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GAMMA LIMIT OF THE NON SELF-DUAL
CHERN-SIMONS-HIGGS ENERGY

MATTHIAS KURZKE AND DANIEL SPIRN

ABSTRACT. We consider the Gamma limit of the Abelian Chern-Simons-
Higgs energy

1 o pP|curl A, — hm|2
Gosn == | |V plour Ze — feal
hi= g /U| ae|” + 1 PE

on a bounded, simply connected, two dimensional domain under the e — 0
limit. As a first step we study the Gamma limit of

1 1 2
Eeosp = 5/ |VUE|2 + _2|us|2 (1 _ |u5|2) dx.
U &g

1
P = )

under two different scalings; E.s, ~ |loge| and F g}, = |log s|2. We apply the
|log £|*-scaling result to the full Chern-Simons-Higgs energy Gesn, and as a
consequence we are able to compute the first critical field Hy = Hy (U, ) for
the nucleation of a vortex. The method entails estimating in certain weak
topologies the Jacobian J(u.) = det(Vue) in terms of the Chern-Simons-
Higgs energy FE.qp.

1. INTRODUCTION

The Abelian Chern-Simons-Higgs (CSH) theory serve as an anyon model
[5, 13, 12, 37] and is a classical field theory defined on (2+41) dimensional
Minkowski space. Such models have applications to the theory of high tem-
perature superconductivity, quantum Hall effects and carry fractional charge
values [5, 37]. The CSH Lagrangian has the form

Mo :uz afBy )\ 2 2\ 2
‘CCSH = DaDau + ZE AQF57 - E ‘U| (1 — |U‘ )

where €7 is the antisymmetric tensor and €*7A,Fp, is the Chern-Simons
term. The associated Euler-Lagrange equations are

D, D% + %u (Ju = 1) Bluf—1) =0
1
Z,LL%O‘MFM + 7¢=0.
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The second of these two equations is very different from the more conventional
Maxwell’s current equation, D°F,3+ #* =0, found in the more widely stud-
ied Maxwell-Higgs model, which says that the change in the matter current is
due to the rate of change of the electromagnetic field. In the Chern-Simons
case i,uzeaﬁ”’Fg,y + 7<= 0 implies the matter current is proportional to the
electromagnetic field. This model has been the source of much interest in the
physics community; the book of Yang [37] offers an excellent overview of Chern-
Simons-Higgs and related theories.

To date most rigorous analysis has been restricted to self-duality which oc-
curs when A = 1, as discovered independently by Hong-Kim-Pac and Jackiw-
Weinberg in [12, 13]. On the other hand in this paper we consider A = ’;—j <1
and u = O(1). Since the a = 0 refers to time coordinates, we replace Dy by
¢ = 0y — i® and replace D, by V4 =V —iA when a € {1,2}. The curvature
tensor is defined by

0 —E —E,
F=|B 0 -h]|,
E, h 0

where h = curl A and E, = 0,A, — 0,®. We write the current #“ in a more
classical notation by setting

/Oz(iu,&pu):q I = (u,Va,u) = ja,

for a € {1,2} which are the charge and supercurrent, respectively. Therefore,
the current equation reads ‘;—Zh +q =0, —‘;—2E2 + 74 =0, and ‘;—ZEl +44 =0,
and in more classical notation we write the CSH equations as:

1
(1.1) %u:v%k+§uu—hﬁ)@mﬁ—m
2

(1.2) q= —% curl A
112
(1.3) ja=" (Exes).

If we take the curl and div of the equations, then we get the following useful
identities

% 1
(14) diVjA = ? curl £ = 8tq = —?81‘]1
M2
(1.5) Ja=—CdivE.

Well-posedness questions for equations (1.1)-(1.3) were studied in [6, 7].
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Since u : R? — C we can easily induce the formation of topological vor-
tices — regions where |u| = 0 and about which the winding number of the
phase is nontrivial. Setting u = pe®¥ ~ €% over R? and ¢ = df, then
Ja ~ curl (Vo — A) = curl Vo — h. Formally, if we integrate (1.5) over R?
then 27d = [, hdz. Furthermore, integrating (1.2) over the plane yields

(1.6) d= L hdx = b qdx.

27 Jge 2T JR2
As in Ginzburg-Landau theory, we see that the current and the magnetic field
are quantized about a topological vortex; however, in CSH theory the magnetic
field to induces a quantized electric charge, which can have arbitrary values,
depending on u. This quantized electric charge is a fundamental feature of
Chern-Simons-Higgs theory.

We look for solutions independent of time; setting dyu = 0 then (1.1)-(1.3)
become

1
— @y = Viu + U (1= |ul?®) (3Jul* — 1)
0 12
Dluf? = ) (curl A — he,) jalu) = ?VQ X e3.

Since the CSH equations serve as a model for high temperature superconductors,
we include the possible presence of an applied magnetic field h.,. Removing the

electric field potential ®, we are left with an unusual system of coupled elliptic
PDE’s:

2 2
p? leurl A — he,| 1
(1.7) -7 i u = Viu+€—2u (1= [ul®) (3ul*—1)
2
] curl A — he, ‘

Taking the curl and div of (1.8) yields two more useful equations

(1.9) Ta(u) = —M—ZA (M)
(1.10) div ja(u) = 0.

Equations (1.7)-(1.8) can be viewed as the Euler-Lagrange equations of the
following Chern-Simons-Higgs energy

u_2 |curl A — hex|2 +i
4 |u|? g2
for an applied magnetic field, h.,, and a bounded, simply connected domain,
U c R2. A discussion of the CSH theory on bounded domains can be found in

1
(1.11) Gegp(t, A; hey) = 5/U|vAu|2+ [ul? (1= Juf?)® dz
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[10]. Our paper studies (1.11) under different scaling limits of the energy.

Even at this point we can see unusual features of (1.11). Suppose h., = 0
and suppose u has a topological vortex at 0. Then u must vanish at the origin.
But the second term of (1.11) implies that h = curl A must likewise vanish
at the origin. On the other hand the quantization relation (1.6) implies there
exists a finite mass of magnetic field about this vortex, and consequently the
magnetic field concentrates in an annular region about each topological vortex.
This is in stark contrast to Ginzburg-Landau vortices, where the magnetic field
concentrates at the site of the vortex. The second term proves to greatly increase
the difficulty of analyzing (1.7)-(1.10).

Another important feature of (1.11) is that in the ¢ — 0 limit, |u.| relaxes
to St U {0}, as opposed to S in the Ginzburg-Landau case. This implies that
nontopological vortices (regions where |u| = 0 with trivial winding number
about the region) are possible and potentially favorable. We show, however,
that such regions are of size O(e) if |u.| > 3 on the boundary, see Corollary 2.4.

1.1. Results. Up to now, most attention has focussed on the self-dual case
where € = p. In this case the CSH equations reduce, following Hong-Kim-Pac
and Jackiw-Weinberg [12, 13], to a system of first order PDE’s. Solutions can
be recovered by solving (after a substitution) a Liouville-type elliptic equation,
similar to the Jaffe-Taubes approach to solving self-dual solutions in Ginzburg-
Landau theory [14]. It is impossible to give an adequate accounting of the
extensive results on self-dual solutions to the Chern-Simons-Higgs equations,
but we direct the reader to [5, 8, 10, 12, 13, 27, 35, 37| and the references
therein.

We turn our attention to non self-dual Chern-Simons-Higgs theory. The only
results to our knowledge for small € and p = O(1) for the CSH functional are
those of Han-Kim [11], who studied among other things sequential minimizers
{ue, Ac} of (1.11) with A, = 0 and Dirichlet boundary condition u. = g on OU
with |g| = 1. Their proofs are similar in spirit to the methods Bethuel-Brezis-
Helein [3] for the simplified Ginzburg-Landau energy (1.19) and rely heavily on
the maximum principle for |u.|. The maximum principle fails when gauge field
A. # 0, so another approach is needed.

In this paper we allow both A. # 0 and more general boundary conditions
(we still assume that |u.| — 1 on the boundary at a certain rate); our study
yields compactness and I'-convergence results for two scalings of the energy. In
particular, our convergence results are true for non-minimizers and indeed even
for sequences of functions that are not solutions of the corresponding equations.
Our techniques are related to the approach of Jerrard-Soner [17, 18] combined
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with the vortex ball construction method of Sandier [29]. Similar to their ap-
proach, we first study the simplified functional

1 1
(1.12) Eeon(u) = —/ [Vul? + S Jul*(1 = [u]?)?.
2 Juy €

(In fact our approach is robust enough to deal with more general potentials of
the form 4W (Jul?) with W(s) = sP(1 — s)? for p > 0 and ¢ > 1.) The results
for (1.12) are then used to analyze the case with a magnetic field h., and gauge
field A.

We have the following results, stated here in the spirit of I'-convergence;
that is, separated into a compactness result combined with a lower bound for
the energy and a construction that shows that the lower bound is essentially
optimal. For the sake of unified exposition, we only state the two-dimensional
results here, although some of the results are also true in higher dimensional
domains (see Theorem 4.1).

Our general assumptions are that U C R? is a bounded, simply connected
domain with smooth boundary and that {u.} is a sequence of functions in

HY(U;C) whose traces on OU satisfy |u.| > 1 — @.

Theorem 1.1 (Compactness and I'-convergence in the |log ¢| scaling). Assume
Eosn(us) < Kllogel| for some constant K > 0. Then the Jacobians J(u.) are
precompact in the weak (C%P)* topology for every 3 > 0, and every cluster point
J satisfies J =7 .. d;0,, for some d; € Z. Furthermore,

oo ] —
(1.13) lllgl_}glf@Ecsh(ue) > ||| v,

Conversely, for every J =Y. d;d,,, there exists a sequence {u.} with J(u.) —
J and

(1.14) Eesn(us) = 1] o -

lim ——
e—0 |log &|

The proof of this theorem is contained in the proofs of Propositions 5.2 and
6.3. The next result concerns energy scalings at which the nucleation of vortices
should occur, see [33, 32, 18] in the Ginzburg-Landau case.

Theorem 1.2 (Compactness and I-convergence in the [loge|® scaling). Assume
E.on(u.) < K [logel?, for some constant K .

