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��ýhñïÿÐñöí���þ
����#K#%�	�Éþ�ÿÐê�ë
ì%óTývñïñ�íTøDÿÐêvë-ò���îïñ���ýhë�ìaþ)óºìaë�óºîöù
í=þYÿ�ÿÐê�ë-þÐóTù
ë
��ó6��ý îwóºìaðTë���ó���ý óTþ(ÿÐêvë�þoÿÐìaë�óTù
îöñ��vë�þ
óTìÐë�ë�ûhú@ë�ò[ÿaë�ýÂÿÐí
ô:ë{ò��=îöñ���ýhë�ì%þ�óTþC�Æë�îöîH�=ÿÐê�ñöþ�
Y÷�þoÿÐñ�+�ëJþ�ðTë�í/ù�ë�ÿÐìañwò�óºîöî��0ÿaêvë{óºúvú�ìÐíVûhñöù�óºÿÐñöí���ô��Âó0í��vë
ýhñöù�ë���þÐñöí���óTîkü�í"�Àô@ë�ÿB�Æë�ë��ßÿB�Æí�þYÿaìaóTñïð/ê/ÿ
îöñ���ë�þ��
���?ó{ìÐëJò�ë��/ÿC�Öí/ì &8� �"���=ÿaêvë� ÆóT÷�ò%ê��0úvìaíTô�îïë�ù ø�í/ì7ÿaêvëÉù0÷vîïÿÐñwþÐò�óºîöëÉù�íhýhë�îI��� #�ê�ó/þ7ô@ë�ë��ßþÐêví"� ��ÿÐí0ô:ë
�Æë�îöî�ú@í/þÐë�ý ��é�êvë0úvìaí=íTøDìÐë�îïñöë�þ(÷vú@í��GóÂúvìaë�õ�ñïí/÷�þÉþoÿÐ÷:ý*� � A ��ývë�õTíTÿÐëJý?ÿÐí-ÿaêvë4 Æóº÷�ò%ê��?úvìÐí/ôvîöë�ùÍø�íTì
ÿaêvë0þÐñ���ðTîöë�ë��=÷�óºÿÐñöí�� ��
 #
ô@ë�îöí"�G�,�
ñïÿÐê

b(t)
óºìaôvñïÿÐì%óºìañïî��-ð/ñïõ/ë���ñ��

L2
loc

� ���ÑÿÐêvë0úvìaë�þÐë��=ÿ(óºìÐÿÐñwò�îöë�� �Öë
ÿa÷vì ��ÿaí{ÿÐê�ëÌîïí
�vð6�mÿÐñöù�ë
ô:ë�ê�óVõ�ñïí/÷vì�íºøkÿaêvëÉþÐíTîö÷hÿÐñöí��

(u(t, y), p(t, y, σ))
ÿÐíÇþ �hþYÿaë�ù ���
#%��é�í�ývóºÿÐë
�
�Æë

;



y=0
x

y=L

y
V(t)

u(y,t)

�2ñïð/÷vìÐë 2 1 LDîöó���óºìF Öí/÷vë�ÿÐÿÐë)ü�í"�

ê�óVõ/ë.��íºÿ
ô:ë�ë��Ñóºôvîöë�ÿÐí�ýhëJóºî-�
ñ³ÿaê?ÿÐêvë{þÐú:ëJò�ñ�+:ò)ò�óTþÐë�íºø2þ �hþYÿaë�ù � �
#%� � ë��
ñöîïî�í
�vî��ßýhë�óTî@ê�ë�ìaë5�
ñïÿÐê
ÿaêvëÇþÐú:ëJò�ñwóºî�ò�óTþÐë��
êvë��

ρ = 0
ñ��?ÿÐê�ëG+�ì%þYÿÉë3�=÷�ódÿañïí
�?íTø � �
#G��ÿÐêvñwþÉóTù�íT÷=�=ÿaþ
ÿÐí4�vë�ðTîöë�ò�ÿÐñ��vð�ñ���ë�ìÐÿÐñwóºî

ë�D@ëJò[ÿaþ'# �
� ñïÿÐêví/÷hÿ(îöí/þaþÌíTø�ðTë���ë�ì%óºîöñ³ÿB�
�,�Æë�ù�ó��ßþÐë�ÿ

T0 = 1
�
G0 = 1

ó6��ý
σc = 1

� ÿaêvñwþÉñwþÉó-þÐñöù
ú�îïë0ù�óºÿoÿaë�ì
íTø �ví���ývñïù�ë��:þoñöí���óTîïñ�(�óºÿÐñöí���íºøkÿaêvëÉë3�/÷:ódÿÐñöí��:þ$#%�  Öí
��þoë3�=÷vë��=ÿÐî����
�Öë�þoê:óºîöî:ýhëJóºî�ê�ë���ò�ë�ø�íTìÐÿÐê �
ñïÿÐê-ÿÐêvë
&�ñ��vë�ÿañöò)ë3�/÷:ódÿÐñöí��

