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Abstract

In this paper we study and compute E-points in an explicit way for a special

general kind of 3k +1 and 3k +2 players.
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1. Introduction

We have begun to compute and study E-points for diagonal games in Marchi

(2004) recently. We have done this for simple games. In this paper which is the

continuation of the quoted one we compute and study E-points for a more complicated

games.

With the notation of Marchi (2004) we have in general for the expected

functions E, for player ie N={1,...,n} and d(i) c N the set of friends of player

ie N. An E-point is a point X = (;1 ,...,;n) such that
E,(X) 2 E;(xyp, XN-ai) Vi Vxyg -
We remind the following result.
Preposition: X is an E-point if and only if

A —Ei(0 40, xn-a0) =0 Vo, e [[Sxy)
feda)

)\'i - Ei (Gd(i) s ;N*d(i)) 2 0 VGd(i) & HS(;J)
jed@®

Y xie)=1 Vi

cieX;
Xi(0,)20 Vi Vo, eX,.

where S(x j) denotes the support of the mixed strategy X j-

From now on we consider n-person games in normal form where all the players

have the same cardinality for their pure strategy set: m = |Zi| .

In the next paragraph we will study a 7-player diagonal game and a 10-player

game with similar d(i) structure. Next we generalize them in a general way. In the third

section we study an 8-player game of the game type for the sets d(i) and finally we

generalize it to 3k + 2 -player with similar structure function.

2.7 and 10-players diagonal games

Here in this paragraph we will compute explicitly the E-points for two games,

namely are with 7-players and the other are with 10-players.



The first one is given with the structure function d(i) as d(1) = {1, 2, 6, 7}, d(2)
=1{2,3,7,1},d3)={1,2,3,4},d(4)=1{2,3,4,5},d(5)={3,4,5,6},d(6) = {4, 5, 6,
7}, d(7) = {5, 6,7, 1}. Therefore due to the Preposition if the game is diagonal that is to
say

A;(0,...0,)=2,(6;)8(6;,0,,,,0,,3,C:44) mod 7 a;(c,)>0
where

S(Gjl ’sz ’st LA ij )= S(Gh ’sz )..‘S(ij—l > ij )

where the &'s are Krorecker’s deltas.

We remind that a completely mixed strategy is a vector X =(X,...,X,) such
that Vi Vo, € ) :x;(0;)>0.

Then is we want to compute the completely mixed E-points for our 7-person
game for the Preposition we have to solve
A —2,(0)x5(0)x,(0)x5(0)=0 Vo
Ay, —a,(0) x,4(0) x5(0)x4(0)=0 Yo
Ay —2a;(0) x5(0) X4 (0)x5(0)=0 Yo
A, —a,(0)x4(0)x,(0)x,(0)=0 Vo D
A5 —a5(0) x,(0) x,(0)x,(0)=0 Vo
Ag —a4(0) X,(0) x,(0) x5(0)=0 Yo
A, —a,(0)x,(0)x5(0) x,(0)=0 Yo
For simplicity reasons until we need it we drop the explicit notation of the

independent variable that it is to say we write a; =a;(c6) and x,(0)=x;. From (1)

calling u; =u,;(6) =7, /a, we obtain

_H _Hs _Ha _Hs _He
Xg =——X3, X =—=X,, X; =— X5, Xy =—=Xg, X3 =—X;
Ky ) M3 My Us
Mo [ad|
Xy =—X|, Xg =—X,.
6 7

By replacing terms we have from these last equalities

_ Msly _ M3l

X, X, Xq X -

My Haolg

Replacing them in the fifth equation of (1) we get




2,2

3&20 (2)
Mol gty

In a similar way it is possible to obtain the order equations, or by symmetry

Hs —X

arguments, which happen to be

2,2

e = %3 W t?u -0

3H7 sty 3)

2.2

W, —x2 M5l —0

Myl gle
From (2) one obtains
A oA AsA a3(c)a3(c)

X1 (0) =

MA: a,(0)a,(0)a,(0)as(6)ag(o)
Using the condition ZG X,(0) =1 one gets

3

— 1 _ M A A
b= ) 5 /3 | ~ 2252
Z a;(o)a; (o) 3Mg
° a, (0)a 2 (6)34 (G)as (G)aﬁ (o)
Similarly for the other two equations in (3)
x3(0) = AoAshsA A, al(0)a; (o)
NN, a,(0)ay(06)as(0)ag(0)a; (0)

x3(0) = Ak Ak, a3(c)az (o)

BN a,(0)a3(0)a,(0)ag(0)a, (o)

and then

1 _ Mahshshh,

b, =
a2(6)a% (o) ]”3 MG

a,(0)az(0)as(0)ag(0)a,(0)

