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Let G = [V,E] be a graph and V1 ⊆ V . Subgraph [V1, E1] is called the
restriction of G on V1, where E1 = {v1v2 : v1 ∈ V1 ∧ v2 ∈ V1}. – The following
definition is a special case of Definition 2.64 in [10].

Definition 4. Let S be a family of cubical sets in kD space, where k = 0, 1, 2, 3.
Let X be the set of i-cells contained in S, with i ≤ k. Let p, q ∈ X such that
p is a j-cell, q is a (j − 1)-cell and p is the unique j-cell in X incident with q,
j ≤ k. Let X ′ = X\{p, q} and S′ = ∪{c∈X′}c. Then S′ is called obtained from
S via an elementary collapse of p by q.

3 Basics

Let S be a family of cubical sets in kD space, where k = 0, 1, 2, 3. Let p be a
j-cell, q a (j − 1)-cell, for j ≤ k. Let S′ be obtained from S via an elementary
collapse of p by q. Let H∗(S′) or H∗(S′) be the homology group (see Section
6.4.6 in [9]) of S or S′, respectively. Then, by Theorem 2.68 in [10], it follows
that

H∗(S′) ∼ H∗(S) (1)

where ∼ is the homology (equivalence) relation.

Lemma 1. Let G = [V,E] be a connected finite graph. There exists a minimal
cubical set S such that G is a homotopic graph of S.

Proof. Let cardV = n and V = ∪n
i=1{vi}. Let di be the degree of vi ∈ V , and

hi = 2
∑i

j=1 dj − 1, for i = 1, 2, . . . , n.
For each vi, construct a simple arc of length hi + 2, denoted by gi =

∪hi+2
j=1 {(2i − 1, j, 1)}, where (2i − 1, j, 1) are the coordinates of the center of

a grid cube, for i = 1, 2, . . . , n. Suppose there are l(i, j) edges between vi and vj .
Without loss of generality, assume that i < j. If l(i, j) ≥ 1 then construct l(i, j)
simple arcs of length 2(j − i) + 3 as follows:

Fig. 5. Illustration for Lemma 1.



Let A(vi) = {vi1 , vi2 , . . . , vidi
} be the adjacency set of node vi, with i1 < i2 <

. . . < idi
. Assume that j = ir, where r ∈ {1, 2, . . . , di}. Let s(i, j) = hi−1 +2r+1

and g(i, j, z) = ∪2j−1
x=2i−1{(x, s(i, j), z)} ∪ {(2i−1, s(i, j), z−1), (2j−1, s(i, j), z−

1)}, where z is an integer.
If l(i, j) ≥ 1 let g(i, j) = ∪l(i,j)+2

z=3 g(i, j, z). Otherwise let g(i, j) = φ. Let S
= ∪n

i=1{gi} ∪ (∪n
1≤i<j≤n g(i, j)). If there is a cube c in S such that there is only

one cube c′ in S such that c ∩ c′ is a 2-cell then remove c from S. Repeat this
operation until S does not contain such a cube c, and S is as required. ut

In Figure 5, S2 is obtained from S1 after removing 6 cubes. S2 is a minimal
cubical set and G1 is a homotopic graph of S2. S3 is a minimal cubical set and
G2 is a homotopic graph of S3. – From homology (1) and Lemma 1, we obtain
the following:

Theorem 1. If a cubical 2-region S is minimal such that a given graph G is a
homotopic graph of S, then we have β1(S) = β1(G).

We also recall the following theorem by J. W. Alexander (see Theorem 6.8
in [9]).

Theorem 2. Let S1 and S2 be two Euclidean complexes defined by partitions of
polyhedra ∪K1 and ∪K2. If ∪K1 and ∪K2 are homeomorphic then K1 and K2

have the same Betti numbers.

Corollary 1. If S is a 2-connected cubical set and G a homotopic graph of S.
Then the first Betti number of S is equal to the Betti number of G.

Proof. Let S′ is a minimal cubical 2-region such that G is a homotopic graph of
S. Then S′ is homeomorphic to S. Theorems 1 and 2 prove the corollary. ut

We recall that a sequence (p0, p1, · · · , pn) of 2-cells is a 1-path of 2-cells iff
pi+1 is 1-adjacent to pi, for 0 ≤ i ≤ n− 1. p0, pn are the endnodes of this path.

