�

. For any *

�

�
�

�

�

�

�

, de�ne the function � * , the
extensionof * in

�

, by

� *

�

G

��


*

>

G

 

G

 

E

� G

�

�

M

Thefollowing resultshavebeenestablishedin [8]:
PROPOSITION 1. For any

G

�

�

and
��


G

�

 

G

 

�

�

�

, and
d

�

`
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�

0

���

,

�
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�

�

�

�

�

�

�

'
(

*
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'�� *

���,�

�

'
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Q

� *

� ���,��


')(

�

')(/.

Q

*

� ���,�21 �

')(/.

Q

*

���,�O�

3

4,5�7

. 9
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��
 ; Q ; ^

� *

�0�,�
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(4.3)

FromProposition1, we naturallyhave
COROLLARY 1. Thereexist a constant

2

� � such that for any
G

�

�

,
��


G

�

 

G

 

,
�

�

Q

.

^$V

�

�

'
(/.

Q

'
(/.

^

*

���,�

�

�

�

 

G

 ��

�

�

Q

.

^$V

�

�

; Q ; ^

� *

�

G

�

�

�

�

2

�

���! 
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 �

�

�

' �

(

*
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�

�
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(4.4)

We call *

"

a piecewiselinearfunctionon
�

�

if andonly if

*

"

�

G

��
	�/Q

*

"

���]Q �,C��
^

*

"

���_^8�,C��

�

*

"

�0�

�

�

�DC G

�

�

Q ^

�

M
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where
� Q

�

� ^

�

�

� arethebarycentriccoordinatesof
G

in theplanartriangle
�

Q ^

� . Denoteby
� �

thespaceof all functions*

�

on �

�

suchthat

*

�

�0�,��


*

"

�

�

�

�

���,� �

�

� �

�

�

M

where*

"

is apiecewiselinearfunctionon
� �

with P8*

"

�0�]Q �-


*

�

���]Q � S

U

QBV

�

, i.e,

� *

�

�

G

��


*

"

�

G

�

� C G

�

�

�

M

Let '

� bethetangentialsurfacegradientoperatoron
� �

, i.e., for any function * de�ned on
� �

,

'

�

*

�

G

��
 �

'

�

.

���

'

�

.

�

�

'

�

.

�=�

*

�

G
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'�*

�

G

�21 �

'�*

�

G

�
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� �

�

�

3
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�
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�

�
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�

where
3

4




���

� is theunit outernormalvectorto
�

Q ^

� . Similarly, we couldde�ne thestandard
Sobolev spaceon

� �

. It is easyto get *

�

�

� �

�

�

�

�

for any *

�

�

� �

using(4.3) andthe
factthat � *

�




*

"

�

�

�

�

� �

�

. In addition,asin Proposition1 andCorollary1, aftersome
technicalderivation,we have,for any

G

�

�
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� ,
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

'

�
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�

G

�

�

�

�

�

' � *

�

G

�

�

�

�

�

�
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�

�

'

�

.

Q

'

�

.

^
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�
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�

�

�

�

�

�

Q

.
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�

�
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�

G

�

�

�

�

'

�

.

Q

'

�

.

^
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�

�

G
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�

�

d

�
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%

�
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G
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3
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�
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�

�
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(4.5)

FromProposition1 and(4.5),weobtain,
COROLLARY 2. Thereexist a constant

2

� � such that for any
�A�

�

�

Q ^

� ,
�

�

Q

.
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�

�

')(/.
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^

*

�
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�

�

�
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�
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�
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'
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(

*
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(4.6)

Let
�

*




� *

�

��� , using(4.5) with Proposition1 andCorollary1, we alsoget that, there
existssomeconstant
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(4.7)

for any
d

`

�

�

�

. We now giveestimateson theinterpolants.
PROPOSITION 2. For any *

�

�

�

�

�

�

�

, let
���

�

*

�

and
���

�

*

�

betheinterpolantsof * on
�

�

and
�

�

respectively, thenthereexist someconstants
2
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�
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�	� such that
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(4.8)

Proof. Theproof requiresonly standardtechniques.De�ne
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�
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then
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*
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. Furthermore,usingtheestimatefor thelinear interpolation
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�
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�
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we obtainby (4.2)that
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(4.9)

Theotherestimatescanbeprovedin similar manners.We omit thedetails.
Next, we providesomeequivalencebetweenvariousnorms.For convenience,we make

the assumptionthat that all threeanglesof
�

Q ^

� are lessthan
�

��� in this section,sucha
statementgenerallyholdsfor the trianglesin the sphericalcentroidalVoronoi mesheswith
suf�cient large(no smallerthan42, for examplefor theconstantdensity)numberof vertices
(generators),or equivalently, suf�cient small � .