∂p

∂t
(t, σ) = −b(t)

∂p

∂σ
(t, σ) + D(p)

∂2p

∂σ2
(t, σ) − H1p(t, σ) +

D(p)

α
δ0

� 

#

�
ñïÿÐê
H1 = 1lIR\[−1,1]

ó6��ý

D(p) = α

∫

|σ|≥1

p(t, σ) dσ,
� � #

ó���ý8�
ñ³ÿaêßÿaêvë{ùÇ÷�î³ÿañöþaò�óTîïë)ù�íhýhë�î

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








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
















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
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0 = µ
∂2u

∂y2
(t, y) +

∂τ

∂y
(t, y)

τ(t, y) =

∫

IR

σ p(t, y, σ) dσ

∂p

∂t
(t, y, σ) = −∂u

∂y
(t, y)

∂p

∂σ
(t, y, σ) + D(p)

∂2p

∂σ2
(t, y, σ)

−H1p(t, y, σ) +
D(p)

α
δ0

� �
#

ò�íT÷vúvîöë�ý!�
ñ³ÿaê-ÿaêvë(ë�ûhúvìÐëJþÐþÐñöí��<� � #�ø�í/ì7ÿaêvë)ýhñEDk÷�þÐñïí
�Âò�í�ë�)�ò�ñïë��=ÿ��=ÿÐêvë�ô@íT÷=��ý�óºì$��ò�í���ývñ³ÿañïí
��þ.����#Dø�íTì
ÿaêvë�+�ì%þYÿ
ë��=÷�óºÿÐñöí�� �vó���ýßÿÐêvë{ñ��vñïÿÐñwóºî�ò�í���ývñ³ÿañïí
�

u(0, y) = u0(y), p(0, y, σ) = p0(y, σ)

�
ñïÿÐê
u0 ∈ H1(0, L)

þÐ÷�ò%êßÿÐê�óºÿ
u0(0) = 0

�
u0(L) = V (0)

��ó���ý

p0 ≥ 0
ó=� ë��

, p0(y, ·) ∈ L1(IR),

∫

IR

p0(y, σ) dσ = 1
ø�íTìÌó=� ó=�

y ∈]0, L[.
���
#

� ÷vì�ù�óºñ��?ìÐëJþo÷vîïÿ
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ò�í���ýhñïÿÐñöí��:þ��vñïø

V (t)
ò�í���õ/ë�ìaðTë�þÆë�û�ú@í���ë��=ÿÐñwóºîöî��ÂøQóTþoÿ
ÿÐí

V∞ := limt−→+∞ V (t)
�vÿaêvë��ÑÿaêvëÇþÐíTîö÷hÿÐñöí��

(u(t, y), p(t, y, σ))
íTø:þ ��þoÿÐë�ù ���
#�ò�í
�=õ/ë�ìaðTëJþ�ë�ûhú@í��vë��/ÿañöóTîïî���øQóTþoÿ2ñ��{ÿañïù�ëÖÿÐí

(u∞(y), p∞(σ))
�
êvë�ìÐë

u∞(y) =
y

L
V∞,

� 2�� #

ó���ý
p∞

þÐíTîö÷hÿañïí
�Âÿaí

0 = −V∞

L

dp∞
dσ

+ D(p∞)
d2p∞
dσ2

− H1p∞ +
D(p∞)

α
δ0.

� 2�2 #

A



é�êvë�ú�óTñïì
(u∞, p∞)
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ñ��vðÇÿÐêvìaë�ë
ë3�/÷:ódÿÐñöí��:þ
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0 = µ
∂2u∞

∂y2
(y) +

∂τ∞
∂y

(y)

τ∞(y) =

∫

IR

σ p∞(y, σ) dσ

0 = −∂u∞

∂y

∂p∞
∂σ

+ D(p∞)
∂2p∞
∂σ2

− H1p∞ +
D(p∞)

α
δ0,

� 23; #

�
ñïÿÐê?ÿÐê�ë{ô:í/÷=��ývóTì �Âò�í���ývñ³ÿañïí
��þ

u∞(y = 0) = 0, u∞(y = L) = V∞,
� 2�A #

ø�í/ì�ÿÐêvë�+�ì%þoÿÌë��=÷�ódÿañïí
� � � �hþYÿaë�ù � 23; #Æñöþ�í/ô=õ�ñöíT÷�þÐî���ÿÐêvë�þoÿaóºÿÐñwò(õ/ë�ì%þoñöí��ßíºø�þK�hþoÿÐë�ù � 2
2 # �
�ÉíºÿÐë
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ýhí8�víTÿ5&��ví"� �
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(u, p)
ñöþ)ò�îïí=þoë
ë��ví/÷vðTêGÿÐí