Let S be a 2-region of cubes with nonempty intersections with grid layers Li,
for i = 1, . . . , imax. Let Si be a component of the intersection of S with layer
Li, Hi a homotopic graph of Si, H̄i be a homotopic subregion adjacency graph
of Si with respect to Hi, and let ūi, v̄i, w̄i ∈ H̄i, for i = 1, . . . , imax.

Lemma 2. If there exists a 1-path of 2-cells (p0, p1, · · · , pn) such that p0 is con-
tained in ū1 ∩ ū2 and pn is contained in w̄1 ∩ w̄2, then the set of cubes (ū1 ∪
ū2) ∪ (w̄1 ∪ w̄2) is simply connected.

Proof. Let g be a closed curve contained in ū1 ∪ ū2 ∪ w̄1 ∪ w̄2. Let P2 be
an arc of g such that P2 is contained in ū2 ∪ w̄2 and P2 ∩ (p0, p1, · · · , pn) =
{A,B}. Since ū2 ∪ w̄2 is simply connected then (see Figure 6) arc AP2B can
be continuously contracted into line segment AP1B ⊂ p0, p1, · · · , pn. Therefore,
within ū1 ∪ ū2 ∪ w̄1 ∪ w̄2, g can be continuously contracted into a line segment
and then into a single point in (p0, p1, · · · , pn). ut



Fig. 8. Three input examples, used for illustrating the main algorithm.

Let g1 = { (1, 0, 0), (2, 0, 0), (3, 0, 0), (4, 0, 0), (5, 0, 0), (6, 0, 0), (6, 1, 0),
(6, 2, 0), (6, 3, 0), (6, 4, 0), (1, 1, 0), (1, 2, 0), (1, 3, 0), (1, 4, 0), (1, 5, 0), (2, 5,
0), (3, 5, 0), (4, 5, 0), (5, 5, 0), (6, 5, 0) }. g1 is a simple 2-curve of 20 cubes in
layer 2.

Let g2 = { (9, 0, 0), (10, 0, 0), (11, 0, 0), (12, 0, 0), (13, 0, 0), (14, 0, 0), (14,
1, 0), (14, 2, 0), (14, 3, 0), (14, 4, 0), (9, 1, 0), (9, 2, 0), (9, 3, 0), (9, 4, 0), (9,
5, 0), (10, 5, 0), (11, 5, 0), (12, 5, 0), (13, 5, 0), (14, 5, 0) }. g2 is also a simple
2-curve of 20 cubes in layer 2.

Let g3 = { (3, 2, 1), (4, 2, 1), (5, 2, 1), (6, 2, 1), (7, 2, 1), (8, 2, 1), (9, 2, 1),
(10, 2, 1), (11, 2, 1), (12, 2, 1), (12, 3, 1), (12, 4, 1), (12, 5, 1), (12, 6, 1), (12,
7, 1), (12, 8, 1), (3, 3, 1), (3, 4, 1), (3, 5, 1), (3, 6, 1), (3, 7, 1), (3, 8, 1), (4, 8,
1), (5, 8, 1), (6, 8, 1), (7, 8, 1), (8, 8, 1), (9, 8, 1), (10, 8, 1), (11, 8, 1) }. g3 is a
simple 2-curve of 30 cubes in layer 1.

Let g4 = { (7, 2, 0), (8, 2, 0) } = { c1, c2 }. g4 is a simple 2-arc of two cubes
in layer 2. and

Let g5 = { (7, 5, 0), (8, 5, 0) }= { c3, c4 }. g5 is also a simple 2-arc of two
cubes in layer 2.

Example 1. We consider S1 = L1 ∪ L2, where L1 = g3 and L2 = g1 ∪ g2. H̄1

= [V̄1, Ē1], where V̄1 = {v̄3, v̄4}; H̄2 = [V̄2, Ē2], where V̄2 = {v̄1, v̄2, v̄5, v̄6}, with



v̄1 = { (10, 0, 0), (11, 0, 0), (12, 0, 0), (13, 0, 0), (14, 0, 0), (14, 1, 0), (14, 2, 0),
(14, 3, 0), (14, 4, 0), (14, 5, 0) }

v̄2 = { (9, 0,0), (9, 1, 0), (9, 2, 0), (9, 3, 0), (9, 4, 0), (9, 5, 0), (10, 5, 0), (11, 5,
0), (12, 5, 0), (13, 5, 0) }

v̄5 = { (6, 0, 0), (6, 1, 0), (6, 2, 0), (6, 3, 0), (6, 4, 0), (6, 5, 0), (2, 5, 0), (3, 5,
0), (4, 5, 0), (5, 5, 0) }

v̄6 = { (1, 0, 0), (2, 0, 0), (3, 0, 0), (4, 0, 0), (5, 0, 0), (1, 1, 0), (1, 2, 0), (1, 3,
0), (1, 4, 0), (1, 5, 0) }

