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Table 6 (Contd.)�
8 0.0865011246 0.0865011246 0.8269977508
9 0.1093621117 0.0000000000 0.8906378883

10 0.0000000000 1.0000000000 0.0000000000
11 0.0000000000 0.8906378883 0.1093621117
12 0.0000000000 0.1093621117 0.8906378883
13 0.0000000000 0.0000000000 1.0000000000

Table 7: The second order partition of the triangle: the sub-cells. Each row lists the indices of
vertices in counterclockwise direction for one sub-cell. � denotes the number of vertices of each
individual face. � �

1 4 9 8 12 13
2 5 4 3 7 8 9
3 5 8 7 6 11 12
4 4 1 2 3 4
5 5 3 2 5 6 7
6 4 6 5 10 11

3.2.2 The Third Order Partition of the Triangle

In [3], we propose a technique to compute the partitions from the layering structure of the input

points. In that algorithm, we first generate a triangularization from the input points. The centroids

of the triangles in the triangularization are then used as the vertices of the partition. (See [3] for

further details.) Here we apply the same algorithm to compute the third order partition except that

a different point instead of the centroid in each triangle is chosen to be a vertex of the partition. In

particular, we choose a weighted average of the triangle vertices, with the weight being the largest

barycenter coordinate of each triangle vertex. Within the above algorithm, we move around the

input points while keeping its symmetry property to obtain a partition with the smallest Lebesgue

constant. The optimal partition obtained this way is shown in Fig. 6, and its Lebesgue constant is

3.2129. The partition data is given in Tab.8-9. We also tried to compute the optimal partition under

the constraint similar to Sec. 3.2.1. The result is not as good as the one we give here.
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Figure 5: The second order partition of the triangle.

Table 8: The third order partition of the triangle: the barycenter coordinates of the vertices.�
1 0.9574919119 0.0212540441 0.0212540441
2 0.4747800545 0.4747800545 0.0504398910
3 0.8437475098 0.0781262451 0.0781262451
4 0.4747800545 0.0504398911 0.4747800544
5 0.0212540441 0.9574919119 0.0212540441
6 0.0781262451 0.8437475098 0.0781262451
7 0.0504398911 0.4747800545 0.4747800544
8 0.0781262451 0.0781262451 0.8437475097
9 0.0212540441 0.0212540441 0.9574919119

10 1.0000000000 0.0000000000 0.0000000000
11 0.0000000000 0.0000000000 1.0000000000
12 0.0000000000 1.0000000000 0.0000000000
13 0.9673771699 0.0326228301 0.0000000000
14 0.5000000000 0.5000000000 0.0000000000
15 0.0326228301 0.9673771699 0.0000000000
16 0.9673771699 0.0000000000 0.0326228301
17 0.5000000000 0.0000000000 0.5000000000
18 0.0326228301 0.0000000000 0.9673771699
19 0.0000000000 0.9673771699 0.0326228301
20 0.0000000000 0.5000000000 0.5000000000
21 0.0000000000 0.0326228301 0.9673771699

Table 9: The third order partition of the triangle: the sub-cells.� �
1 4 10 13 1 16
2 5 1 13 14 2 3
3 5 16 1 3 4 17
4 5 2 14 15 5 6
5 6 4 3 2 6 7 8
6 5 17 4 8 9 18
7 4 5 15 12 19
8 5 7 6 5 19 20
9 5 9 8 7 20 21

10 4 11 18 9 21

3.2.3 The Fourth Order Partition of the Triangle

For the fourth order partition, we follow the similar idea of Sec. 3.2.1, i.e., using the optimal

one-dimensional partition from Sec. 3.1 on the edge of triangle, and then moving around the other
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Figure 6: Several two-dimensional partitions. Left: second order; Middle: third order; Right:
fourth order.

partition vertices to get a small Lebesgue constant. The partition shown in Fig. 6 has Lebesgue

constant 4.0563. Note that this partition is not optimal. But when perturbing the partition vertices,

only a few percent change is observed in the Lebesgue constant. The partition data is given in Tab.

10-11.

Table 10: The fourth order partition of the triangle: the barycenter coordinates of the vertices.�
1 1.0000000000 0.0000000000 0.0000000000
2 0.9616226046 0.0383773954 0.0000000000
3 0.9488301395 0.0255849303 0.0255849303
4 0.9616226046 0.0000000000 0.0383773954
5 0.6679071634 0.3320928367 0.0000000000
6 0.6422746261 0.3193479785 0.0383773954
7 0.8568233902 0.0715883049 0.0715883049
8 0.6422746261 0.0383773954 0.3193479785
9 0.6679071634 0.0000000000 0.3320928367

10 0.3320928367 0.6679071634 0.0000000000
11 0.3193479785 0.6422746261 0.0383773954
12 0.4616226046 0.4616226046 0.0767547908
13 0.3333333334 0.3333333334 0.3333333331
14 0.4616226046 0.0767547908 0.4616226046
15 0.3193479785 0.0383773954 0.6422746261
16 0.3320928367 0.0000000000 0.6679071634
17 0.0383773954 0.9616226046 0.0000000000
18 0.0255849303 0.9488301395 0.0255849303
19 0.0715883049 0.8568233902 0.0715883049
20 0.0383773954 0.6422746261 0.3193479785
21 0.0767547908 0.4616226046 0.4616226046
22 0.0383773954 0.3193479785 0.6422746261
23 0.0715883049 0.0715883049 0.8568233902
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Table 10 (Contd.)�
24 0.0255849303 0.0255849303 0.9488301395
25 0.0383773954 0.0000000000 0.9616226046
26 0.0000000000 1.0000000000 0.0000000000
27 0.0000000000 0.9616226046 0.0383773954
28 0.0000000000 0.6679071634 0.3320928367
29 0.0000000000 0.3320928367 0.6679071634
30 0.0000000000 0.0383773954 0.9616226046
31 0.0000000000 0.0000000000 1.0000000000