Set v, = “O—gdj(ua) and w. = HO—;'J(UE) = Lcurlv.. Then {w.} is precompact
in the weak (C%P)* topology and {v.} is bounded in LP for 1 < p < 2. Further-

more, if w, — w = %curlv and v, — v, then also |Zi| — v in L?, and the energy
satisfies
(1.15) liminf —— Fun(ue) > = (o]2 + lleurl o]l ;)

=0 [logel T T 2 L M
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Conversely, for every v € L*(U;R?) such that w = %curlv is a Radon mea-
sure, there exists a sequence {u.} in H'(U;C) with |u.| = 1 on OU such that
v = “0—;']‘(%) — v in L? and w, = J(u.) — w in (C%P)* such that the
enerqy satisfies

Tlog <l

1
(1.16) lim —— Fegn(u:) =

2
) + ||curlv .
i 1 (lol2 + llewl o]l ..

N —

The proof of this theorem is given in contained in the proofs of Propositions
5.1 and 6.1.

In the energy scaling of Theorem 1.2, we also have a result with an external
magnetic field h., and gauge field A. For simplicity, we state the result only in
Coulomb gauge, which amounts to considering only pairs (u, A) with V- A =
0in U and A-v = 0 on QU. For definiteness, we also assume fUA = 0.
These conditions can always be satisfied by an appropriate gauge transformation
replacing (u, A) by (ue™X, A + V) without changing the energy.

Note that we assume an a priori L bound on |u.|, see Conjecture 1.6 below.

Theorem 1.3 (Compactness and I'-convergence with external field). Assume
that the external field satisfies he, = H |loge| for some H > 0, and consider a
sequence {u., A.} with

G.(te, Az: hey) < K [loge|?

and |lug|| < C. Set a. = A.. Then {a.} is weakly precompact in H*,

|10g€|
and also the compactness assertions of the last theorem hold: v. = m]( Ue)
converges to v weakly in all LP, |”i‘ —win L%, and w, = ﬁ(()gz)l —w = %curlv.

Furthermore, the energy satisfies

1
(1.17)  liminf ——=G.(ue, Ac; hes)
=0 lloge

2
> G(v,a; H) </ lv —al® + |curla — H* + ||curlvHM) :

Conversely, for any a € H'(U;R?) and v € L*(U; R?) such that w = § curlv is
a Radon measure, there exists a sequence {u.} in H*(U; C) with |u.| =1 on OU
and a sequence {A.} € H'(U;C) in Coulomb gauge such that v, = |1O;£|j(u€) -
vin L?, w, = uo—éd‘](ua) — w in (C%F)* a, A, — a in H', and such
that (1.17) holds with equality.

\logEI

This theorem follows from Propositions 7.1 and 7.2. As an application of the
last theorem, we calculate the critical field h.,;; for which vortices appear in
nonzero minimizers of G¢(ue, Ac; hey).
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Corollary 1.4. As € — 0, the critical field he.; 18 given asymptotically by
Hi(u) |loge|, where
2
H =
{00 = s T2
and z, 1s the solution of

12
_ZAZU_I—ZU_I—:[ :0

with homogeneous Dirichlet boundary conditions. Concerning the dependence
on p, we have that p?>Hy(u) — 2 as p — 0. Furthermore, H,(u) is decreasing
in u and converges to a limit H(U) > 0 as p — oo. Finally, when U = Bg, a
ball of radius R, then

21, (22)
Hl (:ua R) = 9 2}: 9
w (0 () 1)
where 1y is the modified Bessel function of zeroeth order.

The corollary follows from Theorem 1.3 using some analysis of the limit func-
tional, see Proposition 8.1.

1.2. Methodology with a comparison to Ginzburg-Landau. We can
compare (1.11) with the Ginzburg-Landau energy

1 1
(1.18)  Gu(u, A; hey) == 5/ IV aul® + |curl A — he,|* + o (1- |u|2)2dx.
U

The I'-limit of (1.18) has been the center of extensive research since the ground-
breaking study of the corresponding functional without the gauge field

1 1
(1.19) Ey(u) = —/ \Vul® + — (1— \u\2)2dx
2 Jy 2e

in the book of Bethuel-Brezis-Helein [3] and (1.19) is commonly referred to as
the BBH energy. Here the authors offer a complete description of the small
limit of energy minimizers to (1.19) by construction of comparison functions.
Since energy about each vortex core is of size 7 |loge|, uniform energy bounds
can be found by cutting out the vortices from the domain. Furthermore, the
authors expand the energy (1.19) asymptotically to second order, which up to
boundary effects, is a Coulomb potential. There has also been great success in
higher dimensions including [28, 24, 4, 17, 1]. In higher dimensions the vorticity
concentrates on (n—2) dimensional, integer multiplicity, rectifiable currents. In
the case of minimizing sequences the current is area minimizing, see [24].

Non minimizing sequences has also been the center of significant interest,
see [29, 16, 23, 4, 31, 17, 30, 20, 21| among other places. The I'-limit of the
BBH energy was proven in Jerrard-Soner [17] in two dimensional domains. The
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higher dimensional I'-limit was established jointly in Jerrard-Soner [17], who
proved the compactness and energy lower bound, and Alberti-Baldo-Orlandi
[1], who were able to construct the needed energy upper bound. The calcula-
tion of the first critical field Hy for (1.18) can be found in [33, 32]. The I'-limit
full Ginzburg-Landau energy was proven in Jerrard-Soner [18], and the authors
include a new derivation of H;.

We briefly outline of rest of the paper. In Section 2 we provide several basic
estimates on the Chern-Simons-Higgs energy. We make use of the Modica-
Mortela method to prove strong convergence of |u.| — 1 when |u.| > 1 on the
boundary. In Section 3 we prove the basic Jacobian estimate

/QSJ(ua)dx

where d ~ L%f Cesh (tic) de v € (0,1), and C depends on f e“h(us dx. The

[log ¢

(1.20) < wd ||l + C (|l con

estimate, in the spirit of [17], follows from integration by parts and the co-area
formula,

/QSJ(ua)dx = / Vo x j(ue)dldt =~ / / T-Vpdldt
o Joaow o Jaowr
~ 7r/ deg(u., 0Q(t))dt,
0

where u. = pe’? and Q(t) = {x € U such that ¢(z) > t}. Therefore, controlling
[ ¢J(u:)dx consists of finding estimates on the degree of u on level sets of ¢.
In order to establish (1.20) we can divide the level sets ¢t € (0, ||@]| L) into high
and low degree sets, and, not surprisingly, the lower degree level sets are rather
easy to estimate. On the other hand the higher degree level sets are much more
difficult to understand. In particular we expect

Dy = {t such that deg(u.,dQ(t)) >d+ 1},

where d ~ { f U e“"fogz |dw dZL'J should be of small measure otherwise there should

be a violation of our energy bound. In [17, 18] this is accomplished via a covering
lemma that relies on lower bounds on the Ginzburg-Landau energy. In the CSH
case the Jerrard-Soner method fails; however, we provide a new approach to
estimating the size of the set |Dy|, and we find

Qe Me
|Dg| < 8¢ <1 + exp <m/‘/€csh(us)dﬂf)) IVl o

where 0 < 1 —a. < 1 and 0 < 7. — 1 < 1, and where V = UB,, with

B,, C spt(¢) and Y rp = %. This bound provides good control on



GAMMA LIMIT OF THE CSH ENERGY 9

|Dy| and allows us to establish (1.20) for both the E.q(u) = O(|loge|) and
E.(u) = O(|loge|?) cases.

Sections 4-6 handle the proof of compactness and I'-convergence of the
CSH energy for energy of size O([loge|) and O(|loge|®). Our arguments are
similar to the approach found in [17, 18]. Section 4 establishes the com-
pactness of the Jacobian in a weak Banach space (C%?)* for energies of size
O(|loge|) and O(|loge|*). Here we can lift the restriction on the domain being
two-dimensional, and we can show that the limiting Jacobian is an (n — 2)-
dimensional, integer multiplicity rectifiable current, see Theorems 4.1 and 4.3.
We make use of estimate (1.20) and methods developed in [17] to establish this
result.

Section 5 provides the liminf condition on the CSH energy, and this lower
bound follows almost directly from estimate (1.20). Section 6 completes the
[-limit proof by constructing the upper bounds in both the O(|loge|) and
O(|logel’) cases. Here we make use of constructions of [19, 31]. Section 7
then establishes the I'-limit in the presence of the magnetic field potential and
the external magnetic field. Here we rely on the assumption that ||u.|/;~ < C,
independent of ¢, see Conjecture 1.6 below.

Finally, in Section 8 we study the limiting energy of the full CSH energy
functional in the O(|loge|?) case, as computed in Section 7. The critical field
calculations are similar in spirit to the critical field calculation for Ginzburg-
Landau energy (1.18).

1.3. Open Problems. When p = p(e) varies with €, then there are many
classes of I'-limits. Such limits are studied in the forthcoming [22]. We end the
introduction with several open questions that naturally arise from the analysis.

Conjecture 1.5. Theorems 1.1 and 1.2 hold without any assumption on |u.|
on the boundary OU .

A major difference between the Ginzburg-Landau functional and the Chern-
Simons-Higgs functional is that the trivial solution v = 0 is minimizing in
the absence of boundary conditions and an external field. However, if we
choose boundary conditions that ensure |u.| — 1 on the boundary, the prob-
lems become very similar again, since any sequence {u.} with an energy bound
Eon(us) < Ce™, v < 1, must converge to a limit u with either |u| = 1 or
|u| = 0 a.e. in U. This follows from the theory of scalar phase transitions, e.g.
the result of [26], which shows that Pery(Ju| = 0) < liminf. oeEqq,(u:) = 0.

When lim. g |u;] = 0 then Theorems 1.1-1.2 follow easily; however, if
lim. o |u:| = 1, we still need to establish a rate of convergence of |u.| — 1
in order to use the Jacobian bound found in Proposition 3.2.