(u∞, p∞)
ðTñöõTë��Gô ��� 2�� #M� � 2�2 # �

�
êvñwò%êÑñöþ�í
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# �
êvë�ìÐë �Æë�îïë�ÿ�ÿÐêvë
ýhìañïø ÿ

b(t)
ð/í�ÿÐíÂó�îöñöù
ñïÿ

b∞
ó���ýÑúvìaídõTë�ÿÐê�ë��ÑÿÐê�ëÇò�í
�=õ/ë�ìaðTë���ò�ë)íºø2ÿÐê�ëÇþoí/îï÷vÿÐñöí��

p
ÿÐí-ÿÐêvëÇþÐíTîö÷hÿañïí
�

p∞
íTø:ÿaêvëÉò�íTìaìÐëJþoú@í���ývñ��vð{þoÿaóºÿÐñöí���óTì ��ë3�=÷�ódÿañïí
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ñ���ÿaêvñöþÆþÐë�ò[ÿañïí
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� � 

#@ÿaê�ódÿ �Öë�ìaë��
ìañ³ÿaë'êvë�ìaë'ø�íTì�ò�í���õTë��vñöë���ò�ë

∂p

∂t
= −b(t)

∂p

∂σ
+ D(p)

∂2p

∂σ2
− H1p +

D(p)

α
δ0

� 2 � #

�
êvë�ìÐë
b(t)

ñwþ(þÐíTù�ë{ð/ñïõ/ë���þaò�óºîwóºì�ø�÷,��ò[ÿañïí
�Gýhë�ú@ë��:ýhñ���ðÂí���î��ßí��ÑÿÐñöù�ë
t
� 7>�=÷�óºÿÐñöí���� 2 � #
ñöþ(þoë�ÿ(í��

ÿaêvë �
êví/îïëÇìÐëJóºî�îöñ���ë
IR
ó���ýÑñöþ(ò�í/ù
ú�îïë�ù
ë��=ÿÐë�ýÑô��ßÿÐêvëÇñ��vñïÿÐñwóºî'ò�í
��ýhñïÿÐñöí���� �
# � � ëÇó/þÐþÐ÷vù�ë�ñ��ÑÿÐêvñwþ

þÐë�ò�ÿÐñöí��3ÿaê�ódÿ0ÿÐêvëÂø�÷=��ò[ÿañïí
�
b(t)

ìÐë�ù�óºñ���þÇò�îïí=þoë�ÿaí óGõVóTîï÷�ë
b∞

ó���ýÎò�í
��õTë�ìaðTëJþ{óTþ�ÿÐñöù
ë?ðTí�ëJþ{ÿÐí
ñ��*+,�vñïÿB�-ÿaí�ÿÐêvñwþ�õdóºîö÷vë���ñ��?ÿÐê�ë)ø�íTîöîïí"�
ñ��vð�þoë���þoë

|b(t) − b∞| ≤ Cf(t)
�
ñïÿÐê |f(t)| ≤ 1

ó6�:ý
f(t) −→

t→+∞
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� 2 ��#

�
ñïÿÐê C þÐù�óºîöî �Kþoë�ë�éÆê�ë�íTìaë�ù ; � A ô@ë�îöí"�F# � ���.ú�óºìÐÿÐñwò�÷vîwóºì3�kÿÐê�ë�þÐú@ë�ò�ñwóºîDò�óTþÐë0íTøÆóÑò�í
��õTë�ìaðTë���ò�ë
ódÿ
ë�û�ú@í���ë��=ÿÐñwóºî�ì%ódÿaë��hñ�� ë
�

|b(t) − b∞| ≤ C e−µ t,
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#
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��þoÿaó6�=ÿ
µ
�
ñöîöî�ô:ë{ë�ûvóºù�ñ���ë�ý/�

� ëÇóºîwþÐí�ó/þÐþÐ÷vù�ë4�QþÐë�ëGL7ìÐí/ú:í=þoñïÿÐñöí�� ; � ; ô:ë�îïí"�F#Öÿaê�ódÿÉÿÐêvë�ú:óºì%óºù�ë�ÿaë�ì
α
ó���ý?ÿÐêvë�ò�í���þoÿaó��=ÿ

b∞
óTìÐë

ò%êví=þoë��Çñ��
þÐ÷�ò%ê�óF��ó��)ÿÐê:ódÿ'ÿÐêvë�ìÐë�ë�û�ñwþoÿaþ'ó�÷=�vñ �/÷�ë�þÐíTîö÷hÿañïí
�
pα,b∞
∞

�Kýhë��víTÿÐëJýÇô��
p∞

ñ��Çÿaêvë
þoë3�/÷�ë�î # �
íTø�ÿaêvë�þYÿaë�ó/ý*� �ÒþoÿaóºÿÐë�ë��=÷�ódÿañïí
�

0 = −b∞
dp∞
dσ

+ D(p∞)
d2p∞
dσ2

− H1p∞ +
D(p∞)

α
δ0.