Table 11: The fourth order partition of the triangle: the sub-cells.� �
1 4 25 24 30 31
2 5 16 15 23 24 25
3 5 24 23 22 29 30
4 5 9 8 14 15 16
5 6 14 13 21 22 23 15
6 5 22 21 20 28 29
7 5 4 3 7 8 9
8 6 7 6 12 13 14 8
9 6 13 12 11 19 20 21

10 5 20 19 18 27 28
11 4 1 2 3 4
12 5 2 5 6 7 3
13 5 6 5 10 11 12
14 5 10 17 18 19 11
15 4 18 17 26 27

3.3 Three Dimensional Partitions

For the second order partition, we use the optimized second order partition of the triangle computed

in Sec. 3.2.1 on the faces of the tetrahedron. In order to minimize the number of total faces, the

partition vertices inside the tetrahedron are chosen such that the condition of Lemma 1 is satisfied.

Then the partition is actually fixed, which is shown in Fig. 7. The partition has 37 vertices and 48

faces, and its Lebesgue constant is 5.0814. The partition data is listed in Tab. 12-14.

For the third and fourth order partitions, we simple employ the algorithm given in Sec. 2.3 and

2.4 to compute the partition, and try to find the one with minimal Lebesgue constant by moving
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Figure 7: Second order partition of tetrahedron.

the input points around. The smallest Lebesgue constants we found for the third and fourth order

partitions are 6.8725 and 7.9940 respectively. The obtained third order partition has 73 vertices

and 130 faces, while the fourth order partition has 126 vertices and 252 faces. The partition data is

listed in Tab. 15-20. Note that this fourth order partition has some non-convex sub-cells.

Table 12: The second order partition of the tetrahedron: the barycenter coordinates of the vertices.�
1 0.0000000000 1.0000000000 0.0000000000 0.0000000000
2 0.0000000000 0.8906378883 0.1093621117 0.0000000000
3 0.0000000000 0.8906378883 0.0000000000 0.1093621117
4 0.0000000000 0.8269977508 0.0865011246 0.0865011246
5 0.0000000000 0.0000000000 1.0000000000 0.0000000000
6 0.0000000000 0.1093621117 0.8906378883 0.0000000000
7 0.0000000000 0.0000000000 0.8906378883 0.1093621117
8 0.0000000000 0.0865011246 0.8269977508 0.0865011246
9 0.0000000000 0.0000000000 0.0000000000 1.0000000000

10 0.0000000000 0.1093621117 0.0000000000 0.8906378883
11 0.0000000000 0.0000000000 0.1093621117 0.8906378883
12 0.0000000000 0.0865011246 0.0865011246 0.8269977508
13 0.0000000000 0.3333333334 0.3333333334 0.3333333331
14 0.0715453331 0.7853640006 0.0715453331 0.0715453331
15 0.0715453331 0.0715453331 0.7853640006 0.0715453331
16 0.0715453331 0.0715453331 0.0715453331 0.7853640006
17 0.0865011246 0.8269977508 0.0865011246 0.0000000000
18 0.0865011246 0.8269977508 0.0000000000 0.0865011246
19 0.0865011246 0.0865011246 0.8269977508 0.0000000000
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Table 12 (Contd.)�
20 0.0865011246 0.0000000000 0.8269977508 0.0865011246
21 0.0865011246 0.0000000000 0.0865011246 0.8269977508
22 0.0865011246 0.0865011246 0.0000000000 0.8269977508
23 0.1093621117 0.8906378883 0.0000000000 0.0000000000
24 0.1093621117 0.0000000000 0.8906378883 0.0000000000
25 0.1093621117 0.0000000000 0.0000000000 0.8906378883
26 0.2500000000 0.2500000000 0.2500000000 0.2500000000
27 0.3333333334 0.3333333334 0.3333333331 0.0000000000
28 0.3333333334 0.3333333334 0.0000000000 0.3333333331
29 0.3333333334 0.0000000000 0.3333333334 0.3333333331
30 0.7853640006 0.0715453331 0.0715453331 0.0715453331
31 0.8269977508 0.0865011246 0.0865011246 0.0000000000
32 0.8269977508 0.0000000000 0.0865011246 0.0865011246
33 0.8269977508 0.0865011246 0.0000000000 0.0865011246
34 0.8906378883 0.1093621117 0.0000000000 0.0000000000
35 0.8906378883 0.0000000000 0.1093621117 0.0000000000
36 0.8906378883 0.0000000000 0.0000000000 0.1093621117
37 1.0000000000 0.0000000000 0.0000000000 0.0000000000

Table 13: The second order partition of the tetrahedron: the faces. Each row lists the indices
of vertices in counterclockwise order for one face. � denotes the number of vertices of each
individual face. � �

1 4 31 35 37 34
2 4 32 36 37 35
3 4 33 36 37 34
4 4 30 33 36 32
5 4 30 33 34 31
6 4 30 32 35 31
7 4 1 23 17 2
8 4 1 3 4 2
9 4 1 23 18 3