Conjecture 1.6. Theorem 1.3 holds without assuming that ||u.|| ;- is uniformly
bounded for sequences {u., A.} of critical points of (1.11).
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The uniform L bound on |u.| is used to establish the compactness of the
full energy Ge(ue, Ac; hey). If the bound is absent, the set on which ||u.| ;- is
unbounded can allow for the failure of a bound on ||curl A — he,||;» even when
[curl A—heg|

|ue|

L is bounded. However, for critical points of the energy, there may
be enough regularity to establish this conjecture.

Finally, the dynamics of vortices in the full CSH equations (1.7)-(1.10) can
also be considered. In this case it is possible to generate more refined Jacobian
estimates in terms of the CSH energy that establishes the rate of I'-convergence,
see [20, 21]. Such estimates provide sufficient control to establish the dynamics
of topological vortices. Rigorous results that establish the vortex motion law
are found in [15, 23] for the nonlinear wave equation and [34, 9] for the Maxwell-
Higgs equations.

2. BAasic ENERGY BOUNDS

Let u = pe® : U — C and A : U — R? then we define two CSH energy
densities

. 1 o pPeurl A —her 1, 2\ 2
Gesn (U, A; hey) = B |V aul” + 1 PE + §|U| (1 — ul )
1 1 2
esn(u) = 3 [|Vu|2 + ?|u|2 (1 — Jul?) }

We note

1 1
gcsh(ua Aa hex) Z 5 {|VP|2 + gp2 (1 - p2)2:| = ecsh(|u|);

therefore, [i gesh(t, A; hez)dr > [ econ(|ul)dax provides a simple lower bound
that will be exploited throughout. We have the following useful energy bounds.

Lemma 2.1. Suppose |U| < [, econ(|u|)dz and e <1 then

1) ol <5 [ conllubis

(22) ||]A(u)||La(U) S CaLgcsh(uaA; hex)dvx
Ca

(2.3) 1h — herHLa(U) < 7 U.chh(“’?A; heg)d

foralll<a<2and C, — o0 as a — 2.

Proof. 1. By Young’s inequality
o 2p5 23
p6+p2:p6—2p4+,02+2p4§p2(1—p2) +T+§
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SO %6 +2<pP(1-p)°+ % which implies
/\Vp\2+p2dfc§ / Vol* + (1— N de+ IUI
U U
< 2/ con(lu))dz + 2 |U|
U

By the assumptions on the energy, this shows (2.1). Furthermore, this implies
by Sobolev embedding

(2.4) 1Pl oy < Cpllplla ) < Cp“/(]ecsh(\u\)d:c

for any p < oo.
2
2. Since |V qul* = > #

ja(u)

2 2
| +1Vpl

Y

ja(w)

p

Jja(u)
7l ol 2 o,

< ‘

() o = \
U)

<, \// Gesh (U, A; hey d:z:\// eesn(|u])d

S Ca/ gcsh(u7 A7 hem)dx
U

L2(U)

follows from (2.4).
. . 12 |h—hes|? .
3. Finally, since |, e tdr < Jir Gesh (w0, A; heg)da then

Hh_hex h'_hex
= p

p

La(U) L2(U)

S C_\/ gcsh u, A hem dl’\// €csh ‘u‘
1%

S _a/gcsh(uaA; hex)dx
v Ju

follows from (2.4). O

Remark 2.2. 1 [, econ(|u])dz < |U| then replace (2.1) by [|pl|;n < C, (2.2) by
lia(@)ll o < Car/ Jyy gesndew , and (2.3) by [|h = heoll o < S24/ [ Gesnda.
We have an important covering argument for {|u| < 1/2} that exploits the

Modica-Mortola trick [25, 26], used with great success by Sandier for complex
Ginzburg-Landau energies [29].
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Lemma 2.3. Suppose p > % on OU, then we have
1
{xEU:|u|<§}CUBTj

with

> o §45/Uecsh(\u\)dx.

Proof. For any open set A C U, we define

M. (A) = inf {Z %t AC ZBTj(yj)}
then H! (A) < H' (OANU), as noted in [29).

Note that Cauchy—Schwarz implies
| v p‘z 1 2 2\ 2 1 2
_ 4 — 1-— > — 1-— V .

So for a € (0, 1),
1
[ canttubde = 2 [ pl1= 2|Vl ds
U €Ju

:1/ t|L = H (p~'(t)) at
€ Ji=0

Zl/l t(1—*)H (p~'(t) dt

€ =
From the bound above and the fact that

a = Hy, ({22 p(z) < a})

is an increasing function, we have

/Uecsh(|u|)dx2 é/t: t(1—t*)H (p~'(¢)) dt

21/1 t(1—t*)HY {z:p<t})dt

€
1 1
> gHio({x:p<a})/ t(1—1t)dt,
t=a

where we need the assumption p > % on OU between the first and sec-

ond lines. Choosing a = i and noting that ftl_lt(l—t2)dt = 2, then
-2

HL ({22 p(z) < 3}) <8 [, ecsn(|ul)da. O

In particular, this implies control on the rate of convergence of p — 1, which
will be used in the proof of compactness of the Jacobian. We recall that a
nontopological vortex is a region where |u| < 1 and has a phase with trivial

2
winding number about this region.
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Corollary 2.4. Suppose |u| > L on OU. Then the sum of the radii of balls

covering the non topological vortices is O (e [, ecsn(|u])dx). Furthermore, we
have bounds on the rate of convergence of p — 1. In particular

25) 1= <8¢ [ ceallubdr, 1=l §4(5/ecsh(\u\)dx)
U U

so long as [ ecsn(|ul)de > |U|. If [, econ(lul)dz < |U]| then |1 — p?||,. < e8|U|
and |1 - 2|, < 34U,

2
3

Proof. From
/(1_p2)2dl«:/ (1—p2)2d1’+/ (1- ) de
U {p>3} {p<3}
34/ p2(1—p2)2da;+‘{p§1}
{o>14} 2

§852/Uecsh(|u|)+ﬂ (45/Uecsh(|u|>)2,

where in the last line we use (3 r;)? > Y72 if r; > 0.

Next (1—p?)" = (1—p*)* = p? (1 - p*)°, s0

/U(1_P2)3di’7=/(](1—02)2d37—/(]p2 (1—p2)2d:c
< (84 16m) <6/Uecsh(\u\)dx)2+2a2/Uecsh(|u|)dx.

3. Basic JACOBIAN BOUND

In this section we show a relationship between the Jacobian
1
J(u) = det Vu = 3 curl j(u)

and the energy density e.q,(u). Set ¢ € C%1(U) a Lipschitz function vanishing
on QU. We define Q(t) = {x € U such that ¢(x) > t} then 0Q(t) is a level set
¢. Let

[ t€]0,]|}]|l ;] such that OQ(t) = ¢~1(¢),
Reg(¢) := { 00(t) rectiLﬁable, and H'(0Q(t)) < oo } '



14 MATTHIAS KURZKE AND DANIEL SPIRN

By the co-area formula |[Reg(¢)| = ||¢||;~ and t € Reg(¢) implies 0€2(¢) is a
union of finite Jordan curves, I';(t). We set, as in [17],

1
['(t) := U{components of J€(t) such that mir(l) |u| > 5}
zel';(t

7

1
7(t) := U{components of 0€(t) such that n}n(l) lu| < 5}
zel'; (T

We set d € Z1 and define
D% = {t € Reg(¢) : |deg(w; T(t))| > d + 1 or H}(7(t)) > ¢}
A = Reg(¢)\D".

Furthermore, define

D, := {t € Reg(¢) : H'(7(t)) > ¢}

Dy :={t € Reg(¢) : I'(t) is nonempty and |deg(u;I'(t))| > d+ 1}
so that

D, N D, = D"
We will choose d in a special way in Section 4. In Subsection 3.1 we offer a

bound on |Dy| in terms of the excess energy. Let us define

Ey(u) = / eesn(u)dx
spt(¢)

for short. The main results of this section are

Proposition 3.1. Suppose U C R? and uw € H'(U;C) then

/ o (u)da| < (wd + ) 6]l

U

(3.1) +e3 IV [2E;(u) +3E4(u) + |spt4ﬂ
+ Dl g,

for any e < 1.

We defer the proof of Proposition 3.1. In order to use (3.1), we need to
estimate |D,4|. This is controlled by the following result.

Proposition 3.2. Suppose |u| > 1 — @ on OU and let € € (0,e72). Define
1

> 1

g% =¢ |10g5|2/ €esn(u)dx Ne =
U 1

 loge]

then

(3.2) |Dg| < 8% ||V o (1 + exp (7:7; / ecsh(u)dx)>
v

*
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where d, = d+ 1. Here V = UjB,,j is the union of disjoint balls B, with
D
B, Cspt(¢) CU and ) ;r; = W.

Remark 3.3. Estimate (3.2) implies a weaker estimate

(33) Dl < 86 961, (14 e (2 )
which is sufficient for the F;(u) = |loge| case. In this case we choose d + 1 >
Eg(u) ~
w\log€|’ ~

log £|”, we need the refined estimate (3.2).

which provides a good bound on D,;. For the large energy E,(u)

The proof of Proposition 3.2 is deferred until Subsection 3.1. Although the
proof of Proposition 3.2 employs some ideas of [17], it is fundamentally differ-
ent. This is because the argument of [17] relies on point-wise lower bounds of
Jon. ea(w)dl > 0 on each radius dB;. In the CSH case the point-wise lower
bound of fé)Bs ecsn(u)dl is zero for each radius s, even when deg(u, 0By)) # 0.
To overcome this difficulty, we use a strongly modified version of the method
originating in [29], see also [31]. In fact our method can be used for energies of
the form

1
[ vl Sw (s
where W (s) = sP(1 — s)9.

Proof of Proposition 3.1. The proof follows from a decomposition. In particular

/U ¢J(u)dz = / /F . - tdHdt
// StdH'dt + = //mt ctdH dt

—IA,F+IA,7+ID-

From Lemma 3.5, Lemma 3.6, and Lemma 3.8 below we have

/U 6.7 (u)dx

< 7|l oo + 22 [V oo Eo(u)

1 1 1
+ 52 IVOll o Bolu) + €2 [[0]]

[spt(¢)]
4

1
8 | Vol o 2E3() + 5 Bolw) +

1
+ |Da| Eg(u).