� 2 � #

� ë{êvë��:ò�ë�ø�í/ìoÿaê?ývë��víTÿÐë{ô��

Dα,b∞
∞ = D(p∞), Mα,b∞

∞ =

∫

|σ|>1

p∞,

�



þÐí
ÿÐê�óºÿ
Dα,b∞

∞ = α Mα,b∞
∞

�
� ë{ìÐëJò�óTîïîkø�ìaíTù � A ��ÿaê�ódÿ
�����������
	��
	
�������
�������������! "���� $#%���&�'	&�)(+*-,/.10325476�6�8-4�9;:<9;6=9
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p0 B >�6=9 B�CED 6;8<4GFEH�:I@�9;6=9
H�: B
p0 ∈ L1(IR) ∩ L∞(IR) , p0 ≥ 0 ,

∫

IR

p0 = 1 and

∫

IR

|σ| p0 < +∞ ,
� 2 �
#

>1:�@J> BEBLKNM 4O6;8<>�6 D(p0) > 0
0QP BEBEKNM 4R>�? B HS6�8->16 b ∈ L2

loc(]0, +∞[)
0UTI8-47:V6�8-47WX4Y4XZ[9 B 6 B >

K :�9
\ K 4�]�?^H�_E>�?a`/9;:<`/6=9 M 4 B H1? K 6&9
H1: p ≥ 0
6/Hb4E\ K >�6=9
H�:�cedgf�hbij9;6;8k9;:�9;6&9
>1?A@[>�6 KNM p0 l 6�8->16m_E47?^H�:"] B 6nH
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1

L
V (t).

�H� 

#

����þÐë�ìÐÿÐñ��vð
ÿÐê�ñöþ
ñ��=ÿÐí�þ ��þoÿÐë�ù � �
# �*�Æë)íTôhÿ%óºñ��?ÿÐêvë{ë3�/÷�ñïõdóºîöë��=ÿ�ø�íTìaùÇ÷�îöóºÿÐñöí��

∂p

∂t
(t, y, σ) = −

[

− 1

µ

∫

IR

σp(t, y, σ) dσ +
1

µL

∫ L

0

∫

IR

σp(t, y′, σ) dσ dy′ +
1

L
V (t)

]

∂p

∂σ
(t, y, σ)

+ D(p)
∂2p

∂σ2
(t, y, σ) − H1p(t, y, σ) +

D(p)

α
δ0,

��� � #

�
êvñwò%ê ñwþÂóÎøQóºù�ñïî�� ñ��:ýhë�ûhë�ý ô��
y ∈]0, L[

íTø�ú�óºìÐÿÐñwóºî�ýhñ�D@ë�ìÐë��/ÿañöóTîÉë3�/÷:ódÿÐñöí��:þ-ñ��
(t, σ)

ò�í/÷vúvîöë�ý
ÿaêvìÐí/÷vðTêßÿÐê�ë)ÿÐë�ìaù ∫ L

0

∫

IR

σp(t, y′, σ) dσ dy′ �

��íTìDò�í/ù�úvîïë�ÿÐë��vë�þaþ��/ó6��ý
óºîïÿÐêví/÷vðTê
ñïÿDñöþI�víTÿ�ÿÐêvëÆø�íhò�÷:þ�íºø:ÿÐêvë
úvìaë�þÐë��=ÿ �ÆíTì$& �"�Æë�úvìaídõ=ñwýhëÖÿÐêvë
ìaë�ó/ýhë�ì
�
ñïÿÐê?ÿÐê�ë)ø�íTîöîïí"�
ñ��vð�ë�ûhñwþYÿaë���ò�ë)ó���ýß÷=�vñ �/÷�ë��vëJþÐþ
ìaë�þÐ÷vîïÿ��
�����������
	��
	
���S*5�
� 2!4g6A6�8-4�9;:�9;6&9
>1?�@[>�6/>

p0 B >�6=9 B;CED3C H�W�>�?;? y ∈]0, L[
6;8<4�FEH�:�@19;6&9
H1: B c/d#"LhG6/H�][476;8<4gWij9;6�8�6�8-4 C H�?;?^H1ij9;:$]�> BEBEKNM�� 6=9
H�:











TI8-47WX4�4�Z�9 B 6 B > � H B 9;6&9;s�4�FEH�: B 6/>�:�6 η BEK FE8�6�8->16
α inf

y∈]0,L[
χ∈IR

∫

|σ+χ|>1

p0(y, σ) dσ ≥ η > 0 .
��� �
#

2 �



TI8-47:�6;8<4gW�4�4�Z[9 B 6 B > K :<9
\ K 43]1?^H[_E>�?�`/9;:�`/6&9 M 4 B H�? K 6=9
H�: p(t, y, σ) ≥ 0
6nH�4E\ K >16&9
H1: B ce�N��h�ij9;6;8�9;:�9;6&9
>1?@[>�6 KNM p0(y, σ) l 6;8<>�6 C H�W�>1?;? y ∈]0, L[

_E4g?�H�:$] B 6nH L∞
loc([0, +∞[, L1

σ∩L2
σ)∩L2

loc([0, +∞[, H1
σ)
0�oL:

>[@�@�9;6=9
H�: l<C H�W�>�?;? y ∈]0, L[ l p ∈ L∞
loc([0, +∞[, L∞

σ )∩C0([0, +∞[, L1
σ ∩L2

σ) l ∫IR p(t, y, σ) dσ = 1

C H1W�>1?;? t > 0 l D(p) ∈ C0([0, +∞[)
>�:I@ C H�W�47su47W D T > 0 min

0≤t≤T
D(p(t)) > 0

0�oL: >[@�@�9;6=9
H�:
σ p ∈ L∞

loc([0, +∞[, L1
σ)
0

� ë{í��vî��Âþ &Të�ÿaò%êßÿÐêvë{úvìaí�íºø2íºø2ÿÐêvë{óºô@ídõTë)úvìaíTú@í/þÐñïÿÐñöí�� �
� �� $�~�u� ���m�������������m�����������
	��
	
���S*5�
�
� 6n4 � d6�
� ëJ+vû

T > 0
�
y ∈]0, L[

�@ó6��ýGó�ø�÷=��ò�ÿÐñöí��
f ∈ L2([0, T ])

� � ë0ò�í���þÐñwýhë�ì
ÿaêvë0óTúvúvîöñöò�ódÿañïí
�
θ
ø�ìÐí/ù

L2([0, T ])
ñ��=ÿÐí�ñ³ÿ%þoë�î³øB�vÿÐê�óºÿ
ÿÐí�ó6����ø�÷=�:ò[ÿÐñöí��

g ∈ L2([0, T ])
ó/þÐþÐíhò�ñwódÿÐëJþÖÿÐêvë)ø�÷=�:ò[ÿÐñöí��

θ(g)(t) =

∫

IR

p(t, σ)σ dσ,

�
êvë�ìÐë
p(t, σ)

ñwþÆÿÐê�ë{÷=�vñ �/÷�ë�þoí/îï÷hÿañïí
�Âÿaí���

#C�
ñïÿÐê
b(t) = − 1

µ
g(t) +

1

µ
f(t) +

1

L
V (t)

�vñ�� ë
�

∂p

∂t
(t, σ) = −

(

− 1

µ
g(t) +

1

µ
f(t) +

1

L
V (t)

)

∂p

∂σ
(t, σ) + D(p)

∂2p

∂σ2
(t, σ) −H1p(t, σ) +

D(p)

α
δ0,

ø�í/ìÉÿaêvë0ñ��vñïÿÐñwóºî'ò�í
��ýhñïÿÐñöí��
p(0, σ) = p0(y, σ)

�����/ÿaë�ð/ìaóºÿÐñ��vð<� ø�í/ìÐù�óºîöî��*#
ÿÐêvë
ë��=÷�óºÿÐñöí���í
��ò�ëÇùÇ÷vîïÿÐñ��
úvîöñöë�ý?ô��

σ
�Æë{ðTë�ÿ

d

dt
θ(g)(t) =

d

dt

∫

IR

pσ = − 1

µ
g(t) +

1

µ
f(t) +

1

L
V (t) −

∫

|σ|≥1

pσ,

ó���ýßÿÐêvë��
d

dt
θ(g)(t) + θ(g)(t) = b(t) +

∫

|σ|≤1

pσ.
�H� �
#

�(þ
p ≥ 0

ó6�:ý ∫
IR

p = 1
�hí
�vë)íTôhÿ%óºñ���þ

d

dt
θ(g)(t) + θ(g)(t) ≤ 1 + |b(t)|,

ó���ýÑò�í��:þoë3�/÷�ë��=ÿÐî��

|θ(g)(t)| ≤
(

1 +

∫

IR

|σ| p0(y, σ) dσ

)

+
√

t ‖b‖L2(0,t)

é�ê�÷�þ��

‖θ(g)‖L2(0,T ) ≤
√

2T

(

1 +

∫

IR

|σ| p0(y, σ) dσ

)