L



1 AL,

) ) 1/3 7\’2 }\’2
(6)a2 (o) T

a (6)33 (6)34 (G)aﬁ (6)37 (o)

b3:

Now multiplying these three last numbers we get
7‘36 =b,b,b;
Thus the value
Ae = (b1b2b3)1/3
is determined. By analogous arguments it is possible to derive
Ay = (b2b3b4)1/3’ A= (b3b4b5)1/3’ Ay = (b4b5b6)1/3’ Ay = (b5b6b7)1/3’
Ay =(bgb;b, )1/3’ As = (b7b1b2)1/3

where the value b; are obtained by symmetry from the previous b,, b, and b;. Thus

the problem of getting an E-point completely mixed for this game is solved. It is clear
that it is the unique E-point completely mixed that this game possesses.

Now we are going to study a 10-person game. Consider the game with structure
function d(i) ={i,i+1,i+5,1+6,...,10,1,2,...,i—1} mod 10 and payoff function

A;(04,...,615)=2,(0,) 6(G;,0,,,,0,,3,0,;4) a;(0;)>0
Then from equation (1), the E-point has to satisfy
Hi = Xi35Xi3X44 =0 mod 10 4
From here we get by dividing two consecutive

_ My
i+5 = Xit2 mod 10

i

X

and by replacing the respective x’s we get

X6 :u_zxa’ X7 :&Xm X3 :M_4X5’ X9 a1 X3g
3| () M3 Mgl
X10 =fatully Xg» X :M_7X8’ X3 :u_gxlo’ Xy = Duoly Xg> X5 :hxz
HstoHg He Mg Mellg Hio

which we wish to have them in term of xg4. Replacing in (4) with i =6 we obtain



HeloloUstlghl L
Xg:6922252814 )
M3k7lo

Doing the same thing with respect to x4, and Xx,, and respectively using

equation (4) with i=7, and 8 we get

M7l olslgloll U
XS:71023262925 (6)
W37l
and
3= A L ] ad [ ke
10 — 2,22
UsHollsy
From (3) are gets, using ZGX8 (o) =1 that
3
b. = 1 _7‘67‘97\’27\’57\’87\’17\'10
8 ) ) ) 1/3 - }\.2)\.2 }\.2
Z a5(0)aj(0)aj, (o) 3N Mo
°l ag(0)ay(0)a,(0)as(c)ag(c)a, (0)a, (o)
In an analogous way from (6) we get
3
1 AA oA A Ao, A
b9: 1/3 = ! 107\;7\’267\’29 20 (7)
y aji(c)a;(c)az () 1A
N aq (0)310 (6)33 (G)aﬁ (6)39 (0)212 (G)as (o)
3
b = 1 _XSKIMKZXIOMXG
10~ =
y a2(0)al(0)a2(o) = SYVYSS
°l ag(o)a,(0)a,(0)a,(0)a; (0)az(0)as(0)

Multiplying the last three b’s we get
}"36 =bgbybyg
Thus A is completely determined. Doing the same thing all the others A's might be

determined. Replacing these values in the corresponding expressions of the x’s the

unique completely mixed E-points can be obtained.



As a remark we would like to mention that any point (5, o, 5,...,(_5) is an E-
point. Then the both previous games have exactly
I (m
Y| . |=2"-1
i=1\ 1

E-points. Only one of them is completely mixed.
2. A general study for a 3k + 1 person game with k > 1

Now in this section we will study and compute the E-points in a general
diagonal game with 3k +1 with k=1 players. The structure function is given by
di)={i,i+1Li+2,i+5,i+6,...,3k+1,1,2,...,i—1} with payoff functions given by

A;(0;,...,0341) =2;(0;) 6(G;,0,,,,0,3,014) mod 3k +1

Therefore the equation (1) in this case is

L_Li — X7 Xi43Xipa =0 mod 3k +1.
or

Misz = XipXi3Xi4 =0 mod 3k +1
where Ei =HWisa-

From two consecutive two equations of (8) we get

Xip3 = R Xi =Si%;
and replacing this
Xi43 = Hsi+l—35Xi—3r mod 3k +1 ®)
s=1
Now let us permit to arrange the numbers in strips in a natural way
14...3k -2 3k+1 3k+4=3...... 6k +1 6k +4=2...
25...3k-1  3k+2=1 ... 6k +2=3k+1 6k+5=3...
35...3k 3k+3=3 ... 6k +3=
10)
...... 9%k +4=1
...... 9k +5=2

...... 9k +3=k+1 9k+6=3.