The bound follows. O
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In order to finish the proof of Proposition 3.1, we need to establish Lemma 3.5,
Lemma 3.6, and Lemma 3.8. We start with a basic estimate of Jerrard-Soner
[17].

Lemma 3.4 (Jerrard-Soner). For any set S,

(3.4) /S /8 » g(u) - tdH? 15]

dt < —/ eesn(u)dz
2 spt(e)
and for any nonnegative function f,

T
1
(35) L[ r@ata<ivol. | g

spt(e)
Proof. For any t € Reg(¢), Stokes” Theorem implies

1
/ G(u) - tdH = —/ J(u)dx
o0(1) 2 Jow)

Since |J(u)| = 5 curl j(u) < 3 |Vu|? < eqen(u), then we get the first identity. On
the other hand from the co-area formula,

T
/ fdH'dt = / fIVe|dx
0o Joaaw) spt(¢)

<Vl / fd.
spt(¢)

We bound these three terms via the follow lemmas.

Lemma 3.5. We have

[ e < 2nd ol + 16 [Vl Bt
A Jao)
Proof. For t € A, |u| > 5. We set v = g and so jv) = % Therefore,

/m) j(v) - tdH' = 27 deg (u; T'(t))

Therefore,

/ j(u) - tdH* = 27 deg (u; I'(t)) +/ j(u)
()

I(t) |ul?
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This implies (since j(u) < |u| [Vu|) then
/ / j(u) - tdH* — 27 deg (u; I‘(t))‘ dt < / / |Vul
A lJrw AJrw)

§4e// Cesn(u)dH'
AJT(@)

< 4e [Vl oo Eg(u)
The bound follows from noting |A| < [|¢]] - O
Lemma 3.6. Let y(t) such that H'(y(t)) < & with e <1 then

] [Jul® — 1]

1
WE dH

“tdH dt’ <7 ||VQ o Es + €7 || oo -

v(t

Proof. 1. We claim that any x > 0 satisfies x < x(xi;l)z + (% + 1) for any b > 0.
In particular if z > 0 then by Young’s Inequality,

2

x<3x2+—:—\/_(3:—1)+ \/_+ < f(x—1)+3+§

so 2z < 2\/z (z — 1) + 2. Applying Cauchy—Schwarz,

xﬁﬁ(l’—l)ﬁ-lgmﬁ(lﬁfb—lf—i-(g-i—l),

and so yields the claim.
2. Therefore, since |j(u)| < |u||Vu| then

. a 2 1 2 a 2 1 2
01 < [Vl ol < 5 (9l + o fa* = & (19l + 1P

2
a o |ul? (1 — |u|2) 1 b
< Z
<3 <|Vu\ + =T +2a 1+4

Set a = * and b = 207 then |j(u)] < e%esn(|ul) + 7@ so long as ¢ < 1.
Since |A| < T = [|¢|| ;o and H'(y(t)) < € for every t € A then from Lemma 3.4

114,] < / / e%sp(u)dH dt + / / e dH'dt
A JA()

< e | Vo]l Eolu / H'(y

< |Vl Eylu) + al—a/Adt

< e[|Vl e Eo(u) + 7 [|6]] 1o -
Setting o = % finishes the proof.



18 MATTHIAS KURZKE AND DANIEL SPIRN
In order to bound the D? terms, we prove a lower bound on contours.
Lemma 3.7. Suppose H'((t)) > & and [[ul| yoo () > €* then

1 1
§51—2a'

/ ecsh(u)dHl >
v(t)

Proof. The proof is similar to, but weaker than, a result in [17]. Fix a connected
component I';(t) of v(t) and set p := |u| and

1
B; ::/ ~|Vpl* dH*
(1) 2

By the definition of 7(t) there is a point z, € I';(t) such that e* < z, < %
Parametrizing I';(t) by arclength with

Li(t) ={z(s)ls € [0.Gi]}  Gi=H'(Ti(t))
with z, = 2(0) = 2(G;). Then since |(s)| = 1,

p(a(s)) = p(x(0)) + /0 Vp(x(r)) - &(r)dr

n ﬁ\//osw:c(rwdr <SHVARS ]

<

N | —

and p(z(s)) > e — \/sB; > <, so long as s < 0; := min{Gi,ﬁ, ‘Z%a} This

implies for = € [0, oy]

Therefore,

1
ecshudleﬁi—l—/ — (1 =p*)dH > 6+ =
/n-(n " ri 4e? (=) et 4

and minimizing over 3; we find (for £2* < 1),

: 2a—272 2a—272 2c
- ) €2a_272Gi 8204—17
<~ 1min 14 s 5
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Summing over components, we find

/ Cesn(u)dH' = Z / Cesn(u)dH"
7(t) T;(t)

I; ( ) components of ~(t)

> G 7 g2 7 . €T
> = (20T 1y > S i L)
2a 72 2c0—1 48 2c—1 3(24) 2c0—1 25
TEiE =T e
which finishes the lower bound.

Recall
D, = {t € Reg(¢) : H'(7(t)) > ¢}
Dy := {t € Reg(¢) : ['(t) is nonempty and |deg(u;T'(¢))| > d+ 1}

Lemma 3.8.

|spt()]
2

-tdH dt‘ < e3 IVl 1 [4E¢( )+ Ey(u) +

1
+ 5 1Dal Eg(u)
Proof. We first consider D, bounds.
1. We subdivide D,:
D! = {t € Reg(6) : H'(+(t)) = < and u(+(t))l] = ="}
D} = {t € Reg(¢) : H'(7(t)) = € and [Ju(y(t))l| .~ <}

and we consider a bound on D}Y first. Since

820{—1 |D1|
Cos udHldtZ/ dt = a
/D7 /69(t) () pr 8 gl=208

then
i =gt [ ] conaniit < € Vol Eofa)
DY JoQut
Therefore,
D}
/ / ) < T [ e (u)dn < 4572 V6 B2(u)
D} JA(t) spt(¢)

This implies

(3.6) / / Mt < 41| Vo] B3 (u).
DY JH(t)
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2. Next for D2 we have |j(u)] < [u|? |V [u]2 < |u] T2 + 14 then

/ / u)| dH dt</ / ‘|Vu| |u|dH 1t
D2 JA(t) D2 J~(t)

1
< e |V 1o / (ecsh(u) + 5) dx
spt(¢)

or

(3.7) /D /w tdHdt < £ |V [E¢( ) + ‘Spg(d’)q .

We choose o« = % and the bound on D, follows.

3. Finally for Dy we have

D
/ / K dt‘ B [ ez < § 1D Eyfu).
Dy 2 spt(¢)
In the following subsection we show that D, must have small measure. 0J

3.1. Control on D,. In order to prove Proposition 3.2 we show that |Dy| is
controlled by the energy and the degree d. We first define w, = {z € U : |u(z)| <
t} to be the level set of |u|. Here we make use of the boundary condition on |u|.

Lemma 3.9. Suppose |u| > 1 — Ilo—ésl on U and set t* € (O, 1-— @] then

(3.8) HE (wp) < 4e|loge|® By (u)

1
Jore < 3.

Proof. Repeating the argument from Lemma 2.3,
/ecsh dx>—/ —t? Hl( ())dt

_——7gﬁl%il—ﬁﬁ

H (p ' () [

2¢e 1— L
[Tog €]

M (1) <t2 t4) 1

2¢ 2 4

> t—t3dt

1
1= Tioga
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We evaluate the integral and

2
)

1

1 Lo,
1 logel*  |logel*  4|logel*

" Tloge]

1 1 1 1
> 5 — 5 = 51—
lloge|” |loge| log ¢ |log |

Therefore,
1 |log 5|2 2
Hoo(we) < 2e———— [ ecsn(u)dr < 4e[loge] €esn(u)dx
1= og Ju v
so long as |loge| > 2. O

In this part we use the ideas of Sandier in [29] to compute lower bounds on the
St-valued map. The following covering lemma follows from an iteration process
for St-valued maps and is a slight modification of the method introduced by
Sandier [29].

Lemma 3.10. Suppose w is a compact subset of V-CC U and let r(w) = Y r;(0)
be the minimum sum of radii of balls B, ) covering w, i.e.

r(w) = inf {Z r;(0) such that w C UBrj(o)} = H (W)

Let v : U\w — S! then for each s > 0 there exists a collection of balls K, =
{Bm(s)} such that

(1) ri(s) is an increasing function of s for each k.

(2) For any subset of balls {Brkj )} € {Brys)} in K

N 2 e, iy (5)
= |Vo|*de > 7 dy;| | log —"——
2 Uijrk.(s)\w Z } ’ ‘ T(W)

k;
where dy; = deg(v, 9By, (s))-
Proof. 1. We start with a family of disjoint balls { Bx(0)} with w = UB(0) and
set d; = deg(v,0By). For a later time ¢ > 0 we define a new family of balls
{B;(t)} with radii r;(¢) and degrees d;(t). We also define a seed size ¢;(t) of
B;(t). We set £;(0) = r;(0). Finally we define an expansion function
r;(t)
5k(0)

identical for all k. We now grow the balls ri(¢). We have two cases:

a(t) = log
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(1) If B;(t) N B;(t) = @ for all i # j then Expand
Leave the 51 s) constant as r;(s) increases continuously such that each
a(s) = log z) is the same. This implies a(s) increases continuously.

(2) If B;(t)N j( ) # @ some i # j then Merge
Include both balls in the smallest ball that contains both balls. If the
closure hits another ball, continue merging until we have a ball disjoint
from all other balls in the family. This ball contains B;, (t),. .., B;, (t)
and has radius r(t) < r;, (¢)+- - -+, (t) and degree d(t) = d;, +- - -+d;, ().
The only issue is the redefine the seed size. In particular we want a(t) =
log for the 7(t) defined above. Therefore, we take £(t) = r(t)e™*®),

This process can be continued indefinitely.