LEMMA 1. For any *

�

�

� �

, thereexistssomeconstants
2
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Proof. First, from (4.2),we have
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Since*

�

�

� �

, � *

�

is linearon
�

Q ^

� . Then
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Let
�
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clearly,
� �
� Q �,C � �
� ^ �,C � �	�

�
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 ���

�

Q ^

�

�

(seeFig. 4.1),we have
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for someconstants
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FIG. 4.1. ��� ���
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�

*
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5
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(4.15)

andsimilarly,
�

*
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�
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�
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(4.16)

Let
�

*

�




� *

�

�

�
� , clearly, for any

G

�

�

Q ^

� , '

�

�

*

�

�

G

� 


3

�

Q ^

� is a constantvectorand
�

Q ^

�

$ 3

4




� �

�

. �




� . Since
3

465
7

. 	

�

�

�

$ 3

4




���

�

7

%

1Y0

�

�

, we have
�

'

�

�

*

�

�

G

�

�

�

�

'�� *

�

�

G

�

�

�

�

%

C 0

�

�

�

�

'

�

�

*

�

�

G

�

�

�

which leadsto
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�

Q ^

�

�

�
3

�

Q ^

�

�

�

�
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� �
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�
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�

�

G

�

�

�
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�
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�

Q ^

�
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3

�
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�

�
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M

(4.17)
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Without lossof generality, supposethat the triangle
�

Q ^

� is parallel to the two dimensional
���

�

�

�

-plane.Againsince� * is linearon
�

Q ^

� , thenwehave

'

�

�

*

�


��0;��

� *

�

�

;

� � *

�

�

�

�

�

�

�

Q ^

�

�

�


��0; �

� *

�

�

�

CK�<;

� � *

�

�

�

�

 

���B1L�

�
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������?1L�

�

� � C �

�

�B1

�

�

� �

�

�

�

�


 d

�

`

�

�

�

where
�

�


����

�

�

�

�

�

�

�

�

for �


1d

�

`

�

�

. Since*

�

�

� �

, wehaveon
�

Q ^

� ,
�

;��

� *

�




�

	

�




���

�

�

�

*

�

���]Q � �

�

^%1

�

�

�,C

*

�

�0�_^�� �

�

�

1

�

Q<�,C

*

�

���

�

� �

�

Q?1

�

^8� �

�

;

� � *

�




�

	

�




���

�

�

�

*

�

���]Q � ���

�

1L� ^�� C

*

�

���_^�� ���_Q 1 �

�

�,C

*

�

���

�

� �0� ^ 1L�_Q � �

M (4.18)

So,we �nally obtain(see[23]),
�

*

�

�

�

�

.
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%
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�
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�

^

���
�

�

�

�
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�
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���
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�

�
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�

9 �

�
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�

�

9 �

�

�
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�

9 �

�
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�

�

�

%

C

�

�

�

�
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�

�
�
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Q

�

�

�
^

���
Q ^
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^

�

�

�

�

���
^

�

C&0 � ��� �

�

�

�

�
Q

���

�

Q
�

�

0 � �

�

Q ^

�

� � �0;��

� *

�

�

�

�

�O�

�
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�
� *

�

�

�

�

� �

�

�


 0 � �

�

Q ^

�

�

�
3

�

Q ^

�

�

�

(4.19)

where

����� �
���

�

�

��


%
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�
�

1 �
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�

�
1

�
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�

�
�

�




�

*

�

����� �21

*

�

���

�

�

 

�
�
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�

 �

�

�

� ��� �]Q

�

�

�_^�� C � ��� �_^

�

�

�

�

�,C � ��� �

�

�

�

�]Q ��
 � �

�

Q ^

�

�

M

Similarly,
�

*

�

�

�

�

.

�

7

%

0

���

�

Q ^

�

�

�
3

�

Q ^

�

�

�

(4.20)

Combining(4.15)- (4.20),we have
2��

�

*

�

�

�

�

.

�

�

�

*

�

�

�

@

	

�

5
7

�

�

2��

�

*

�

�

�

�

.

�

(4.21)

for someconstants
2

�

�

2
�

�	� . From(4.14)and(4.21),wegetthatthereexist someconstants
2��

�

2
�

�	�

2��

 

*

�

 

�

.

�

�

 

*

�

 F@

	

�

587
�

�

2
�

 

*

�

 

�

.