+T

(

1

µ
‖f‖L2(0,T ) +

1

L
‖V ‖L2(0,T ) + ‖g‖L2(0,T )

)

.
� 
 � #

� ë-ò�ó���ÿÐê�ë�ìaë�ø�íTìaë�ò%êví�í/þÐë
T
þo÷=)�ò�ñïë��=ÿÐî��Gþoù�óTîïî�þÐíßÿaê�ódÿ

θ
ù�óºú�þ(ÿÐê�ë�÷=�vñïÿ�ô�óºîöî�íºø

L2(0, T )
ñ��=ÿÐí

ñïÿaþÐë�îïøB�J��ë�ÿ�÷�þ.�ví"� ò�í���þÐñöývë�ì
g1
ó6�:ý

g2
ñ��GÿÐêvë
÷=�vñïÿ�ô:óºîöî�íTø

L2(0, T )
ó���ý�ýhë��víºÿaë0ô��

p1
ó6�:ý

p2ÿaêvë�óTþaþoíhò�ñöóºÿÐë�ýÂúvìaíTô�óTôvñïîöñïÿB�Âýhë��:þoñïÿÐñöë�þ�� � ë�ývë�ýh÷�ò�ë�ø�ìÐí/ù �H� �
#ÖÿÐê:ódÿ

d

dt
(θ(g1) − θ(g2)) + (θ(g1) − θ(g2)) = − 1

µ
(g1 − g2) +

∫

|σ|≤1

(p1 − p2)σ.

� ë!�ví"� ÷�þÐë<� �,�2ë��=÷�ódÿañïí
� � ; � A ��#M�7ÿÐíGò�îöóTñïù ÿÐê�óºÿ�ÿÐê�ë�ìaë-ë�ûhñwþYÿ%þÇó�ò�í���þoÿaó��/ÿ
C(T )

ýhë�ú:ë���ýhñ��vð�íºø
‖p0‖L∞

� ‖f‖L2(0,T )

� ‖V ‖L2(0,T )

�
η
�
µ
ó���ý

α
�-�
êvñöò%êGðTí�ë�þÉÿÐí (�ë�ìaí4�
êvë��

T
ð/í=ëJþÌÿaí!(�ë�ìaí,�kþo÷�ò%ê

ÿaê�ódÿ
ø�í/ìÌóºîöî
t ∈ [0, T ]

∫

IR

(p1(t, σ) − p2(t, σ))2 dσ ≤ C(T ) ‖g1 − g2‖2
L2(0,T ).

2 �



�ÒÿÌø�í/îïîöí"�ÌþÆÿÐê:ódÿ
ø�íTì
T
þÐù�óºîöî�ë��ví/÷vðTê �

θ
ñwþÌó�ò�í
�=ÿÐì%óTò[ÿañïí
�ÂíTø�ÿaêvë�÷=�vñïÿÌô�óTîïî�íTø

L2(0, T )
ñ��=ÿÐí�ñïÿaþÐë�îïøB�

ó���ý3ÿaêvë�ìaë�ø�í/ìÐë-ê:óTþ
ó�÷=�vñ �=÷vë +vûhë�ý3ú@íTñ��=ÿ�� � ëßÿÐê�÷�þ
í/ôhÿaóTñ�� �'ø�í/ì
óTîïù�í=þYÿ�óºîöî
y ∈]0, L[

�DóGîïíhò�óºî
ë�û�ñwþoÿÐë��:ò�ë{ó6��ý?÷=��ñ��=÷vë��vë�þaþ�ìÐëJþo÷�î³ÿ�ø�íTì�ÿaêvë{ë��=÷�óºÿÐñöí��

∂p

∂t
(t, σ) = −

(

− 1

µ

∫

IR

pσ +
1

µ
f(t) +

1

L
V (t)

)

∂p

∂σ
(t, σ)+D(p)

∂2p

∂σ2
(t, σ)−H1p(t, σ)+

D(p)

α
δ0

� 
 2 #
�
ñïÿÐêÑñ��vñ³ÿañöóTî�ò�í
��ýhñïÿÐñöí��

p(0, σ) = p0(y, σ)
� �Ìí"�G�*�Æë)÷�þoë)ë3�/÷:ódÿÐñöí��	�H� �
#�óTð/óºñ��-ÿaí�ðTë�ÿ