2. We collect some facts about the expansion and merging process.
(1) w C UB,(t) for all t > 0. This is trivial.

(2) For any subset {k;} C {k}
Tz(t) — 1o Zj Tkj(t)
RS SN )

This follows from the simple observation that if & = b 7 then “IZ

a(t) = log

ol
Ul

(3) The upper bound
&it) < > r5(0).
j such that B;(0)cB;(t)

This fact holds through expansion, so we need only check that it holds

through merging. Suppose at time ¢ we merge B;, (),..., B;, (t) into B
1) _ 1 >k Tig, (t)

. . . ro__ _ 5 (
with radius r and seed size €. Then log £ = a(t) = a0 — 085 OK
Therefore,
€ Zk Eiy, (t)
or
r
€ =¢&;, (t) < €y (t>

since v < >, 7, (1)

which concludes the needed facts on the growth process.

3. For any annulus %fBr\Bg |Vo|?dz > md?log £ > 7|d|log £ for our S'-valued
function v. Following our growth strategy for the r(t)’s and £(¢)’s we have
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bounds

N —

() ri(t)
VolPde > 7y |djllog -5 =7 | Y |dy] | log -
/“Bw“)\Bs(t) 2]: TE Xj: ’ e(t)

Zj r;(t)
=7 (2} \dﬂ) log 723- =)

Since ), e;(t) < >_;¢;(0) < |w| = r(w) then we get the required lower bound.
U

Definition 3.11. Recall the different types of domains:
wr = {x € U such that |u| < t}

and
Q(t) = {x € U such that ¢(z) < t}.
Note I'(t) = 092.

We can now turn to the

Proof of Proposition 3.2. We will choose our set V' in Step 6. We recall an en-
ergy bound of [29], see also [31].

1. Let O(t) = fv\w |V|” dz where u = pe®. Then following [29)]

1 00 t2(1_t2)2
Cos udx:—/ U \V4 +7dl—t2@’t}dt
/v () 2 Jo awmv| 4 e2|Vpl Q

by the co-area formula. Cauchy-Schwarz and integration by parts yields
1 2 212
Vol 20— 1) [ e ]
eesn(u)dx > + dl + Vldx| dt
/; h( ) A |:/8wtﬂ\/ 2 262|vp| V\UJt| ‘

/V o (1) > /0 o) + 2ub(t)dt

or

with

a(t) :/8 Vol [ £O—FF,

weNV 2 282 ‘ Vp|

1
0 :§/V\ Vo|2dz.
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/2tb / P (/ \Vgo|2dx)dt
V\we

Tog

1——1

Tog ]

( / |w|2dx>/ N
[t 1= gy |/ V \wr flog ]

2 (1 ) [ 7ot

— _ SO T

2 llog €| Viwr

fort=1-— Ilo—ésl since fv\m |V|? dz is a decreasing function in ¢. This yields a
lower bound

(3.9) #/ oan(u)dz > %/ Vol? da
V\wr

Therefore,

1— 2

loge| YV \wg

witht =1 —

\logEI

2. To simplify further discussion, we redefine U = {x € U such that ¢(z) >
0}. As an artifact of the proof, we use a subdomain U® C U which is roughly
within a distance £ from the boundary of U. We determine the boundary via
foliation of the domain by the level sets of our test function ¢. We claim there
are t € (0,5e% ||V¢|| ;) such that 0Q(t) Nwy = &, and where

4% = 4e |loge|® By (u) > H (wp)
is the bound from Lemma 3.9. To prove this let
G ={t € (0,5¢* ||[V¢|| ;~) N Reg(¢) such that 0Q(t) Nw; # &}
Then G C Up(B,, (o)), since wy C UB,, (o), a set of disjoint balls, and
G <2Vl e Y 74(0)

(3.10) < 4[| V9| 1 € logel* Bn(u)
= 4[|Vo| o £
Assume that there are no such t € (0,5e% ||V¢||;«), then |G| = 5¢% ||[V|| 1

which contradicts (3.10). Therefore, there exists a set of t € (0,5e% ||V¢|| )N
Reg(¢) of positive measure with I'(t) N UB,, ) = @. Choose one such t..

Note that I'(¢.) is a finite collection of disjoint, closed Jordan curves, {I';}, so
their interiors are well-defined. For each I'; let I; be its interior, i.e. 0I; =1T;.
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We define U® = UI}, which satisfies the following properties:

(3.11) {z € U such that ¢(x) > t.} C U,
(3.12) U Nw; = @,
(3.13) dist(QU*,U) < g%.

The last fact follows from ¢ € C}(U); ¢ vanishes before the boundary. For a
y € U and x € U® the mean value theorem implies

[z =yl IVOll e = [0(z) — o(y)| = ¢(z) > t. = 2% |V
by the definition of t.. We define
DS =Dyn{t>t}
and bound |Dj| in the following steps.

3. Unleash the expand and merge process of Lemma 3.10 for initial domain
wz, which we can think of as a union of disjoint balls UB, (o). For each s we have
from Lemma 3.10 a set of balls Ky = {B,, (s} with w; C UB,, (). We define

K" = {B,(s) € Ks such that B,, () C U%}

where the balls of K" are wholly included in our subdomain U*®.

We claim we can continue the expansion process until some time s, with
15}
(3.14) Y ri(se) =0 = _1Dil
B, (so) €L 2[Vell~

Let

T(s)= > rils)

B, (s) EXM

From the expansion process defined in Lemma 3.10, each 7. (s) with B,, ) € K
is continuously increasing until a merging happens. Furthermore, if a merge of
By, ..., By, happens at s, then the new ball’s radius r(s) < >, g, (s). Finally,
by definition and the nesting of balls in Ky, balls can only leave K and not
enter at a later time. These three facts imply that

wer i- inuou

lower semi-continuous

(3.15) T(s) is increasing on continuous intervals
nonincreasing on discontinous points.

Set

o™ = limsup Y(s)
s>0

to be the largest covering of components of w; that lie inside U® and

s, = limsup{s such that Y(s) # @}
>0
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to be the last time which contains a vortex ball inside U¢. Note ¢™** < dh%w)
implies s, < oo.

We prove (3.14) by contradiction. Suppose the claim (3.14) is false, then
T(s) < o for all s > 0. We now prove a contradiction by showing that if
T(s) < o for all s € [0, s,], then we can find s > s, such that Y(s) > 0 for all
s € [0, ss], which contradicts the definition of s,. Let a and b satisfy 0 < a < b,
then we define

/€g = {Brl(b) € Ky such that there exists B,, ) € K" with By C Brl(b)}

and

Cp =St € (te, 6]l ) N Reg(¢) such that T(t)N | | Bow| #2

Brk(b) Elzg

This definition lets us grow balls from a previous time without worrying about
balls leaving K. Since the merge and expand process of Lemma 3.10 yields
continuously increasing radii of balls except on a countable number of of jumps
we have two cases. Either we can find an ss > s, with ss — s, < 1 and

(3.16) Y onlsy) <o
By (s5) EK3E
or there is a jump at the exit time s,. The case where there is a jump at the
exit time s, is handled in Step 4 below. We suppose (3.16) holds.
For any 0 <a <b,
agc U oBw

B,, s €K}

so by (3.16)
[

<2|Vole Y. milss) < 2|V o =|Dj

Brl(s(s)elzig

This implies |D§| > |C¢:|, so there exists a to € D3\C%r. In particular I'(ty) C
Uf\wy is a Jordan curve with

(3.17) deg(u, I'(tg)) > d+ 1 #0.
However, by (3.12) and

wz N Uf C U Brk(sé),

Brk(s(s)elzﬁg
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we see that |u| > =1— —— > 0, and as a consequence ﬁ is a well-defined

~ Jloge]
vector field in

U\ U By (ss)-

B e
ri(s5)Svss
Since s, is the last time that there can exist balls inside U® and since B, s,) C

B, (s5) for some B, ;) € I?j; then B, ;) NOU® # @ for each B, ;) € I?j;.
However, Lemma 3.12 below implies

Us\ U By, (s5)

Brk(s(s)elzﬁg

must be a disjoint union of simply connected sets. Therefore, given any Jordan
curve

v C U\ U By (s0)5
By (s) €K}
the Brouwer Fixed Point Theorem implies deg(ﬁ, ) = 0 since each component
is simply connected. Therefore,

deg(u,I'(tg)) =0,

which in turn contradicts (3.17). Therefore, there exists a ball B, (s,) € K o such
that By, () C U, and this in turn implies £ # @. Hence Y(ss) > ri(ss) > 0,
which contradicts the definition of s,.

This contradiction implies T(s) < o for all s > 0 is false; hence, there exists
s € [0,s,] such that Y(s) > o. By the continuity properties (3.15) of Y(s)
and the definitions of K and s,, there exists a set of at least one time(s)
{s7} €0, s,] such that

Y(s)) = Z re(s?) = o.

. E]Cint
r(sh) sl

We choose s, = min;{s?} to be the first time s € [0, s,] that achieves (3.14).
By (3.15) this s, is a point of full continuity, a fact which is used in Step 5.

4. If in Step 3 there is a jump >, ek ri(s) at s = s, then we restart
Tl S S

the entire process by redefining U, with a different level set of ¢. In particular
since (a) there is a set of t’s of positive measure such that 0€Q(t) Nwy; = @ with
0 <t < 5% ||Vo| .~ and (b) the number of jumps of ZBT-I(S)EIE? ri(s) is at
most countably infinite and independent of ¢, then we can choose a new ¢, so
that both 0Q(t.) Nwy = @ and (3.16) hold. We then proceed with the rest of
the argument in Step 3.
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5. We now estimate the degree of the balls in K. Since s, is a point of full
continuity of T(s), there exists a slightly earlier time s_ < s, with s, —s_ < 1
such that for all s_ < s < s, no jumps in Y(s) occur and the balls in the set
K™ are identical except for their radii. In particular:

(3.18) T(s.) <o

and

(319) Z }deg(u,@Brk(s,))‘ - Z }deg(uaaBrk(sg))} :
Brk(s,)elc?:t BT'k(So)eK?;’t

This follows from (3.15), the definition of s,, and the conservation of degree in
the expand and merge process of Lemma 3.10.