10 4 3 18 14 4
11 4 14 18 23 17
12 4 2 17 14 4
13 4 5 24 19 6
14 4 5 24 20 7
15 4 5 7 8 6
16 4 7 20 15 8
17 4 6 19 15 8
18 4 15 20 24 19
19 4 9 11 12 10
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Table 13 (Contd.)� �
20 4 9 25 21 11
21 4 9 25 22 10
22 4 16 22 25 21
23 4 10 22 16 12
24 4 11 21 16 12
25 5 17 27 31 34 23
26 5 18 28 33 34 23
27 4 26 30 31 27
28 4 26 30 33 28
29 4 14 26 27 17
30 4 14 26 28 18
31 5 19 27 31 35 24
32 5 20 29 32 35 24
33 4 26 30 32 29
34 4 15 26 27 19
35 4 15 26 29 20
36 5 22 28 33 36 25
37 5 21 29 32 36 25
38 4 16 26 28 22
39 4 16 26 29 21
40 5 2 6 8 13 4
41 5 2 17 27 19 6
42 4 4 14 26 13
43 4 8 15 26 13
44 5 3 10 12 13 4
45 5 3 18 28 22 10
46 4 12 16 26 13
47 5 7 11 12 13 8
48 5 7 20 29 21 11

Table 14: The second order partition of the tetrahedron: the sub-cells. Each row lists the indices
of the faces of one sub-cell. � denotes the number of faces of each individual sub-cell.� �

1 6 1 2 3 4 5 6
2 6 7 8 9 10 11 12
3 6 13 14 15 16 17 18
4 6 19 20 21 22 23 24
5 8 25 26 5 11 27 28 29 30
6 8 31 32 6 18 27 33 34 35
7 8 36 37 4 22 28 33 38 39
8 8 40 41 12 17 42 29 43 34
9 8 44 45 10 23 42 30 46 38
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Table 14 (Contd.)� �
10 8 47 48 16 24 43 35 46 39

Table 15: The third order partition of the tetrahedron: the barycenter coordinates of the vertices.�
1 0.0000000000 1.0000000000 0.0000000000 0.0000000000
2 0.0000000000 0.9750000000 0.0250000000 0.0000000000
3 0.0000000000 0.9750000000 0.0000000000 0.0250000000
4 0.0000000000 0.9666666667 0.0166666667 0.0166666667
5 0.0000000000 0.0000000000 1.0000000000 0.0000000000
6 0.0000000000 0.0000000000 0.9750000000 0.0250000000
7 0.0000000000 0.0250000000 0.9750000000 0.0000000000
8 0.0000000000 0.0166666667 0.9666666667 0.0166666667
9 0.0000000000 0.0000000000 0.0000000000 1.0000000000

10 0.0000000000 0.0250000000 0.0000000000 0.9750000000
11 0.0000000000 0.0000000000 0.0250000000 0.9750000000
12 0.0000000000 0.0166666667 0.0166666667 0.9666666667
13 0.0000000000 0.5000000000 0.5000000000 0.0000000000
14 0.0000000000 0.4444444444 0.4444444444 0.1111111111
15 0.0000000000 0.7444444444 0.1277777778 0.1277777778
16 0.0000000000 0.0000000000 0.5000000000 0.5000000000
17 0.0000000000 0.1111111111 0.4444444444 0.4444444444
18 0.0000000000 0.1277777778 0.7444444444 0.1277777778
19 0.0000000000 0.5000000000 0.0000000000 0.5000000000
20 0.0000000000 0.4444444444 0.1111111111 0.4444444444
21 0.0000000000 0.1277777778 0.1277777778 0.7444444444
22 0.0125000000 0.9625000000 0.0125000000 0.0125000000
23 0.0125000000 0.0125000000 0.9625000000 0.0125000000
24 0.0125000000 0.0125000000 0.0125000000 0.9625000000
25 0.0166666667 0.9666666667 0.0000000000 0.0166666667
26 0.0166666667 0.9666666667 0.0166666667 0.0000000000
27 0.0166666667 0.0000000000 0.9666666667 0.0166666667
28 0.0166666667 0.0166666667 0.9666666667 0.0000000000
29 0.0166666667 0.0166666667 0.0000000000 0.9666666667
30 0.0166666667 0.0000000000 0.0166666667 0.9666666667
31 0.0250000000 0.9750000000 0.0000000000 0.0000000000
32 0.0250000000 0.0000000000 0.9750000000 0.0000000000
33 0.0250000000 0.0000000000 0.0000000000 0.9750000000
34 0.0833333333 0.4166666667 0.4166666667 0.0833333333
35 0.0833333333 0.0833333333 0.4166666667 0.4166666667
36 0.0833333333 0.4166666667 0.0833333333 0.4166666667
37 0.1111111111 0.4444444444 0.4444444444 0.0000000000
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Table 15 (Contd.)�
38 0.1111111111 0.0000000000 0.4444444444 0.4444444444
39 0.1111111111 0.4444444444 0.0000000000 0.4444444444
40 0.1194444444 0.6416666667 0.1194444444 0.1194444444
41 0.1194444444 0.1194444444 0.6416666667 0.1194444444
42 0.1194444444 0.1194444444 0.1194444444 0.6416666667
43 0.1277777778 0.7444444444 0.1277777778 0.0000000000
44 0.1277777778 0.0000000000 0.7444444444 0.1277777778
45 0.1277777778 0.1277777778 0.0000000000 0.7444444444
46 0.1277777778 0.0000000000 0.1277777778 0.7444444444
47 0.1277777778 0.7444444444 0.0000000000 0.1277777778
48 0.1277777778 0.1277777778 0.7444444444 0.0000000000
49 0.2500000000 0.2500000000 0.2500000000 0.2500000000
50 0.4166666667 0.4166666667 0.0833333333 0.0833333333
51 0.4166666667 0.0833333333 0.0833333333 0.4166666667
52 0.4166666667 0.0833333333 0.4166666667 0.0833333333
53 0.4444444444 0.4444444444 0.1111111111 0.0000000000
54 0.4444444444 0.4444444444 0.0000000000 0.1111111111
55 0.4444444444 0.1111111111 0.0000000000 0.4444444444
56 0.4444444444 0.0000000000 0.1111111111 0.4444444444
57 0.4444444444 0.0000000000 0.4444444444 0.1111111111
58 0.4444444444 0.1111111111 0.4444444444 0.0000000000
59 0.5000000000 0.5000000000 0.0000000000 0.0000000000
60 0.5000000000 0.0000000000 0.0000000000 0.5000000000
61 0.5000000000 0.0000000000 0.5000000000 0.0000000000
62 0.6416666667 0.1194444444 0.1194444444 0.1194444444
63 0.7444444444 0.1277777778 0.1277777778 0.0000000000
64 0.7444444444 0.1277777778 0.0000000000 0.1277777778
65 0.7444444444 0.0000000000 0.1277777778 0.1277777778
66 0.9625000000 0.0125000000 0.0125000000 0.0125000000
67 0.9666666667 0.0166666667 0.0166666667 0.0000000000
68 0.9666666667 0.0000000000 0.0166666667 0.0166666667
69 0.9666666667 0.0166666667 0.0000000000 0.0166666667
70 0.9750000000 0.0250000000 0.0000000000 0.0000000000
71 0.9750000000 0.0000000000 0.0250000000 0.0000000000
72 0.9750000000 0.0000000000 0.0000000000 0.0250000000
73 1.0000000000 0.0000000000 0.0000000000 0.0000000000