Sets v̄1, v̄2, v̄5 and v̄6 are simple 2-arcs, each of ten cubes in layer 2. Furthermore

v̄3 = { (4, 8, 1), (5, 8, 1), (6, 8, 1), (7, 8, 1), (8, 8, 1), (9, 8, 1), (10, 8, 1), (11,
8, 1), (12, 8, 1), (12, 2, 1), (12, 3, 1), (12, 4, 1), (12, 5, 1), (12, 6, 1), (12, 7, 1) }

v̄4 = { (3, 2, 1), (3, 3, 1), (3, 4, 1), (3, 5, 1), (3, 6, 1), (3, 7, 1), (3, 8, 1), (4, 2,
1), (5, 2, 1), (6, 2, 1), (7, 2, 1), (8, 2, 1), (9, 2, 1), (10, 2, 1), (11, 2, 1) }

Sets v̄3 and v̄4 are simple 2-arcs, each containing 15 cubes in layer 1.

For Step 3.2 of the algorithm, see Figure 8 or the simple calculation v̄4 ∩ v̄2

= { (9, 2, 0.5) }. This implies that the number of components of v̄4 ∩ v̄2 equals
one. So we add one edge between v4 and v2 in H1 ∪ H2.

Analogously, v̄4 ∩ v̄5 = { (3, 5, 0.5), (6, 2, 0.5) }, which implies that the
number of components of v̄4 ∩ v̄5 equals 2. So we add two edges between v4 and
v5 in H1 ∪ H2.

Let E = { e1, e2, e3, e4 } be the set of added edges, and V1 = { v3, v4 } and
V2 = { v2, v5 } the sets of vertices.

Step 3.3. The restriction of H̄1 on V̄1 is Ū1 = H̄1, and that of H̄2 on V̄2 is Ū2

= { v̄2, v̄5 }.
By Figure 8 or a simple calculation, we have v̄3 ∩ v̄1 = { (12, 5, 0.5) }. It

follows that the number of components of v̄3 ∩ v̄1 equals one, and we add one
edge between v3 and v1 in H1 ∪ H2.

Analogously, (v̄2 ∪ v̄5) ∩ (v̄3 ∪ v̄4) does not contain a 1-path of 2-cells
(p0, p1, · · · , pn) such that p0 is contained in v̄2 ∩ v̄3 and pn is contained in v̄5 ∩
v̄4. Thus, we do not have to delete edge v3v4 in H1 ∪ H2.

Step 3.4. H1 ∪ H2 is shown on the top of Figure 8 [case (1)].
Step 4. By Figure 8, the number of edges of the homotopic graph H1 ∪

H2 equals ten and that of the vertices equals six; consequently, the number of
tunnels of S1 equals 10 - 6 + 1 = 5.

Example 2. Let S2 = L1 ∪ L2 ∪ g4 = S1 ∪ g4. Step 3.2 is exactly the same as
in Example 1.

Step 3.3, by examining Figure 8 or simple calculation, we have (v̄2 ∪ v̄5) ∩
(v̄3 ∪ v̄4) contains a 1-path of 2-cells ((9, 2, 0.5), (8, 2, 0.5), (7, 2, 0.5), (6, 2,
0.5)) such that (9, 2, 0.5) is contained in v̄3 ∩ v̄2 ((9, 2, 0.5) = (9, 2, 1) ∩ (9,



2, 0)) and (6, 2, 0.5) is contained in v̄4 ∩ v̄5 ((6, 2, 0.5) = (6, 2, 1) ∩ (6, 2, 0)).
Thus, we have to delete edge v3v4 in H1 ∪ H2.

Step 3.4. H1 ∪ H2 is shown in the middle of Figure 8 [case (2)].
Step 4. The number of tunnels of S2 equals 10 - 6 + 1 = 5.

Example 3. Now consider S3 = L1 ∪ L2 ∪ g5 = S1 ∪ g5. Step 3.2 is exactly
the same as in Example 1.