d

dt

∫

IR

σp +

(

1 +
1

µ

)
∫

IR

σp =
1

µ
f +

1

L
V +

∫

|σ|≤1

pσ.
��
 ; #

é�êvñwþ-ë3�=÷�ódÿañïí
� þÐêví"�Ìþ
ÿÐê:ódÿ-ÿaêvë�ðTìaí"��ÿÐê íºø ∫
IR σp

ñwþÂò�í��=ÿÐìaíTîöë�ý/� � ëGò�ó6� ÿÐêvë�� ÷�þÐëÑÿÐêvëGþaóºù�ë
ÿaë�ò%ê=�vñ �=÷vë�óTþ(ñ�� � A �'ÿÐíÑúvìaídõTëÇÿÐêvë�ðTîöíTô:óºî2ñ�� ÿÐñöù�ë
ë�ûhñöþoÿÐë���ò�ë�ó6��ýG÷=�vñ �=÷vë��vëJþÐþ�íTø7ÿÐê�ë�þÐíTîö÷hÿañïí
��ÿÐí
� 
 2 # �
ñïÿÐê�ñ��vñïÿÐñwóºî�ò�í
��ýhñïÿÐñöí��

p(0, σ) = p0(y, σ)
�

� 6n4 � �
�
� ë:��í"� ñ��=ÿaìÐíhýh÷�ò�ë�ÿaêvëGø�÷,��ò[ÿañïí
�

Ψ
ø�ìaíTù

L2([0, T ])
ñ��=ÿaíËñïÿaþÐë�îïøB�Éÿaê�ódÿ?ÿÐí ó6��� ø�÷=��ò�ÿÐñöí��

f ∈
L2([0, T ])

ó/þÐþÐíhò�ñwódÿÐëJþÖÿÐêvë)ø�÷=�:ò[ÿÐñöí��

Ψ(f)(t) =
1

L

∫ L

0

∫

p(t, y, σ)σ dσ dy,

�
êvë�ìÐë
p(t, y, σ)

ñwþ�ÿÐê�ë{÷=�vñ �/÷�ë)þÐíTîö÷hÿañïí
�Âÿaí

∂p

∂t
(t, y, σ) = −

(

− 1

µ

∫

IR

pσ +
1

µ
f(t) +

1

L
V (t)

)

∂p

∂σ
(t, y, σ)

+ D(p)
∂2p

∂σ2
(t, y, σ) − H1p(t, y, σ) +

D(p)

α
δ0(σ)

�
ñïÿÐêÑñ��vñ³ÿañöóTî�ò�í
��ýhñïÿÐñöí��
p(0, y, σ) = p0(y, σ)

� ���=ÿÐë�ð/ìaóºÿÐñ��vð?��
 ; #ÆídõTë�ì
]0, L[

�*�Æë)ðTë�ÿ

d

dt
Ψ(f) +

(

1 +
1

µ

)

Ψ(f) =
1

µ
f +

1

L
V +

1

L

∫ L

0

∫

|σ|≤1

pσ.

� ë�ÿÐê�ë��ÎóºìaðT÷�ë
ó/þ{ñ�� � ÿaë�ú 2 ÿaí�þoêví"� ÿÐê�óºÿÇë��=÷�óºÿÐñöí�� �H� � #5�
ñïÿÐê3ñ��vñ³ÿañöóTîÖò�í���ýhñïÿÐñöí��
p(0, y, σ) =

p0(y, σ)
ê:óTþ
ó�÷=�vñ �=÷vë)ðTîöíTô�óTîE�Òñ��*�Kÿañïù�ë{þÐíTîö÷hÿÐñöí�� �

����� � ����� ���� 
 �	�� 
� �
� ë
óTìÐë �ví"�"ñ�� ú:í=þoñïÿÐñöí���ÿÐíßývë�ÿÐë�ìÐù�ñ��vë�ÿaêvë
îïí
�vð�ÿÐñöù�ë0ô@ë�ê:óVõ=ñöíT÷�ìÉíºø7ÿÐêvë
þoí/îï÷hÿañïí
��ÿÐí �H� � # � � ÷vì
ìaë�þÐ÷vîïÿ�ñwþ�ÿaêvë)ø�íTîöîïí"�
ñ��vð �
���� "�<�� "# *5�
� t!H�W�>G?^>�W&]$4�4g:IH K ]u8�FEH
4
��Fg9
47:<6 α l$C H�W�>�?^>1W&][4�47:�H K ]
8qs~9 B FEH B 9;6 D µ l$C H1W V∞ BLM >�?;?47:�H K ]
8 l<C H�W�6;8<4�9;:�9;6&9
>1?!@�>16n> p0 − p∞ BLM >1?;?54g:IH K ]u8Oce>�?;?�6�8-4 B 4GFEH�:I@�9;6=9
H�: B ij9;?;?!_E4 M >�@[4G4�Z � ?�9
F79;69;:'6;8<4�FEH K W B 4�H C 6�8-4 � WXH~H C _E47?^H�iIh l i�438<>�s�4~��9 C V (t)