Table 16: The third order partition of the tetrahedron: the faces.� �
1 4 67 71 73 70
2 4 68 72 73 71
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Table 16 (Contd.)� �
3 4 69 72 73 70
4 4 66 69 72 68
5 4 66 69 70 67
6 4 66 68 71 67
7 4 1 3 4 2
8 4 1 31 25 3
9 4 1 31 26 2

10 4 22 26 31 25
11 4 2 26 22 4
12 4 3 25 22 4
13 4 5 32 27 6
14 4 5 32 28 7
15 4 5 7 8 6
16 4 7 28 23 8
17 4 6 27 23 8
18 4 23 28 32 27
19 4 9 33 29 10
20 4 9 11 12 10
21 4 9 33 30 11
22 4 11 30 24 12
23 4 24 30 33 29
24 4 10 29 24 12
25 5 53 63 67 70 59
26 5 54 64 69 70 59
27 4 50 54 59 53
28 4 62 66 67 63
29 4 62 66 69 64
30 3 50 62 63
31 3 50 62 64
32 5 2 13 14 15 4
33 5 2 26 43 37 13
34 4 13 37 34 14
35 4 4 22 40 15
36 4 22 40 43 26
37 3 14 34 40
38 3 34 40 43
39 5 6 27 44 38 16
40 5 6 16 17 18 8
41 4 16 38 35 17
42 4 23 41 44 27
43 4 8 23 41 18
44 3 35 41 44
45 3 17 35 41
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Table 16 (Contd.)� �
46 5 29 45 55 60 33
47 5 30 46 56 60 33
48 4 51 56 60 55
49 4 24 42 45 29
50 4 24 42 46 30
51 3 42 51 55
52 3 42 51 56
53 5 57 65 68 71 61
54 5 58 63 67 71 61
55 4 52 58 61 57
56 4 62 66 68 65
57 3 52 62 65
58 3 52 62 63
59 5 3 25 47 39 19
60 5 3 19 20 15 4
61 4 19 39 36 20
62 4 22 40 47 25
63 3 36 40 47
64 3 15 40 36
65 5 28 48 58 61 32
66 5 27 44 57 61 32
67 4 23 41 48 28
68 3 41 52 58
69 3 41 52 57
70 5 10 19 20 21 12
71 5 10 29 45 39 19
72 4 12 24 42 21
73 3 20 36 42
74 3 36 42 45
75 5 55 64 69 72 60
76 5 56 65 68 72 60
77 3 51 62 64
78 3 51 62 65
79 5 26 43 53 59 31
80 5 25 47 54 59 31
81 3 40 50 53
82 3 40 50 54
83 5 7 13 14 18 8
84 5 7 28 48 37 13
85 3 14 34 41
86 3 34 41 48
87 5 11 30 46 38 16
88 5 11 16 17 21 12
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Table 16 (Contd.)� �
89 3 35 42 46
90 3 17 35 42
91 6 37 48 58 63 53 43
92 3 49 62 50
93 3 49 62 52
94 3 40 50 49
95 3 34 49 40
96 3 34 49 41
97 3 41 52 49
98 6 14 18 17 21 20 15
99 3 36 49 40