�
M

REMARK 2. Theresultsof thelemmacanactuallybeprovedfor more general Voronoi-
Delaunaymeshesthat satis�esthe local meshregular properties.In fact, weneed,for each
sphericaltriangle �

�

Q ^

� , that thenumberof sphericalVoronoi regions Z

� havingnon-empty
Z

�

�

�

�

Q ^

� is boundedbya constantinteger, independentof
�

�

Q ^

� . Furthermore, anyspherical
Voronoi region Z

�

canbecoveredby theunionof the�nite setof �

�

Q ^

� . Themaximumnumber
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of sphericaltrianglesneededin such a unionshouldalsobeboundedby a constantinteger
independentof

�

. Underthoseconditionsandthemeshregularityconditions,theaboveequiv-
alenceof normsstill holds. Theassumptionthat any triangle only hasacuteanglesmakes
theabovederivationmuch simpler.

Since
� �

is thespaceof grid functionson �

�

with respectto �




P

�]Q

�

Z

QTS�U

QWV

�

, theset
of functions P

�

QTS�U

QBV

�

where

�

Q ���,��
QP

%

�

� �

Z

Q

�

�

� �

�

�

1

Z

Q

givesa setof basisfunctionsfor
� �

. For any *

�

�

�

�

�

�

�

and
:

�

�

� �

, de�ne thebilinear
functionals<

�

and <

�

suchthat

<

� �

*

�;:

�

�-


U

�

QBV

�

:

�

�0�]Q �

<

� �

*

�

�

Q<�

�

(4.22)

<

�

�

*
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�

�-


U

�

QBV

�

:

�

���]Q �

<

�

�

*

�

�

Q<�

(4.23)

where

<

� �

*

�

�

Q
�-


R

�

	
�

�F1

')(/*

���,�,C

3

D

�0�,�

*

���,�O�

$ 3

4

9W. 	��

T�


�0�,�,C

R

	
�

H����,�

*

�0�,�

T V

�0�,�

�

<

�

�

*

�

�

Q �-


�

^

��� �

�

Q ^ �

*

�,C

R

�

	
�

� �

�

*

� �

3

D

���,�

$B3

4

9W. 	
�

�

T�


�0�,�6C

R

	
�

H

� �

�

*

�

T V

�0�,�

M

Comparing<

�

with the�nite volumescheme(3.6),wehavein factreplacedZ

Q ^

by �

�

	��

���

�

*

� �

3

D

�0�,�

$

3

4

9W. 	
�

�

T�


���,�

and �

�

Z

Q � H Q

*

���]Q �

by �

	
�

H

� �

�

*

�

T V

�0�,�

. Note that no changeis madefor a
purediffusionproblemcontainingonly secondorderterms 'G(

$

�<@ �0�,�

')( *

���,� �

. Ourdiscrete
problemhereis then:�nd *

�

�

� �

suchthat

<

�

�

*

�
�$:

�

�-
 � J

�;:

�

�

�DCE:

�

�

��� M

(4.24)

Formulationslike the above for the �nite volumemethodshave beenused,for instance,in
[23]. Theoriginalscheme(3.6)maybeviewedasanapproximationof (4.24)throughnumer-
ical integration. It is not dif�cult to show thattheerrorestimateof Theorem1 still holdsfor
theabove *

�

usingsimilar analysisin [8]. Combiningwith Lemma1 andProposition2, we
have thefollowing result:

THEOREM 2. Supposethat Assumption1 is satis�ed. Let �

Q ^

and <

�

be de�ned by
(3.3)and(4.23)respectively. Thenthediscretesystem(4.24)hasa uniquesolution *

�

�

� �

.
Furthermore, assumethat theuniquevariational solution * of (1.1)belongsto �

�

�

�

�

�

, then
there existsa constant

2

�\� only dependingon
3

D ,
H

, and � such that for
	

�

�0�,� 


*

���,��1

*

�

�0�,�

, wehave
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 -@

	

�

5�7
�
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 F@

7
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�

M

(4.25)
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Proof. Noticethat
 

� �

�

*

�21

*
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�

.
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�

.