Step 3.3. By examining Figure 8, we can see that (v̄2 ∪ v̄5) ∩ (v̄3 ∪ v̄4) does
not contain any 1-path of 2-cells (p0, p1, · · · , pn) such that p0 is contained in v̄3

∩ v̄2 and pn is contained in v̄4 ∩ v̄5. Thus, we do not have to delete edge v3v4

in H1 ∪ H2.
Step 3.4. H1 ∪ H2 is shown at the bottom of Figure 8 [case (3)].
Step 4. The number of tunnels of S3 equals 11 - 6 + 1 = 6.

6 Computational Complexity

6.1 Single- Layer Subprocess

Let l be the number of cubes in the considered layer L, and r or c the number
of rows or columns in L, respectively.

Step 1 can be computed in time O(l), because |SI | ≤ l. Each run can have
at most br/2c left (right) neighbors, so Step 2 can be computed in O(lr). Since
each run-path has at most c runs and |SP | ≤ |SI | ≤ l, it follows that Step 3 can
be done in O(lc). Analogous to Step 1, Steps 4, 5, 6 and 7 can be completed in
O(l). In Step 8.1, the combination number of pairs (h1, h2) equals(

l
2

)
because |SH ∪ SPH | ≤ |SI | ≤ l. Furthermore, since each hi has at most r
neighbors, it follows that Step 8.1 can be computed in O(l2r). In Step 8.2, there
are at most lr ways to take a neighbor of a run in SH , and there are also at most
lr ways to take a run-path in SRP . Thus, this step can be finished in O((lr)2).
For Step 9, note that |SH ∪ SPH | ≤ |SI | ≤ l, |C| ≤ r, |CN | ≤ r, and |CP | ≤
rc. That means that Step 9 has time complexity O(lrc). Finally, it is clear that
Step 10 has complexity O(l2), and this immediately also follows for Step 11. In
summary, a run of the single-layer subprocess has time complexity O((lr)2).

6.2 Main Algorithm

Let S be our input, a 2-region of cubes, and imax the number of layers in S. Let
li be the number of cubes in the ith layer of S, denoted by Li. Let ri or ci be
the numbers of rows or columns in layer Li, respectively.

Obviously, Step 1 can be done in O(imax). Step 2 is discussed in Section 6.1.
For Step 3.1, the labeling algorithm (as, for example, in [9]) has complexity
O(rici). Note that |V (H̄i)| ≤ li, for i = 1, 2. It follows that the combination



number of pairs (v̄1, v̄2) equals l1l2; thus Step 3.1 has time complexity O(l2i rici).
For Step 3.2, note that |Vi| ≤ li, consequently |E| ≤ l1l2. Therefore, Step 3.2
can be computed in O(l2i ). In Step 3.3, the combination number of pairs (ūi, w̄i)
equals (

li
2

)
and the number of 1-paths (p0, p1, · · · , pn) of 2-cells, such that p0 is contained in
ū1 ∩ ū2 and pn is contained in w̄1 ∩ w̄2, is at most bri/2c, where i = 1, 2. [The
labeling algorithm has complexity O(rici).] Thus, this step can be completed in
O(l2i r

2
i ci). Step 4, finally, recalls the subprocess for all imax layers, and delivers

the final result. Let

l = max
1≤i≤imax

li , r = max
1≤i≤imax

ri , and c = max
1≤i≤imax

ci

The main algorithm has time complexity O(imaxl2r2c).

7 Concluding Remarks

[18] computes the number of tunnels in a 3 × 3 × 3 neighborhood of any cube
of a given 2-region. It does not deal with the problem of computing the number
of tunnels for the whole 2-region.

[2, 3] discuss the computational complexity of homology (as being ‘large’).
Both [5] and [7] have developed software to compute homology. However, they
are (so far) unable to inform about the computational complexity of their al-
gorithms, and so are [10, 16]. The latter two compute homology for any finite
k-dimensional cubical set (no restrictions on dimensions or shapes). [5] suggests
a search for improved algorithms and for new approaches to the task of homol-
ogy computation while [10] leaves the problem of improving the efficiency of
their algorithms to the future. [7] states that time complexity of the proposed
algorithm may grow ‘horrifically’.

We have presented our algorithm and analyzed its computational complex-
ity, which is relatively low compared to other options. We also believe that the
graph-theoretical nature of our algorithm is of general interest. Finally, note
that connectedness is also defined for cubical sets of any dimension, and digi-
tization schemes for arbitrary sets in nD space (see [9]). Our graph-theoretical
approach can be generalized to compute homology for digitized sets in arbitrary
dimensions.
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