100 3 35 49 41
101 3 35 49 42
102 3 36 49 42
103 6 38 46 56 65 57 44
104 3 42 51 49
105 3 49 62 51
106 6 39 47 54 64 55 45
107 3 63 53 50
108 3 64 54 50
109 3 40 15 14
110 3 43 37 34
111 3 44 38 35
112 3 41 18 17
113 3 55 45 42
114 3 56 46 42
115 3 65 57 52
116 3 63 58 52
117 3 47 39 36
118 3 36 20 15
119 3 58 48 41
120 3 57 44 41
121 3 42 21 20
122 3 45 39 36
123 3 64 55 51
124 3 65 56 51
125 3 53 43 40
126 3 54 47 40
127 3 41 18 14
128 3 48 37 34
129 3 46 38 35
130 3 42 21 17

28



Table 17: The third order partition of the tetrahedron: the sub-cells.� �
1 6 1 2 3 4 5 6
2 6 7 8 9 10 11 12
3 6 13 14 15 16 17 18
4 6 19 20 21 22 23 24
5 10 25 26 5 27 28 29 30 31 107 108
6 10 32 33 11 34 35 36 37 38 109 110
7 10 39 40 17 41 42 43 44 45 111 112
8 10 46 47 23 48 49 50 51 52 113 114
9 10 53 54 6 55 56 28 57 58 115 116
10 10 59 60 12 61 62 35 63 64 117 118
11 10 65 66 18 55 67 42 68 69 119 120
12 10 70 71 24 61 72 49 73 74 121 122
13 10 75 76 4 48 29 56 77 78 123 124
14 10 79 80 10 27 36 62 81 82 125 126
15 10 83 84 16 34 43 67 85 86 127 128
16 10 87 88 22 41 50 72 89 90 129 130
17 19 91 30 58 38 81 86 68 92 93 94 95 96

97 107 110 116 119 125 128
18 19 98 37 64 45 85 90 73 95 99 96 100 101

102 109 112 118 121 127 130
19 19 103 44 69 52 89 78 57 100 97 101 104 105

93 111 114 115 120 124 129
20 19 106 51 74 31 77 82 63 104 102 105 92 94

99 108 113 117 122 123 126

Table 18: The fourth order partition of the tetrahedron: the barycenter coordinates of the vertices.�
1 0.0000000000 1.0000000000 0.0000000000 0.0000000000
2 0.0000000000 0.9400000000 0.0600000000 0.0000000000
3 0.0000000000 0.9400000000 0.0000000000 0.0600000000
4 0.0000000000 0.9200000000 0.0400000000 0.0400000000
5 0.0000000000 0.0000000000 1.0000000000 0.0000000000
6 0.0000000000 0.0000000000 0.9400000000 0.0600000000
7 0.0000000000 0.0600000000 0.9400000000 0.0000000000
8 0.0000000000 0.0400000000 0.9200000000 0.0400000000
9 0.0000000000 0.0000000000 0.0000000000 1.0000000000