�

, thenwe have
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5 7 �
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� �
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*
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�
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�

�

2

�
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7

�

5 7

�

�

wheretheconclusionof thetheorem1 hasbeenused.
LEMMA 2. Supposethat �




P

�fQ

�

Z

QTS�U

QWV

�

is a sphericalcentroidal Voronoi tessellation
of �

�

with thedensityfunction � satisfying�

�32

�

�

�

�

�

and �

�0�,�

� � for any
�A�

�

�

. Then,
for any �

�

�

�

�

�

�

�

, thereexitsa constant
2

� � such that

� R

	
�

�

�

1

� �

�

�

�O�

TWV

���,�

�

�

2

�

� �

�

�

Z

Q � �

�$#

�

 

�

 F@

7

�

	 �

�

�

d2


%

�

M=M M

�$a
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Proof. Let usassumethat �

�62

�

�

�

�

�

, thenit is easyto seethat �

�

�62

�

�

�

�

. Consider
thesphericalVoronoiregion Z

Q

associatedwith
�

Q

, for any
�L�

Z

Q

, we have

�
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�

�
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�
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where
�

�

Q

is thestandardmasscentroidof Z

Q

associatedwith thedensityfunction � .
Usingtheproperties(4.1)of theSCVT, wehave
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.
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Since�

�

is compact,we have
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	 �
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Combining(4.27)and(4.28),weget
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Consider�

� , usingthefactthat
�fQ6
 �
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Ontheotherhand,for �

�

, by doingachangeof variables
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It is easyto seethat �
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�

�
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Q
�

. By a proof similar to thatgivenin [8], we get

�

�

�

0

�

�

R

�

�

>
R

	��

�

�

�

�

�

�

�

�

�

TWV

�

G

�OE

�;#

�

�

�

�

Z

�

Q

� �

�$#

�

%

�

T

�

�

2

�

�
�

�

�

Z

Q � �

�$#

�

 

�

 F@

7

�

	
�

�

R

�

�

%

�

�

T

�

�

2

�

�
�

�

�

Z

Q � �

�$#

�

 

�

 F@

7

�

	 �

�

(4.31)

Finally, we obtain(4.26) for *

�

�

�

�

�

�

�

by combining(4.29)and(4.30)with (4.31)
andinvokingadensityargument.
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THEOREM 3. Let Assumption1 besatis�ed. Supposethat �




P

� Q

�

Z

Q S�U

QBV

�

is a spher-
ical centroidal Voronoi tessellationof �

�

with thedensityfunction � satisfying�

� 2

�

�

�

�

�

and �

���,�

� � for any
� �

�

�

. Let �

Q ^

and <

�

bede�nedby (3.3) and(4.23)respectively.
Thenthediscretesystem(4.24)hasa uniquesolution *

�

�

� �

. Furthermore, assumethat
the uniquevariational solution * of (1.1) belongsto �

�

�

�

�

�

, then there existsa constant
2

�	� onlydependingon � ,
3

D ,
H

, and � such that
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where
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It is alsoeasyto �nd that
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By theCauchy-SchwartzinequalityandTheorem2, wehave that
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By (4.36),(4.49)and(4.54),weget
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Thiscompletestheproofof thetheorem.
REMARK 3. Extra regularity on theexact solutionis required to get the quadratic or-

der error estimates,thoughin the standard �nite elementliterature, such a requirementis
not neededin general. This is seenas a consequenceof the quadrature approximationsto
the standard weakformsof the equations.Theregularity in �

�

�

�

�

�

can in fact be further
weakenedto, for instance,

�

�

.

N

�

�

�

�

for ' � % .
REMARK 4. The quadratic order error estimatesdependon critically the properties

of the sphericalcentroidal Voronoi meshes.Theproof is not valid for a general spherical
Voronoi mesh.Such an

�
�

error estimatehasnot beengivenin the literature evenfor the
planar �nite volumemethodsbasedon the general Voronoi-Delaunaymeshes.With other
choicesof the co-volumeswhich are not of the Voronoi-Delaunaytype, a quadratic order
estimatehasbeenprovedin [23] for two dimensionaldiffusionequations.A �r st order

� �

error estimatehasbeengivenin [16].

22



5. Superconvergentgradient recovery. In thissection,wediscusshow to post-process
the �nite volumesolutionsto obtaintheir tangentialgradientsin the longitudeandlatitude
directions.Let usrewrite theequation(1.1) in thesphericalcoordinatesystem
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Theindex set
�

maybetakento bethesetof all Voronoigeneratorsor a largeportionof the
generatorset.In light of therecentstudiesonthe�nite elementgradientrecovery[34] atmesh
symmetricpoints, the closerelationshipbetween�nite elementand�nite volumeschemes
[4, 32], andthenicepropertiesof SCVM, we expectthat for the �nite volumesolutionwith
SCVM, thereexiststheestimate:

;��

*

�

*

�

�-
��)�

�

� �

M

(5.5)

Suchresultsareto benumericallyinvestigatedin thenext section.