Take p <k and consider the 3p +1-expression
Miapi = X3p41X3pi0Xape3 =0 (1n
Next we are going to express Xj,,, and X; .3 in terms of x,,,,. For this take

3p+3+3k+1=3(p+k)+4=i+3 ori=3(p+k)+1in (9) with r =k . Then we have

k

X3pe3 = H S3(pi)+2-3s X 3p+1 (12)
s=0

Now taking v=3(p+ 2k) +1 and r =2k replacing in (9) one gets

2k

X3p+2 = HS3(p+2k)+273SX3p+l (12"
s=0

and replacing these values in (11) it is derived

K 2k
3 _
M3pi = X3p41 H S3(prk)+2-3s H S3p+aky2-3s =0 (13)
s=0 s=0

Now consider the number 3p + 2 with p <k. Then for it we have

H3pir = X3p0X 343X 3504 =0 (14)

Putting in (9) i=3(p+k)+2 and r =k we get

K
X3p+d = H S3pr)+3-3s X 3p2 15)
k=0
and with i=3(p+2k)+2 and r =2k
2k
X3pi3 = H S3pa2k)+3-3sX3p+2 (16)
k=0
which replaced in (14) provides
;K 2k
M3pio = X3p40 H S3pk)+3-3s H S3paak)3-3s =0 17
s=0 s=0

Finally with i=3(p+k)+3 and r=k an the one hand and i=3(p +2k)+3

and an the other using (9) and the replacing the corresponding values of x5, and

X3p4s 118 €asy to derive

K 2K
3
M3pi3 — X3p43 H S3pak)a-3s H S3pa2ky3-3s =0 (18)
k=0 s=0



Now replacing the values of S; in (12’) and using the condition ZG X3p41(0) =1

it holds

5= 07\’3(p+k) 1-3s s= 0}\’3(p+2k) 1-3s

I_Ig 0}\‘3(p+k) 3s I_Ig 0}\‘3(p+2k) 3s

=y = (19)

1

Z 1 Hs oa3(p+k) 3s (©) HS 0a3(p+2k) 2s (o)
[}
A3p-1(0) Hs 033(p+k)-1-3 (O) HS 0 A3(p+2k)-1-35 (O)

Doing the same thing with (17), one derives

1/3

k
Hs=0 7\’3(p+k)—3s s=0 7\’3(p+2k)—3s

3p Kk A 2k A
HS:() 3(p+k)+1-3s HS:() 3(p+2k)+1-3s

=b3yn = (20)

1

Z 1 Hs oa3(p+k)+l 3s (0) H _()a3(p+2k)+1 3s (0)
(¢)
3p ©) Hs oa3(p+k) 3s (0) HS 0a3(p+2k) 3s (0)

Finally using (18) it follows

k 2k
Hs:() }\‘3(p+k)+l—3s HS:() )\' 3(p+2k)+1-3s

3p+l1 k
s=0 7\’3(p+k)+2—3s s=0 7\’3(p+2k)+2—3s

1/3

= b3p+l = (21)

1
Z 1 Hg 0 33(p+k)+2-3s (o) I_L 0 A3(p+2K)+2-3s (o)
°| 23p+1 () H _033(p+k)+1-1-35 (O) I_Ig 0 3(p+21)+1-35 (O)
Now multiplying the equalities (19), (20) and (21) it holds to
}\‘3[) h3phspi

1/3

b3p4103p1005p43 =
PP 7\’3(p+k)+27\’3(p+2k)+2



but
3p+1+3k+1=3(p+k)+2=3p+1

and
3p+2Bk+1)=3(p+2k)+2 mod 3k +1
then
7\’3p—1 = (b3p+lb3p+2b3p+3 )1/3 . (22)
In a similar way or by symmetry it is possible to derive
}\‘3p = (b3p+2b3p+3b3p+4)”3
and (23)

— 1/3
}\‘3p+1 - (b3p+3b3p+4b3p+5)

and in this way we have obtained the explicit value of the A's and replacing them in the
corresponding place of (13), (14) or (18) one gets the corresponding value of the x’s.
Thus the problem is solved positively.
We remind as in [4] that the point (5, 5 , (_5) is an E-point. Therefore there are

exactly

fopr-

=1\ 1
E-points which might be computed accordingly. Any way there is only one E-point
completely mixed. The phenomenon appears in all the games studied here and for this

reason we do not repeat the same argument every time.
4. A general study for a 3k + 2 person game with k > 1

In this section we are going to study the same game given in the previous
paragraph but when the numbers of players are 3k +2 with k >1. Before to study the
general case with an arbitrary k consider the case of k=2. That is to say 8. Therefore
the corresponding equation become