Let

Co =4t € (t, 8] =) N Reg(@) such that D) | | Buw | #2

By, (a)EKE
then by (3.18) and the argument in Step 3 we have
Cs_| < Dl

and hence there is to € D3\Cs_. So

d, < |deg(u,T(ty))] = > deg(u, DBy, (s )

Br.k(si)EQ(to)ﬂUE

< Y |deg(u, 0B )]

Brk(si)elcg’it
by the definition of D5. Thus by (3.19) we have

(3.20) d.< ) |deg(w,0B,,(s,)| -

B"k(sc)elcggt
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6. Returning to our Step 1 estimate,

1
T / eesn(u)dz
v

™ Togel

> 1 / Vol dz by (3.9)
2 V\wg

Vel da

. B, wr
By, (so) exint rp(s0) \WE

> Z |dy| | log

B”"k(sa)elcéﬁt

1
> _
=3/
ZB%(sa)E’Cé’?f "(50)

r(wy)

by Lemma 3.10

> md, log

(o) by (3.14) and (3.20)

so long as V' 2 B,,(s,) € K. We can now define

(3.21) V= |J Buw
By (sq) €KL
with > ri(s,) = 0. We see V is composed of a union of disjoint balls

B, (o) € spt(¢) such that Y ri(s,) = 0.

7. Recalld, =d+1land t=1— \lo—;ﬂ then by Lemma 3.9

r(wp) < 4e [loge|” By (u) = 4<%
1

Set n. = > 1 then by Step 6 above

1_\102gs\
d,log —2— < / (u)d
Ty 10 S Ne €cshU)azx
& 4 L A% &
and so
o < 4e“ exp (:C;* /Vecsh(u)dx> )

Since o = % and |Dg| < 5e% ||V@|| .~ + | D3], the bound follows. This
finishes the proof of Proposition 3.2. O

We finish this section with a lemma about the connectedness of two dimen-
sional sets used in Step 3 of the proof of Proposition 3.2.

Lemma 3.12. Let A C R? be a simply connected, open, bounded set, and let
{B} be a countable collection of balls such that for each k,

0AN By # @.

Then A\ U By, is a union of disjoint, simply connected sets.
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Proof. Since A is simply connected, then A\ U By = UC}, a disjoint union of
connected open sets. We claim that each C; is simply connected.

Suppose not, then there is a C; that is not simply connected. Since C is open,
connected, and non-simply connected, we can find a Jordan curve v C C; which
is not contractible to a point. Since v is a Jordan curve, it has a well-defined
interior Int(vy). Furthermore, since 7 is not contractible to a point, there exists
xo € Int(y) with z¢ & C.

But v C A, since C; C A. Since v is a closed Jordan curve in A, then
it is contractible to a point. Hence, g € A. Finally, we see xq € A but
o & C; C A\ U By,. Therefore, zy € B,, for some B, in the collection of balls
{By}. Since B, NC; = @ and z( € B,, then

B,, C Int(y) C A.
Thus B, N 0A = &, which contradicts our hypothesis. 0

4. COMPACTNESS OF THE JACOBIAN J(u.) VIA E.g,(u:) BOUNDS

Given bounds on J(u) from Propositions 3.1-3.2, we can establish compact-
ness results of the spirit of those found in [1, 17, 18, 30]. In particular the we
show that sequences {J(u.)} are pre-compact in the weak norm (C%?)*. Here
we can lift restriction on u. € H'(R? C) and let u. € H'(R™;C) for m > 2.

Theorem 4.1. Let U C R™, and suppose that u® € HY(U;C) is a collection of
smooth functions such that

(4.1) sup / 6CSh(ue)alx:K{J<oo.
ee(0,1] JuU |10g€|

Suppose U is a simply connected, bounded domain with smooth boundary, and

suppose |u.| > 1 — @ on OU. Then there exists a subsequence €, — 0 and a

Radon measure J such that
(1) J(uf) converges to a limit J in the (C*%)" norm for every 3 > 0.

(2) £J is m — 2 dimensional integer multiplicity rectifiable; and

(3) If U is the weak limit of a subsequence of {v.} = ec‘fgg(zls), then }7} LU
J|(U) < KY.

d|J .
and % < 1. In particular,

Remark 4.2. When m = 2 then Theorem 4.1 implies J(u.) = 2J = Z;.lzl djdq,
in (C2#)* for all # € (0,1] with d; € Z and |J| = 7y |d;] < K. In other
words the limiting Jacobian will condense down to a finite number of delta
functions with total mass bounded by v..

As a consequence we have
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Theorem 4.3. Suppose

eCS
(4.2) KY = sup / A )d < 00
0<e<eo Jspt(o) |10g 5|
Set v, = Ijlf(azsd and w, = ﬁggj =1 curl ve, then w, is precompact in (C%P)* for
any B > 0. Furthermore, ||vel|;, § Cforl1<p< 'Yﬁ and all e > 0. Finally,

s — v weakly in L? .
€

The proof of Theorem 4.1 follows from the arguments of [17].

Sketch of the proof of Theorem 4.1. We now sketch the proof of Theorem 4.1,
using several technical results of [17]. Since the m > 3 case follows from a
2-dimensional slicing argument, we first consider the two dimensional case u. €
H'(R% C).

1. Given the assumptions in Proposition 3.2 and supposing (4.1) holds, then
we have the following Jacobian bound: Fix A = (1,2] and d) = L% = Zesh(ve dZL'J

then e
(4.3) ' / 6.7 (u2)d

for all € € (O,e_%>, where C' = C'(\, KV spt(¢)). To establish (4.3) we set

d = dy in Proposition 3.1, then d¥ = dy + 1 = {%]ﬁig;l)J +1> Uﬁigg , which

A-1
< 7y (|l oo + Ce3 [6]] ot -

Therefore, from

implies 1 + exp (W”di E¢(u5)) < 26X where 1, = : L
A " Tloge]

Proposition 3.2 and Remark 3.3 we have the inequality
D KV
Pl oty < e pogel S (14 0 (L5 a0 ) 190

2

4.4 KV

(4.4) | . ). log e|* (1 + exp ( o E¢(ua))> IVl e
< Ce |V e

so long as there is a constant C' > =% & |loge|" = = M llogel*.

Setting A — 1 =9 > 0 then 0 —

Therefore, for ¢ < e~s

|1og£| <A+1-2n.<dsolongase <e” 4
5 A1 _ 5
D 22 — 2A
which means & 5" loge[* < enr lloge|*. By a simple calculus calculation
e|loge|” < (L)?, so

16A\*
st = (2)'
de
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which completes (4.4). The other terms of (3.1) are also controlled by Cen
for A € (1,2]. This completes (4.3).

2. We claim that J(u.) is strongly precompact in (C%%)* for all 3 > 0. By
(4.3) and Proposition 3.2 of [17] we can decompose J(u.) = J§ + Ji, both
signed measures, with || J§ || co). < C and [[Jf[[ o1y < O where o = AL By
Lemma 3.4 (C?)* is compactly embedded in (C%?)*; therefore, {J§} is precom-
pact in (C%P)*,

Next we show {5 } is precompact in (C%7)*. Since ||.J(uc)l(c0). = sup | [ oJ(u:)| <
1T ()l < ClIVullze, then |5l o). < 1 ()l oy + 15l oy < C lloge] +
C. By Lemma 3.3 of [17] we can interpolate the weak norms

||Jf||(00ﬂ)* <C ||J1€H(CO)* J1€’|(00»1)* < Ce”[loge|,

so {J{} is also precompact in (C%?)*. This finishes the claim.

3. We now establish the limit of these measures {J(u.)}, and the argument
in this step is essentially the same as in the proof of Theorem 3.1 in [17]. Set

%{:ﬁ') then v. — v, Radon measure on U. We claim that J is supported

only on zq such that lim, o v.(B,(zo)NU) > m. If there is a subsequence ¢,, with
Il By (20)U dv. < a < 7 for all ¢, sufficiently small then, using Proposition 3.1
70

with A = 27 yields

Ve =

/ $Jds = lim, / ¢J (ue,)dz =0

since dy = 0 for such ¢. Thus, 2y & spt(J). Since v.(U) < K < oo, there
exists only finitely many points a; such that lim, . v.(B,(a;) NU) > . Thus,
J=m > Ci04, for the limiting Jacobian measure, J.

We show that ¢;’s are integers. Take a; C U with dist(a;,0U) > r;. We
choose Lipschitz test function ¢ = (r; — |z — a1])" then dy = | 2v.(B,,(q;))] <
2 lim, o v=(B,(a;)). As in [17] we set

4 _dte (0, ||l ;) N Reg(¢) such that I'(t) # @
" | and |deg(ue,,00(t))] < dy

so that A, = An{t:'(t) # @}, where A is as in Proposition 3.1 and where the
n refers to an ¢, and u.,. From (4.3) we can show that |A,| > ||¢] ;. —*C.
If t € A, then there is a component I'(t) nonempty. This implies ¢~'(t) =
OB, _i(a1) satisfies mingp, () |ue,| > 3 and |deg(uc,, 0B, _¢(a1))] < dy <
L lim, o v (B, (ay)).

We claim that there is an integer d,, < d) such that

1
Sd» = {r € [0,7,] such that 8ngli(n) lue, | > 3 deg(ue,, 0B, (a1)) = d,,}
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has measure at least k; = %. Further, we define 3, C S% with |Z,| = k.
Defining ¢, () = fu(lx — a1|) where f,(r) = |[r,r1] N %,|. Then for some r,
deg(u, v~ (t)) = deg(u, dB,(a1)) = d,, for a.e. t € (0,kq). It is easy to see from

Proposition 3.1 that

/¢nJ(u€n)dx = 7md,k; + Ce”
and

0 = lim )/@Dnj(uan)dx—ﬁclwn(al)

n—oo

/¢nJ(uan)d$ — ek |

= lim
n—oo

We see that d,, = ¢, an integer, with d,, < d). This completes the compactness
argument for u. : R? — C.

4. We now turn to higher dimensional domains. If v : R"™ — C then the
supercurrent is the one-form
Jj(u) = (tu, du) = Z (iu, Oy, u) da’
i=1

whereas the Jacobian J(u) is a two-form
1
J(u) = det (ug,, us;) = §dj(u).
Component-wise we can write

()= S (wds' A da? = 53 T (w)da' A da?
1<J i,j
where
J9(u) = (i04,u, Op;u) = det(uy,, uy, ).