FEH�:<s�47W&][4 B 6/H V∞
> B t

]$H~4 B 6/H�9;:
yp:<9;6 D i!8N9;?^4
B >�6=9 B�CED 9;:$]

|V (t) − V∞| þÐù�óºîöî�ë��ví/÷vðTêßø�íTìÌóTîïî
t > 0,6�8-4 K :<9
\ K 4�WX4n] K ?�>�W B H�? K 6=9
H�: (u(t, ·), p(t, ·, ·)) 6nH�c "ghqFEH�:�su47W&]$4 B > B 6=9 M 4 t

]$H~4 B 6/H�9;:
yp:<9;6 D 6nH�6�8-4B 6/>�6=9
H�:<:I>�W D�B 6/>�6/4 (u∞, p∞)
@[4
y�:�4E@�_ D ced��Lh�>1:�@xced�dEh�0og:�>[@�@�9;6=9
H�: l 9 C V (t)

FEH�:�su47W&]$4 B 4�Z � H1:�47:<6=9
>�?;? Dul 6�8-4 B > M 4�8<H�?^@ B�C H�Wb6;8<4�FEH�:<s�47W&][47:�FE4�H C u(t, ·)>1:�@
p(t, ·, ·) 0

2 




������������������ $���� "# *��&�
� ë�ýhë���íºÿÐë{ô��

b∞ =
V∞

L

ó6�:ýÂô��
b(t, y) =

∂u

∂y
(t, y)

�=�
êvë�ìaë
u
ñöþ
ÿÐêvë�þÐíTîö÷hÿÐñöí��ßÿÐí�� �
# �:þoí
ÿÐê:ódÿ

b(t, y) − b∞ = − 1

µ

(

τ(t, y) − τ∞) +
1

µ
f(t),

�
êvë�ìÐë
f(t) =

1

L

∫ L

0

(

τ(t, y′) − τ∞
)

dy′ +
µ

L

(

V (t) − V∞

)

.

� ë�óTþaþo÷�ù
ë

• ÿÐê�óºÿ
α ≥ αc

ó���ý |b∞| ≤ bα
∞

þoí
ÿaê�ódÿ0��� � #ÆêvíTîwývþ�ÿaíTðTë�ÿÐêvë�ì �
ñ³ÿaê�ó�þoëJò�í
��ýÑò�í��:ýhñ³ÿañïí
� �hÿaê�ódÿ
�
ñïîöî�ô@ë{ù�óTýhë)úvìaë�ò�ñöþÐë)ô:ë�îïí"� ñ�� ��
 

#%�

• ÿÐê�óºÿ
sup

y∈]0,L[

S2(t = 0, y)
ñwþÌþoù�óTîïî�þÐ÷�ò%êßÿÐê�óºÿ � � ��#ÖêvíTîwývþÆø�íTìÌóTîïî

y ∈]0, L[
�

• ÿÐê�óºÿ
µ ≥ µc(α, b∞)

ø�í/ì

µc(α, b∞) = max(µ1(α, b∞), µ2(α, b∞), µ3(α, b∞)),

�
êvë�ìaë�ÿÐêvë
µi
ÿaê�ódÿ��
ñöîöî�ô:ë{ù�ó/ýhë)úvìÐëJò�ñwþoë)ô@ë�îöí"�Àñ�� ��
 � # � � � 2 #%� � � ��#Æìaë�þÐú:ëJò[ÿÐñöõTë�î��
�

��íTì
þo÷:ò%êÂó0þÐë�ÿ�íºø�ú�óºì%óºù�ë�ÿaë�ì%þÖó���ýÂý�ódÿaó
(α, b∞, S2(0, y)y∈[0,L], µ)

�*�Öë�óTþaþo÷�ù
ë�ñ��ßóTý�ýhñ³ÿañïí
�-ÿaê�ódÿ
p0
ñöþ
ò�îïí=þoë)ë���íT÷vð/êÂÿaí

p∞
ó���ýßÿÐê�óºÿ |V (0) − V∞| ñwþÌþoù�óTîïî�ë��víT÷vð/êßñ���þo÷:ò%ê?ó ��ó���ÿÐê�óºÿ

∣

∣f(0)
∣

∣ =

∣

∣

∣

∣

1

L

∫ L

0

(

τ(0, y′) − τ∞
)

dy′ +
µ

L
(V (0) − V∞)

∣

∣

∣

∣

≤ 1

2
.

� 
 A #

�ÉíºÿÐëÖÿÐê:ódÿ2ø�íTì�ÿÐêvñwþ2úv÷vìaú:í=þoë
p0(0, y)

ù�ó��)ô@ëÆò%ê�í/þÐë���ñ���ýhë�ú:ë���ýhë��=ÿ2ø�ìÐí/ù
y
�dô�÷hÿ2ñïÿ'ñöþ �víºÿI�vëJò�ë�þaþaóºì$���
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