10 0.0000000000 0.0600000000 0.0000000000 0.9400000000
11 0.0000000000 0.0000000000 0.0600000000 0.9400000000
12 0.0000000000 0.0400000000 0.0400000000 0.9200000000
13 0.0000000000 0.6900000000 0.3100000000 0.0000000000
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Table 18 (Contd.)�
14 0.0000000000 0.7133333333 0.2466666667 0.0400000000
15 0.0000000000 0.8400000000 0.0800000000 0.0800000000
16 0.0000000000 0.0000000000 0.6900000000 0.3100000000
17 0.0000000000 0.0400000000 0.7133333333 0.2466666667
18 0.0000000000 0.0800000000 0.8400000000 0.0800000000
19 0.0000000000 0.6900000000 0.0000000000 0.3100000000
20 0.0000000000 0.7133333333 0.0400000000 0.2466666667
21 0.0000000000 0.3100000000 0.0000000000 0.6900000000
22 0.0000000000 0.2466666667 0.0400000000 0.7133333333
23 0.0000000000 0.0800000000 0.0800000000 0.8400000000
24 0.0000000000 0.3100000000 0.6900000000 0.0000000000
25 0.0000000000 0.2466666667 0.7133333333 0.0400000000
26 0.0000000000 0.0000000000 0.3100000000 0.6900000000
27 0.0000000000 0.0400000000 0.2466666667 0.7133333333
28 0.0000000000 0.4600000000 0.4600000000 0.0800000000
29 0.0000000000 0.0800000000 0.4600000000 0.4600000000
30 0.0000000000 0.4600000000 0.0800000000 0.4600000000
31 0.0000000000 0.3333333333 0.3333333333 0.3333333333
32 0.0300000000 0.9100000000 0.0300000000 0.0300000000
33 0.0300000000 0.0300000000 0.9100000000 0.0300000000
34 0.0300000000 0.0300000000 0.0300000000 0.9100000000
35 0.0300000000 0.7250000000 0.2150000000 0.0300000000
36 0.0300000000 0.0300000000 0.7250000000 0.2150000000
37 0.0300000000 0.7250000000 0.0300000000 0.2150000000
38 0.0300000000 0.2150000000 0.0300000000 0.7250000000
39 0.0300000000 0.2150000000 0.7250000000 0.0300000000
40 0.0300000000 0.0300000000 0.2150000000 0.7250000000
41 0.0400000000 0.9200000000 0.0000000000 0.0400000000
42 0.0400000000 0.9200000000 0.0400000000 0.0000000000
43 0.0400000000 0.0000000000 0.9200000000 0.0400000000
44 0.0400000000 0.0400000000 0.9200000000 0.0000000000
45 0.0400000000 0.0400000000 0.0000000000 0.9200000000
46 0.0400000000 0.0000000000 0.0400000000 0.9200000000
47 0.0400000000 0.7133333333 0.2466666667 0.0000000000
48 0.0400000000 0.0000000000 0.7133333333 0.2466666667
49 0.0400000000 0.7133333333 0.0000000000 0.2466666667
50 0.0400000000 0.2466666667 0.0000000000 0.7133333333
51 0.0400000000 0.2466666667 0.7133333333 0.0000000000
52 0.0400000000 0.0000000000 0.2466666667 0.7133333333
53 0.0600000000 0.9400000000 0.0000000000 0.0000000000
54 0.0600000000 0.0000000000 0.9400000000 0.0000000000
55 0.0600000000 0.0000000000 0.0000000000 0.9400000000
56 0.0600000000 0.8200000000 0.0600000000 0.0600000000
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Table 18 (Contd.)�
57 0.0600000000 0.0600000000 0.8200000000 0.0600000000
58 0.0600000000 0.0600000000 0.0600000000 0.8200000000
59 0.0625000000 0.3125000000 0.3125000000 0.3125000000
60 0.0800000000 0.8400000000 0.0800000000 0.0000000000
61 0.0800000000 0.0000000000 0.8400000000 0.0800000000
62 0.0800000000 0.0800000000 0.0000000000 0.8400000000
63 0.0800000000 0.0000000000 0.0800000000 0.8400000000
64 0.0800000000 0.8400000000 0.0000000000 0.0800000000
65 0.0800000000 0.0800000000 0.8400000000 0.0000000000
66 0.0800000000 0.4600000000 0.4600000000 0.0000000000
67 0.0800000000 0.0000000000 0.4600000000 0.4600000000
68 0.0800000000 0.4600000000 0.0000000000 0.4600000000
69 0.0816666667 0.4183333333 0.4183333333 0.0816666667
70 0.0816666667 0.0816666667 0.4183333333 0.4183333333
71 0.0816666667 0.4183333333 0.0816666667 0.4183333333
72 0.1225000000 0.6325000000 0.1225000000 0.1225000000
73 0.1225000000 0.1225000000 0.6325000000 0.1225000000
74 0.1225000000 0.1225000000 0.1225000000 0.6325000000
75 0.2150000000 0.0300000000 0.0300000000 0.7250000000
76 0.2150000000 0.0300000000 0.7250000000 0.0300000000
77 0.2150000000 0.7250000000 0.0300000000 0.0300000000
78 0.2466666667 0.0400000000 0.0000000000 0.7133333333
79 0.2466666667 0.0000000000 0.0400000000 0.7133333333
80 0.2466666667 0.0400000000 0.7133333333 0.0000000000
81 0.2466666667 0.0000000000 0.7133333333 0.0400000000
82 0.2466666667 0.7133333333 0.0400000000 0.0000000000
83 0.2466666667 0.7133333333 0.0000000000 0.0400000000
84 0.3100000000 0.0000000000 0.0000000000 0.6900000000
85 0.3100000000 0.0000000000 0.6900000000 0.0000000000
86 0.3100000000 0.6900000000 0.0000000000 0.0000000000
87 0.3125000000 0.3125000000 0.3125000000 0.0625000000
88 0.3125000000 0.0625000000 0.3125000000 0.3125000000
89 0.3125000000 0.3125000000 0.0625000000 0.3125000000
90 0.3333333333 0.3333333333 0.3333333333 0.0000000000
91 0.3333333333 0.0000000000 0.3333333333 0.3333333333
92 0.3333333333 0.3333333333 0.0000000000 0.3333333333
93 0.4183333333 0.4183333333 0.0816666667 0.0816666667
94 0.4183333333 0.0816666667 0.0816666667 0.4183333333
95 0.4183333333 0.0816666667 0.4183333333 0.0816666667
96 0.4600000000 0.4600000000 0.0800000000 0.0000000000
97 0.4600000000 0.4600000000 0.0000000000 0.0800000000
98 0.4600000000 0.0800000000 0.0000000000 0.4600000000
99 0.4600000000 0.0000000000 0.0800000000 0.4600000000
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100 0.4600000000 0.0000000000 0.4600000000 0.0800000000
101 0.4600000000 0.0800000000 0.4600000000 0.0000000000
102 0.6325000000 0.1225000000 0.1225000000 0.1225000000
103 0.6900000000 0.3100000000 0.0000000000 0.0000000000
104 0.6900000000 0.0000000000 0.3100000000 0.0000000000
105 0.6900000000 0.0000000000 0.0000000000 0.3100000000
106 0.7133333333 0.2466666667 0.0400000000 0.0000000000
107 0.7133333333 0.2466666667 0.0000000000 0.0400000000
108 0.7133333333 0.0000000000 0.2466666667 0.0400000000
109 0.7133333333 0.0400000000 0.2466666667 0.0000000000
110 0.7133333333 0.0400000000 0.0000000000 0.2466666667
111 0.7133333333 0.0000000000 0.0400000000 0.2466666667
112 0.7250000000 0.2150000000 0.0300000000 0.0300000000
113 0.7250000000 0.0300000000 0.2150000000 0.0300000000
114 0.7250000000 0.0300000000 0.0300000000 0.2150000000
115 0.8200000000 0.0600000000 0.0600000000 0.0600000000
116 0.8400000000 0.0800000000 0.0800000000 0.0000000000
117 0.8400000000 0.0800000000 0.0000000000 0.0800000000
118 0.8400000000 0.0000000000 0.0800000000 0.0800000000
119 0.9100000000 0.0300000000 0.0300000000 0.0300000000
120 0.9200000000 0.0400000000 0.0400000000 0.0000000000
121 0.9200000000 0.0000000000 0.0400000000 0.0400000000
122 0.9200000000 0.0400000000 0.0000000000 0.0400000000
123 0.9400000000 0.0600000000 0.0000000000 0.0000000000
124 0.9400000000 0.0000000000 0.0600000000 0.0000000000
125 0.9400000000 0.0000000000 0.0000000000 0.0600000000
126 1.0000000000 0.0000000000 0.0000000000 0.0000000000