The Jacobian can be viewed as a co-dimension 2 current acting on (n— 2)-forms
via

Jw)(e) = 5 / J(w) A pda

for ¢ € A" 2(R"™). Here A*(R") is the space of smooth k-forms on R™ and A%(U)
are those forms with compact support in U C R™.

The proof that %7 is an integer-multiplicity rectifiable current was shown
in the Ginzburg-Landau case by Jerrard-Soner [17] via a two-dimensional slic-
ing argument, see also [1]. Later Sandier-Serfaty in [30] prove that Jacobians
with variable metrics have a similar compactness property. In both cases the
authors make use of the fact that an (n — 2)-dimensional current is integer-
multiplicity rectifiable if and only if almost every projected two-dimensional
slice is an integer-multiplicity rectifiable O-current, a fact proved in [36, 19]
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and later [2]. Therefore, we need only identify what happens on each two-
dimensional slice of J(u.), as we have done in Step 1 — Step 3. Since the rest of
the proof is pretty much identical to arguments in [17, 30|, we point the reader

to [17] for a precise treatment.
U

We now consider the large F.s, compactness, Theorem 4.3.

Proof of Theorem 4.3. Set v, = ﬁf;;iw W, = ‘ﬁgj = 3 curl,, and [, econ(uc)da <
ge =¢"".

1. From Lemma 3.2 and the energy bound (4.2) we have

IDal < 85 V] (1 T exp ( | ecsh<u>dx))
7Td* v

1
1 2

~ [loge]

where

Ne =

¥ =¢ \10g€|2/ eesn(w)dr < K¢ [logel*
U

' | Da|
V=|)B, ri= =
UJ’ 2,773 IVl oo
We fix A € (1,2] and define

dy = 3/ Cesn(tie) |
7 Jyv |logel

Setting d} = dy) + 1 then
llog €| S 1

esh(Ue)d;
A\ —wd;/Ve (ue)dz

which implies
[Da,| < 16K e loge[" |Vl o €
Returning to the bound in (3.1), we see
1 2 1_ne
1Dy Eofue) < 8 (KY)* % flogel® [Vl .

< Ce'n |V oo

by following the argument of Step 1 of the proof Theorem 4.1. This implies the
bound

(4.5) ‘ / bw.dr

Al
Sy (|9 oo + Ce% [0]] o -
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As in the proof of Theorem 4.1, once we have estimate (4.5), the compactness
of w, in (C%F)* for all B € (0, 1) follows.

2. We claim ||v.]|,;, < C(KY) forall 1 <p < 2+7 for 0 < v < 2. This follows

from
/|ve|pdx§ ( ||Vu5| ) </|Ua|2 ”) < (K7)

1

From Corollary 2.4 we have ||1 — p.||;6 < Cesg? since |1 — p.> < |1 — p?|, and
1

|Vp:| <|Vue| then ||p.| ;. < Cg2. By Sobolev estimates

[Nl

el 2o

N\ 0 1-0
11— pellye < I = pellfs IVuclly” < € (557) (e73) = cefern-s

for 1 =2 —|— <— — —) (1 —0) and p < 2. Therefore, letting g get arbitrarily close

to 2 implies 6 > 5 7 and hence r < (“’;ﬂ Returmng to the original bound, we

get a uniform Lp bound on v, so long as 1 < p < V . Therefore, if v. — v in

p v
Lig, then & — .

Since F(u.) < g. < e 2 and |p.| > % on the boundary then p. — 1 strongly
in L* for all 1 < s <6 by Corollary 2.4. Therefore, if ”—5 — v weakly in L? then

Ve = % pe converges weakly to v in Lj  for 1 < pg Where po = “’+2 Finally, if

v. — v then by strong convergence of p. — 1, we can show that ZE — v. Since
€
Ve

Pe

precompact in L? implies 2 — v weakly in L?.
]

5. LOWER BOUNDS FOR F g, (u.)

In this section we show the lower bound parts of Theorem 1.1 and 1.2.

Proposition 5.1. For every sequence {u.} such that

sup /eCSh(uE)d:c:K{J<oo
0<e<eo JU |10g5|

converging to u in W1 (U; C),

.. €cs (us) =
h%ﬁ/U e > x[7],,

if |7 o < 4o
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Proof. This follows from (3.1) and our choice of dy = P El(uf)J:

7w |loge|
/¢7dx
U
<A 9] 1o liminf/
n—oo U

for every A > 1. Letting A\ — 1 yields the bound. O

™

=7 lim
n—oo

/£¢J@%de

€csh (uen>

d
logen "

For E,q(u.) = O(|loge|?) we have the following lower bound.

Proposition 5.2. Let sequence {u.} satisfy

Sup €csh (us)

~dr = K < o0.
o<e<eo Ju |loge]

Ve
|ue|

—vin L? and v, — v in

Set v, = ﬁgg and w, = i{égj = %curl v.. Suppose

Ly for1<p<2. Thenw = 3curlv is a measure and

CS € 1
(5.1) liminf | & h(u‘gdx > 5 [IolZ2 + llewrl o]l o]

e—0 llog e

Proof. We use essentially the proof of Theorem 6.1 of [18], but we include it for
the sake of completeness.

1. From Proposition 3.2 there is a set V = UB,, with B,, C spt(¢) where
the Jacobian concentrates. We define

(z) = 1 ifz€UB,
XelP) =9 0 otherwise ’

Ve

2
. By the dominated con-

2
o ST

vergence theorem, the first integral converges to zero and the second is bounded
by the assumptions. Thus 5 x. — 0in L? and n5(l=xe) = vin L?. Therefore,

then for any h we have Hhﬁxe

e

2

CS e . . 1 £
liminf/ ¢ h(uz)a& thmf/ — _Vu
=0 Ju\us,, |loge| =0 Ju\us,, 2 | [loge|
1| v |?
> lim inf / I dz
=0 Juus, 2 | |ue|
1| v 2
> liminf | = |[—(1—x.)| d
1@nézwﬂ x|
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2. We have w, = %curl v, — w in the sense of distribution with w = %curlv.
Let ¢ € C°(U) then

J
sup / Yeurlvdr| = sup |lim / P (1) dx'
Wl <t [JU Il <t =0y |loge]
%1l Loo <1 =0 Junus, |log ]

— AMiminf / Cosn(le) 5.
U

e=0 nus,, |log el?

Adding this bound to Step 1 yields

. . ecsh(ue) 1 1
—1 f dr > — 1 — .
Ny /U log | =3 fewrlvllp + 2 ol

We take A — 1 which finishes (5.1). O

6. UPPER BOUNDS FOR Fg,(u.)

In this section, we establish the upper bounds corresponding to the lower
bounds of the last section, thus finishing the proofs of Theorems 1.1 and 1.2
The constructions we use are heavily based on those of Jerrard-Soner [18].

Proposition 6.1. For every v € L*(U;R?) such that w = § curlv is a Radon
measure, there exists a sequence {u.} in H*(U;C) such that

1 :
(6.1) Ve 1= |log€|3(ua) —v i L*(U;R?)
1
(6.2) W, 1= @J(ua) —w in (C*)* for every a >0

Furthermore, the energy of the sequence satisfies

. 1 1
(6.3) lim sup 72/ eesn(u) < = (||v||2Lz + |lcurlv]| ) -
e—0 |logel” Ju 2

The proof follows from the following proposition by a standard approximation
argument, since C°(U) is “dense in energy” in the limit spaces. Note that by
Theorem 4.3 the weak convergence of v. in L? for 1 < p < 2 holds if and only

if ‘Zf‘ converges weakly in L?, and their respective weak limits are the same.
(>

Proposition 6.2. Let v € C®(U;R?). Let {d.} be an increasing sequence
with d. — oo and ed. — 0. Then there exists a sequence of functions {u.} €
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HYU;C) with the following properties:

(6.4) lusl <1inU, |ul=1ondU
(6.5) Ve 1= ‘7(;5) —wv in LP for allp <2
e 1 ,
(6.6) we 1= Jdu =3 curlv =:w in W for all p < 2

and the enerqgy satisfies

dz
(6.7) Ee(u:) < = 01/ 0y + de Nlog el [|w]| 1 iy + 0(d2)

as e — 0.

Proof. We check that in the proof of Proposition 7.1 of [18], there holds indeed
lue| <1 and |u.| =1 on OU To be precise, we need to check this for Lemma 7.2
from there. The construction shows that |u.| = p. satisfies ||(p:)” — 1| oy — 0
for all p,q € [1, 00).

In fact, p. is a function that is 1 outside B.(a5), i
a; that satisty |af —a5| > cdg_% and dist(a$,0U) > ¢
everywhere.

Since |u.| < 1, we have

=1,..., N, for some points
1
Tz

, and p. satisfies |p.| <1

1
5 [ 10l ) < ON. < Ca = of?)

as in [18]. The statements on the convergence of the other terms in the energy
are independent of the difference between our functional and the Ginzburg-
Landau functional, we sketch the argument here for the convenience of the
reader. The proof in [18] relies on a Hodge-type decomposition of L?(U;R?)
into vector fields that are curls of functions that are zero on the boundary,
gradients, and harmonic vector fields. Gradients and harmonic vector fields are
easily approximated as in Lemma 7.4 of [18], and the combination is done as
in the proof of Proposition 7.1. For the vector fields that are curls with zero
boundary conditions, the measure w is first approximated by a sum w. of point
masses at appropriately chosen points a; as above. In the next step, a vector
field v, is defined as

U, = —2curl Al_)lwe,

where AD denotes the Laplacian with zero Dirichlet boundary data. Setting
](Us)

U, = €%, where Vo, = d.v., the functions 4. then satisfy = v, and
%“;) = w,.. Using the cutoff function p. above, and defining u. = p.u., one
obtains a sequence with the desired properties. O

In the scaling [;; ecsn(u) = C'[log ¢|, we have the following upper bound result:
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Proposition 6.3. Let J =7 Zf\il d;da, fora; € U. Then there exists a sequence

{u:} with |log€|J( u:) — J and

(68) 5—>0 |logg| / ecsh ||J||M(U) .