Ai —a,XnX 13X 54 =0 mod 8 (24)

and from here

10



Xg :u—2x3, X :ﬁx“ Xg =H—4x5 =Mx7, X, :MXS
Ky () M3 M3Hghs Mgl g
Us Mgl e Ko K7 K
Thus replacing in (24) with i=5
3 M3MGHS
X; =————2
Mo By Rely
By symmetry
20202
X3 __ HeMally (25)
Holstslghs
3 MIMOpS
X]=—""—"——
Hslglght fy
s HsMiNg
X5 =
Mgl 1o s
s HIMGMS
X3 =
HsHgHoHsle
3 HaMSHg
Xy =——>——
Mol st Ly
3 M3MGH!
XS -
MMl sk
3 MIMIK)
X6 -
Mghslstghly
Introducing the corresponding values b’s it is possible to obtain
7‘? =bi ;b 3biyy (26)

This expresses the fact that in the general case with 3k + 2 players we should
obtain an analogous solution as in the previous general case with 3k +1 players.

Indeed consider the general equation for the general case 3k +2:
Ei ~ X2 Xj43Xjp4 =0 mod 3k +2
where L_Li =A;/a,, L_Li =W,

Hiyy = XinXi3Xi4 =0 mod 3k +2 27)

11



From this we get the following recursive relations
Xi43 = HSHHSXHS mod 3k +2 (28)
s=0

Now we arrange the numbers in strips in a natural way

3k +1 3k+4=2...... 6k +1 6k+4=2 6k+7=2...
3k+2 3k+5=5...... 6k +2 6k+5=1
3k+3=1 ... 6k +3 6k+6=2

...... 9%k +7=1

...... 9k +8=2

...... 9k +6=3k+2 9k +9=3.
Consider in (27) i=3p+1 with p<k. Then

Wapr — X3p41X3pe2X3pe3 =0 (29)
Taking i=3(p+k)+1 and r =k in (28) we have

k

X3pr2 = H S3(p+k)+273s X 3p+1 (30)
s=0

On the other hand if i =3(p + 2k) + 4 and r =2k +1 then

2k+1

X3pi3 = HS3(p+2k)+5—3sX3p+l (3D
s=0

Replacing these amounts in (29) we obtain

k 2k+1
3
Hiapir = X3p41 H S3(p+k)+2-3s HS3(p+2k)+5—35 =0 (32)
s=0 s=0
In a similar way with 3p + 2
M3pio = X3p42X3p43X 3544 =0 (33)

Taking i =3(p+k)+2 and r=k in (28) we get

k
X3py3 = H S3(pak)+3-3s X 3p42 (34)
s=0

On the other hand with i =3(p+ 2k) +5 and r =2k +1 it follows

2k+

X3p+d = H SS(p+2k)+6—3s X3p+2 (35)
s=0

By replacing these last two amounts in (33) it turns out

12



K 21
3 _
M3pin = X3p00 H S3prk)+3-3s H S3prakye6-3s =0 (36)
s=0 s=0

Finally by symmetry it is easy to get

k 2K+
3
M3pis = X3ps3 HS3(p+k)+4—3s H S3pe2kr7-3s =0 (37
s=0 s=0

Using the (32), (36) and (37) we get

k A 2k+1
s=0 " 3(pt+k)—1-3s Hs=0 3(p+2k)+2-3s

3p-1 Kk 2 2k+1x =b
s=0""3(pt+k)—3s HS:O 3(p+2k)+3-3s

3p+l

_ ! (38)

1/3
k 2K+
HS:() a3(p+k)-3s (O) HS:(, 3(p+2k)+3-35 (O)

k 2k+1
23941 (0) HS:() 3(p4k)-1-35 (O) HS:() a3(p42k)42-35 (O)

k 2k+1
7\, I_Is:() }\’3(p+k)f3s I_Is:() 7\’ 3(p+2k)+3-3s

3Pk 'y 2kl
Hs=0 3(ptk)+1-3s Hsz() 3(p+2k)+4-3s

k 2 2k+1}\‘
Hs:o 3(p+k)+1-3s Hs:o 3(p+2k)+4-3s

2k+1 = b3p+3

k
Hszox3(p+k)+2—3s HS:() 7\’3(p+k)+5—3s

where the values by, and by, ; are just analogous to by, .

=b 3p+2

3p+l

By multiplying one obtains

b3p+1b3p+2b3p+3 = }\’33[)—1
and in this way we have obtained explicitly the unique completely mixed E-point in the
game.
As a final remark we would like to say that in the case that the number of players
is 3k one obtains difficult problems for solving it which we expect to consider in a

further paper.

13
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