Table 19: The fourth order partition of the tetrahedron: the faces.� �
1 4 120 124 126 123
2 4 121 125 126 124
3 4 122 125 126 123
4 4 119 122 125 121
5 4 119 122 123 120
6 4 119 121 124 120
7 4 1 3 4 2
8 4 1 53 41 3
9 4 1 53 42 2

10 4 32 42 53 41
11 4 2 42 32 4
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12 4 3 41 32 4
13 4 5 54 43 6
14 4 5 54 44 7
15 4 5 7 8 6
16 4 7 44 33 8
17 4 6 43 33 8
18 4 33 44 54 43
19 4 9 55 45 10
20 4 9 11 12 10
21 4 9 55 46 11
22 4 11 46 34 12
23 4 34 46 55 45
24 4 10 45 34 12
25 5 103 123 120 116 106
26 5 103 123 122 117 107
27 4 103 107 112 106
28 4 115 119 120 116
29 4 115 119 122 117
30 3 106 116 115
31 3 107 117 115
32 5 2 13 14 15 4
33 5 2 42 60 47 13
34 4 13 47 35 14
35 4 4 32 56 15
36 4 32 56 60 42
37 3 14 35 56
38 3 35 56 60
39 5 6 43 61 48 16
40 5 6 16 17 18 8
41 4 16 48 36 17
42 4 33 57 61 43
43 4 8 33 57 18
44 3 36 57 61
45 3 17 36 57
46 5 45 62 78 84 55
47 5 46 63 79 84 55
48 4 75 79 84 78
49 4 34 58 62 45
50 4 34 58 63 46
51 3 58 75 78
52 3 58 75 79
53 5 104 124 121 118 108
54 5 104 124 120 116 109
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55 4 104 109 113 108
56 4 115 119 121 118
57 3 108 118 115
58 3 109 116 115
59 5 3 41 64 49 19
60 5 3 19 20 15 4
61 4 19 49 37 20
62 4 32 56 64 41
63 3 37 56 64
64 3 15 56 37
65 5 44 65 80 85 54
66 5 43 61 81 85 54
67 4 76 81 85 80
68 4 33 57 65 44
69 3 57 76 80
70 3 57 76 81
71 5 10 21 22 23 12
72 5 10 45 62 50 21
73 4 21 50 38 22
74 4 12 34 58 23
75 3 22 38 58
76 3 38 58 62
77 5 105 125 122 117 110
78 5 105 125 121 118 111
79 4 105 111 114 110
80 3 110 117 115
81 3 111 118 115
82 5 42 60 82 86 53
83 5 41 64 83 86 53
84 4 77 83 86 82
85 3 56 77 82
86 3 56 77 83
87 5 7 24 25 18 8
88 5 7 44 65 51 24
89 4 24 51 39 25
90 3 18 57 39
91 3 39 57 65
92 5 11 46 63 52 26
93 5 11 26 27 23 12
94 4 26 52 40 27
95 3 40 58 63
96 3 23 58 40
97 5 82 96 106 103 86
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98 5 83 97 107 103 86
99 3 77 93 96