6. Numerical experiments. Let �

�

be theunit sphere.We now presentnumericalre-
sultsthataresummarizedin the following two exampleswith eachexamplecontainingtwo
separateexperiments(correspondingto two differentexact solutions)but with one identi-
cal exactsolution.In our experiments,the�nite volumemeshesaretakento bethespherical
centroidalVoronoimeshescorrespondingto aconstantdensityfunctionwith variousdifferent
numbersof generators.

For our �rst example,wechoosetheexactsolutionto be
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andstudytwo differentmodelproblemswhosedataaregivenin Table6.1.

TABLE 6.1
Data for two modelproblems.
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Approximatesolutionswereobtainedusingthe�nite volumescheme(3.6)with thecen-
tral differenceschemeandtheuniformly distributedsphericalcentroidalVoronoimeshesin
Fig. 2.1which werebasedon theconstantdensityfunction �
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% . In Table6.2,
errorsin theapproximatesolutionareplottedagainstthenumberof generators.

For thesecondexample,theexactsolutionof (1.1) is chosento be
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In Table6.3, errorsin theapproximatesolutionagainstthenumberof generatorsaregiven.
Sincethe exact solution(6.2) is morecomplex than(6.1), the largest2% of the pointwise
gradienterrors
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' (+*
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Q

��1

' (/*
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�0�
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wasremovedfrom theestimatewhencomputingthe
;��

*

�

*

�

�

in Table6.3. Theserelatively largererrorsconcentratesnearthe 12 defectpoints
of theSCVM (i.e., thoseVoronoicellswith only 5 neighbors)wherethemeshlacksperfect
symmetry.

Fromthenumericalvaluesgivenin thetableswe seethat,for boththe
�%�

errorsandthe
gradientrecovery errors

;��
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�

, the trendof quadraticorderconvergenceis very evident
aswere�ne themesh.

In Fig. 6.1, the errorsof the �nite volumeapproximationwereplotted(with only half
of the sphereshown). The numericalsolutionscorrespondsto thosesimulationswith

a




%=�

0

�

0

. It can be observed that the errorsdistribute very evenly on the sphere,thus, the
SCVM with a constantdensityis alreadyadequate.
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TABLE 6.2
Finite volumeerrors for (6.1)vs. thenumberof generators � .

a
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162 I 4.038E-02 1.331E-01
II 6.406E-02 1.655E-01

642 I 1.021E-02 3.444E-02
II 1.612E-02 4.214E-02

2562 I 2.556E-03 8.788E-03
II 3.994E-03 1.161E-02

10242 I 6.362E-04 2.221E-03
II 1.004E-03 3.072E-03

40962 I 1.631E-04 5.269E-04
II 2.375E-04 8.132E-04

TABLE 6.3
Finite volumeerrors for (6.2)vs. thenumberof generators � .
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162 I 4.032E-01 4.313E-00
II 5.962E-01 4.314E-00

642 I 1.370E-01 1.178E-00
II 1.241E-01 1.115E-00

2562 I 2.687E-02 3.115E-01
II 3.033E-02 2.908E-01

10242 I 7.445E-03 7.902E-02
II 7.577E-03 7.346E-02

40962 I 2.080E-04 1.745E-02
II 2.072E-04 1.797E-02

7. Conclusion. High quality sphericalgrids have many applications.Many strategies
have alreadybeenstudiedin atmosphericalandgeophysicalsimulations[29] for producing
goodsphericalgridssuchasthosebasedon theconceptof discretegeodesicgridsandthose
basedon sphericalVoronoi-Delaunaytessellations.For globaldataanalysispurposes,ideas
suchastheEASE-grid[19] or gridsbasedonPlatonicsolidshavealsobeenexplored.Though
many of thesechoicesleadto goodquality grids,it canbearguedthattherecentlyproposed
conceptof SCVT [7, 8] in generalgivesgrids which aresuperiorto mostof existing ones.
By providing both theoreticalandcomputationalevidences,our studyhereon a �nite vol-
umeapproximationof linearconvectiondiffusionequationsde�ned onaspherebasedon the
sphericalcentroidalVoronoimeshesdemonstratedfurthertheoptimalityof theSCVTgrids.

In thefuture,we will make furtherstudieson thepropertieson theSCVT gridssuchas
thelocal energy equipartitionandhierarchicalSCVT gridsfor multiresolutionanalysis.The
validity of superconvergentgradientrecoveryestimate5.5will beexploredthroughanalytical
means. We will also study the applicationof the SCVT grids to more complex physical
problems.
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