Proof. This can be shown by a construction similar to the one above, but
simpler. (For the case of |d;|] = 1, it is already contained in [3]): Choose
points bf; — a; with [0, — 05,] > elloge| for 1 < j < k < |d;]. Con-
struct u. as a function that satisfies [u.| = 1 in U \ |J B-(b;;) and satisfies

deg(ue, 0B.(b; ;) = sgn(d;) for all 4, j, k. Similar to the construction in [3], this
can be done with an energy bounded by |J||loge| + C'log |loge|, or even by
|J||loge| + C' if all d; are £1. O

7. EXTENSION TO THE FULL CSH ENERGY

In this section we discuss the generalization of the results on FE.(u) to
G.(u, A; hey), for the scaling G, < C'|loge|® and h., = H |loge|, proving Theo-
rem 1.3.

We use

|cur1A hm|2
G, As o) = / Vol + e + gl (1= P>

The functional has a gauge invariance: it stays invariant under the gauge trans-
formation (u, A) — (ue™®, A+ Vyx): Ge(ueX, A + Vx; hez) = Ge(u, A; he,) for
any x € H'(U).

The appropriate gauge-invariant quantities are the supercurrent ja_. = j(u.)—
luc|?A. and the magnetic field curl A.. For simplicity, we will fix the gauge
invariance by choosing the Coulomb gauge: We can choose A such that V-A = 0,
A-v =0and [A = 0. (Otherwise, let £ be a solution of A{ = =V - A,
v-Vé=—A-v. Then A=A+ VE— J (A + V¢E) satisfies these assumptions).
We use (@, A) with @ = ue’ instead of (u, A).

We also make the physically reasonable assumption that ||u.||,. < C for
some constant C.

Proposition 7.1. Assume G.(ue, Ac; hey) < K |loge|* and lucll e < C. Set

(e = |10g5|A6; where A. is in Coulomb gauge. Then a. is weakly compact in

H*', and the compactness assertions of Proposition 5.2 hold: v, = “O—;ﬂj(ua)

J
(we) 9y = L curlw.
[log e| 2

Ve

converges to v weakly in all L7, ] in L?, and w, =
€
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Furthermore, the energy satisfies

1
(7.1)  liminf ———5Ge(ue, Az hey)
e—0 |1Og 5|

1 2
> Gv,a;H) = 5 (/ lv —al® + 'uz|curla—H|2+ ||curlvHM) :
U

Proof. By the L bound on u, it follows that —; > ¢, hence |jcurla, — H|[7, <

‘UE‘Q -
8K This together with the Coulomb gauge implies a H' bound on a., so for a
o

subsequence a. — a in H'.
Decomposing

2
(7.2) Ge(u, A; hey) :Ee(us)—/j(u).A—i-%/|A\2|u|2+4"l;‘2\CurlA—hem|2,

we see that all we need to deal with is [ j(u) - A.
Adapting again the proof of [18], we have that

A - j(u)] < 114(ue)?

0 el
3

< 21Vl o (el [l = 1] 1) | AP

1
ol = ) + 22|

1
< SE.(u) + A + 25 A

1
< Z|vua|2 + |AE|2 +

By the uniform H' bound on a, it follows via (7.2) and Sobolev embedding
that

1
(7.3) §E€(u€) < K |logel” + C'|loge|? + Ce? Jloge|* < C'|logel]®.

This shows that the compactness and lower bound results of Proposition 5.2 are
applicable for u., and we obtain that v, is compact as claimed.
We now continue as on page 555 of [18] and decompose

(74) Ge(u€7 Ae; hew) = G; (u€7 As) + Gg(ua Ae) + Gg(usa Ae) + Gg(usa Ae)u
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where
(7.5) Gi(ue, Ac) = Ec(u.)
2 |10g€|2 2 M |10g€|2 2
(7.6) GZ(ue, A.) = |a5| +—— |curl a. — H|
1
& - B (1)
(7.8) G (ue, A) = —|loge|® / e - V.
For G, we use the lower bound of Proposition 5.2 and obtain
1
(7.9) liminf ———=G2(ue, A) > = (||v]|72 + [|ewrlv]|,,) -
e—0 |log el? 2

By the weak H' convergence and lower semicontinuity, we find that
2

.. 1
(7.10) liminf —— |log€| G ug, A) > % leurla = H72 + 3 llall 72

For the third term, we need the analysis of Section 2 that shows that ||1 — |u.|?|7, <
Ce? [loge|”, hence

1) (6= ( [ <|ua|2—1) ([ 1. |4) < Cefloge[' — 0.

The convergence

SGi(ug, A) — / a-v
|log5| U

follows from the weak convergence of v. in LP with p < 2 and the strong con-
vergence a. — a in L? for all ¢ that is implied by the weak H' convergence and
Sobolev embedding.

Summing up the terms, we obtain the lower bound as claimed. O

Proposition 7.2. Given a € H'(U;R?) and v € L*(U;R?) such that w =
Leurlv is @ Radon measure, there exists a sequence {A.} € H'(U;R?) and
u. € HY(U;C) such that v. = “O—;ﬂj(ua) satisfies v. — v in LT with p < 2,

loc
|ZE| — v in L?. Also, @A —a in H'.

Proof. We choose the sequence {u.} constructed in Proposition 6.2. To find A,,
we set A. = |loge|a., where a. is defined as the Coulomb gauge solution of

(7.12) curla. = H + |u,|(curla — H)
We thus have
(7.13) curla. — curla = (H — curla)(1 — |u.]),
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and since |u.| < 1, it follows that (curla.) is bounded in L?. The weak limit
must be curl a, since

1/2 1/2
(7.14) /|cur1aE —curla| < (/(1 - |u€|)2) (/ |H — curla|2) — 0

Elliptic regularity shows that (a. — a) is bounded in H', and we obtain a. — a
in H'.

To see the convergence of the energy, we need to check the convergence of the
terms G to G? as above. The convergence of G! was dealt with in the proof of
Proposition 7.1. We observe that

curl A, — hey  Juel?

|u€|2 B |u€|2

(7.15) loge|” | curla — H|?,

and a. — a strongly in L? by the compactness of the embedding H' C L?, so
G? converges as claimed. O

The terms G? and G? converge by the same arguments as used in the lower
bound proof.

8. APPLICATION: CRITICAL h,,

In this section we analyze the limit functional

2
81)  G.aH) = o —alfs + 5 Jewla — HIE, + 5 elo],

We look for the critical field Hy such that for H < Hy, minimizers of (8.1) will
satisfy curlv = 0, and for H > H;, curlv # 0. The critical field in the original
scaling will then be he,; &~ Hj|loge|. Similar results for the Ginzburg-Landau
functional are due to Sandier-Serfaty [31], [32] where also the relation to a free
boundary problem is derived; while this can be done here, we omit this for the
sake of brevity. We will follow the argument in [18] but keep the dependence
on the extra parameter p. We show

Proposition 8.1. The critical field Hy = Hy(p) can be calculated by Hq(p) =
m, where z,, 1s the solution of —%Azu +24+pu+1=0in U wth ho-
mogeneous Dirichlet boundary data. The function u— Hyi(p) has the following
properties:

(1) Hi(p) is a decreasing function

(2) p?Hi(p) — 2 as pp—0 B N

(3) Hi(p) — H(U) as p — oo, where H(U) is given by H(U) = m,
and w s the solution of Aw = —1 in U, w =0 on OU.

We will show this by comparing G' with the functional

1 e
(8.2) Pla; H) = 5 lall 3 + & flewrla — H,
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The minimizer a, of F satisfies the Euler-Lagrange equations

2
(8.3) a, + ,uz curl(curla, — H) = 0in U, curla, — H = Oon 0U.

Taking the curl of this equation, we obtain
2
(8.4) curla, — H — %A(curl a, — H)+ H =0,

so setting Hz, = curla, — H we see that z, is the solution of

2
(8.5) —%Azu+zu+120, z, = 0 on OU.

We now decompose the energy of (8.1) by setting a = a, + b. We obtain
(8.6) G(v,a; H) / la, > + |b]* + 2a, - b+—/ | curla, — H|? + | curl b|?

+ 2(curla, — H) curl b — /

1 1
(v-a*—i—v-b)—l——/|v\2+—||curlvHM
U 2Ju 2

Integrating by parts and using (8.3) and (8.4), we see that

/ :——/v curl(curla, — H)

(8.7) 2
= ——H/ v-curl z, = —H/ z, curlov
4 U K 4 U a
and
12
(8.8) /(a* + curl(curla, — H)) -b=10
U

We can thus rewrite

(8.9)
p 2 1 2 1 s
G(v,a;H):/§|curlb| +§|v—b| +F(a*)+§||cur1v||M—ZH/curlvzu
U

1 2
> F(a,) + ||curlv]| ,, <§ - %H max |z|)

It follows that the minimizer of G satisfies curlv = 0 if and only if

1 2
5 Zngx|zM| <0,
that is if and only if
2
H < Hi(p) =

W7 max 5]



44 MATTHIAS KURZKE AND DANIEL SPIRN

The dependence of 2, (and hence H;) on p can be calculated explicitly in the
case of U = Bg(0): The solution of (8.5) is the given by

In(%)
)= 1,
Ih(3})
where I is the modified Bessel function of zeroeth order. It follows that
1
R
max |z, | =1— —=-.
KR e

B
Since [y(z) ~ \/% for  — oo and Ip(z) = 1+ 2% + O(a*) as & — 0, it follows
that max |zf| — 1 as g — 0 and p? max|z| — R* as u — oo. Finally we see

that < )
21, %
Hy(p) = 2 (Io (%> - 1).

The general behavior is similar:

Proposition 8.2. The solution z, of (8.5) has the following properties:
(1) —p?z,(x) is monotonically increasing in p for every x € U.
(2) supy |2yl = 1L asp—0
(3) %supU |z, — A(U) as pp — oo, where A(U) = supyy and y is the
solution of Ay =—1in U, y=0 on OU.

Proof. We set y,, = —%zu. Then y,, solves Ay, — ;—zyu + 1 = 0. Differentiating,

we obtain that w, = %yu solves
4 8

(8.10) Aw, — Ewu = —Eyu <0,

and so by the maximum principle, w, > 0, which proves the first claim.

The second claim follows since z, — —1 in every U’ CC U, for the third
we observe that y, as defined above converges to a solution of Ay = —1, and
A(U) = supy y. O
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