100 3 77 93 97
101 3 93 112 106
102 3 93 112 107
103 5 13 24 25 28 14
104 5 13 47 66 51 24
105 3 25 39 69
106 3 39 69 66
107 3 14 35 69
108 3 35 69 66
109 5 16 48 67 52 26
110 5 16 26 27 29 17
111 3 40 70 67
112 3 27 40 70
113 3 36 70 67
114 3 17 36 70
115 5 78 98 110 105 84
116 5 79 99 111 105 84
117 3 94 114 110
118 3 94 114 111
119 3 75 94 98
120 3 75 94 99
121 5 81 100 108 104 85
122 5 80 101 109 104 85
123 3 76 95 100
124 3 76 95 101
125 3 95 113 108
126 3 95 113 109
127 5 19 49 68 50 21
128 5 19 21 22 30 20
129 3 38 71 68
130 3 22 38 71
131 3 37 71 68
132 3 20 37 71
133 6 90 101 109 116 106 96
134 4 87 93 96 90
135 4 87 95 101 90
136 3 102 115 112
137 3 102 115 113
138 3 93 112 102
139 3 87 102 93
140 3 87 102 95
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141 3 95 113 102
142 6 14 28 31 30 20 15
143 4 28 69 59 31
144 4 30 71 59 31
145 3 35 72 56
146 3 37 72 56
147 3 35 72 69
148 3 59 72 69
149 3 59 72 71
150 3 37 72 71
151 6 48 67 91 100 81 61
152 4 67 91 88 70
153 4 88 95 100 91
154 3 36 73 57
155 3 57 76 73
156 3 36 73 70
157 3 70 88 73
158 3 73 95 88
159 3 73 95 76
160 6 50 68 92 98 78 62
161 4 89 94 98 92
162 4 68 92 89 71
163 3 58 75 74
164 3 38 74 58
165 3 74 94 75
166 3 74 94 89
167 3 71 89 74
168 3 38 74 71
169 6 91 100 108 118 111 99
170 4 88 94 99 91
171 3 102 115 114
172 3 88 102 95
173 3 88 102 94
174 3 94 114 102
175 6 49 68 92 97 83 64
176 4 89 93 97 92
177 3 56 77 72
178 3 71 89 72
179 3 72 93 89
180 3 72 93 77
181 6 51 66 90 101 80 65
182 4 66 90 87 69
183 3 39 73 57
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184 3 73 95 87
185 3 69 87 73
186 3 39 73 69
187 6 22 30 31 29 27 23
188 4 29 70 59 31
189 3 40 74 58
190 3 59 74 71
191 3 59 74 70
192 3 40 74 70
193 6 92 98 110 117 107 97
194 3 89 102 94
195 3 89 102 93
196 6 47 66 90 96 82 60
197 3 72 93 87
198 3 69 87 72
199 6 17 29 31 28 25 18
200 3 59 73 69
201 3 59 73 70
202 6 52 67 91 99 79 63
203 3 70 88 74
204 3 74 94 88
205 3 115 112 106
206 3 115 112 107
207 3 56 15 14
208 3 60 47 35
209 3 61 48 36
210 3 57 18 17
211 3 78 62 58
212 3 79 63 58
213 3 115 113 108
214 3 115 113 109
215 3 64 49 37
216 3 37 20 15
217 3 80 65 57
218 3 81 61 57
219 3 58 23 22
220 3 62 50 38
221 3 115 114 110
222 3 115 114 111
223 3 82 60 56
224 3 83 64 56
225 3 39 25 18
226 3 65 51 39
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227 3 63 52 40
228 3 40 27 23
229 3 96 82 77
230 3 97 83 77
231 3 106 96 93
232 3 107 97 93
233 3 69 28 25
234 3 66 51 39
235 3 69 28 14
236 3 66 47 35
237 3 67 52 40
238 3 70 29 27
239 3 67 48 36
240 3 70 29 17
241 3 110 98 94
242 3 111 99 94
243 3 98 78 75
244 3 99 79 75
245 3 100 81 76
246 3 101 80 76
247 3 108 100 95
248 3 109 101 95
249 3 68 50 38
250 3 71 30 22
251 3 68 49 37
252 3 71 30 20

Table 20: The fourth order partition of the tetrahedron: the sub-cells.� �
1 6 1 2 3 4 5 6
2 6 7 8 9 10 11 12
3 6 13 14 15 16 17 18
4 6 19 20 21 22 23 24
5 10 25 26 5 27 28 29 30 31 205 206
6 10 32 33 11 34 35 36 37 38 207 208
7 10 39 40 17 41 42 43 44 45 209 210
8 10 46 47 23 48 49 50 51 52 211 212
9 10 53 54 6 55 56 28 57 58 213 214
10 10 59 60 12 61 62 35 63 64 215 216
11 10 65 66 18 67 68 42 69 70 217 218
12 10 71 72 24 73 74 49 75 76 219 220
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13 10 77 78 4 79 29 56 80 81 221 222
14 10 82 83 10 84 36 62 85 86 223 224
15 10 87 88 16 89 43 68 90 91 225 226
16 10 92 93 22 94 50 74 95 96 227 228
17 12 97 98 84 27 99 100 101 102 229 230 231 232
18 12 103 104 89 34 105 106 107 108 233 234 235 236
19 12 109 110 94 41 111 112 113 114 237 238 239 240
20 12 115 116 79 48 117 118 119 120 241 242 243 244
21 12 121 122 67 55 123 124 125 126 245 246 247 248
22 12 127 128 73 61 129 130 131 132 249 250 251 252
23 17 133 30 58 134 101 135 126 136 137 138 139 140

141 205 214 231 248
24 17 142 37 64 143 107 144 132 145 146 147 148 149

150 207 216 235 252
25 17 151 44 70 152 113 153 123 154 155 156 157 158

159 209 218 239 245
26 17 160 51 76 161 119 162 129 163 164 165 166 167

168 211 220 243 249
27 17 169 57 81 153 125 170 118 137 171 141 172 173

174 213 222 242 247
28 17 175 63 86 162 131 176 100 146 177 150 178 179

180 215 224 230 251
29 17 181 69 91 135 124 182 106 155 183 159 184 185

186 217 226 234 246
30 17 187 75 96 144 130 188 112 164 189 168 190 191

192 219 228 238 250
31 17 193 80 31 161 117 176 102 171 136 174 194 195

138 206 221 232 241
32 17 196 85 38 134 99 182 108 177 145 180 197 198

147 208 223 229 236
33 17 199 90 45 143 105 188 114 183 154 186 200 201

156 210 225 233 240
34 17 202 95 52 152 111 170 120 189 163 192 203 204

165 212 227 237 244
35 24 194 173 195 139 140 172 197 179 198 148 149 178

200 185 201 157 158 184 203 191 204 166 167 190
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